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Mahler measure of multivariate polynomials

P c C[x{!, ..., xF], the (logarithmic) Mahler measure is :
1 dxq dxp
P) = —— log |P e Xn)|— -
m(P) = s [ 0B IPO xS
T"=8'x...x 8!
Smyth (1981)
3V3
m(l+x+y)=-—"L(x-32)= L'(x-3,—1)
<\ _s(n) 1 n=1mod3
L(x-3,s) = Z 7n5 x-3(n)=< =1 n=—-1mod3

n=1 0 n=0mod3



Polylogarithms

The kth polylogarithm is

o0 n

Lik(x) :== Z % xeC, |x<1

n=1

It has an analytic continuation to C\ [1, 00).



Polylogarithms

The kth polylogarithm is

o0 n

Lik(x) :== Z % xeC, |x<1

n=1

It has an analytic continuation to C\ [1, 00).

Zagier:
k=1 A;
—~ — 2 B; i
Li(x) := Rex E j—lj(log\x])Jle,j(x)
=0 7

B; is jth Bernoulli number

P/{a = Re or ilm if k is odd or even.

One-valued, real analytic in P}(C) \ {0,1, o0}, continuous in
PL(C).



L satisfies lots of functional equations

(1) =0T L) = (D

x
Bloch—Wigner dilogarithm (k = 2)

D(x) := Im(Lia(x)) + arg(1 — x) log ||

Five-term relation

D(x)+D(1—xy)+D(y)+D(f:i;)—i—D(1_X>:O



The relation with regulators

Deninger (1997)

. 1
m(P) = m(P") + (_2i7r)nl/r77,,(n)(xl,...,x,,)
where
F={P(x1,...,x)) =0} {|x1| =+ = |xp—1| = 1, |xn| > 1}

Nn(n)(x1,...,xn) is @ R(n — 1)-valued smooth n — 1-form in X(C).



Example:

12(2)(x,y) = log |x|diarg y — log|y|diarg x



Example:

12(2)(x, y) = log |x|diarg y  log|y|diarg x
Smyth (1981)

1 d
m(1+X+Y):W Tzlog\1+x+)/|77

by Jensen's equality:

1 d
= [ log" |1+ x|—X
271 Jm
1 dx 1
5 [ loglyl 5 [ m(2)(x.y)

where
F={l+x+y=0tn{[x|=1,y[>1}



Properties of n,(n)(x1, ..., x,)

» Multiplicative in each variable, anti-symmetric.
nn(n) is a function on A\"(C(X)*)g
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Properties of n,(n)(x1, ..., x,)

» Multiplicative in each variable, anti-symmetric.
nn(n) is a function on A\"(C(X)*)g

> dn,,(n)(xl,...,xn):ﬁ(;,(dx—?/\---/\dx—):“)

> nn(n)(xv 1—x,x1,... aan2) = dnnfl(n)(Xaxla s )an2)



Examples R
m2(2)(x,1 — x) = dD(x)



Examples R
m2(2)(x,1 — x) = dD(x)

n3(3)(x,y, z) = log |x| <;dlog ly| Adlog|z| 4+ diargy A diargz)
+log |y| < dlog|z| Adlog|x| + diargz /\dlargx>
+ log | z| ( dlog |x| Adlog|y|+ diargx /\dlargy)
n3(3)(x,1 = x,y) = dns(2)(x, y)

m1(2)(x,y)

= 5( )diargy + = 3 Iog ly|(log |1 — x|d log |x| — log|x|d log |1 — x]|)



First variable in n,(n — 1) behaves like the five-term relation

X+ ]+ [ =]+ [11__;;] * [11—_;;}



First variable in n,(n — 1) behaves like the five-term relation

X+ ]+ [ =]+ [11__;;] * [11—_;;}

Now
Na(n —1)(x,x, x1, ..., xp—3) = dnn(n — 2)(x, x1, ..., Xp—3)

First variable in 7,(n — 2) behaves like rational functional
equations of L3.



First variable in n,(n — 1) behaves like the five-term relation

X+ ]+ [ =]+ [11__;;] * [11—_;;}

Now
Na(n —1)(x,x, x1, ..., xp—3) = dnn(n — 2)(x, x1, ..., Xp—3)

First variable in 7,(n — 2) behaves like rational functional
equations of L3.

1n(2)(x; x) = dna(1)(x)

and



Example in three variables
Smyth (1981)

xANyNz=—xN1=x)Ay— yAN([1—-y)Ax,

in other words,

m3)(x,y,2) = —m(3)(x, 1 = x, ) = m3(3)(y, 1 — y, x).

We have

(1) + (L= 9)2) = 45 [ B@lxy) + m(@x).



F={P(x,y,z) =0} n{|x| = |y| =1,[z] = 1}
or ={P(x,y,z) =0t N{|x| = |y| = |z| = 1}
Maillot: P € R[x, y, z],
v=A{P(x,y,2) = P(x L,y L,z ") =0} n{|x| = |y| = 1}.

C={P(x,y,z)=P(xt,y 1, z7t) =0}

C={x=ytu{xy =1}



—{x20y—{yha®x=+2{x}2 @ x.

T

m((1 = x) + (1= 1)2) = 7 58(£5(1) ~ L3(-1)) = 55¢(3).

o = = k= T 9Dae



New examples

Boyd & L. (2005)

miE + 14 (x+ 1)y + (x — 1)z) = L(X774’2)+27T14(3)

mix*+x+1+(x+1)y+2z)= Z/SL(X&Q) + %4(3)



An example in four variables

L.(2003)

>m (1 +x+ G J_r Xl) (1 —|—y)z> =2m°L(x-4,2)+8 >

X1 X
0<j<k

(_1)j+k+1
(2j + 1)3k




An example in four variables

L.(2003)
1— x (_1)j+k+1
w™m (1 +x+ < 1) (1 —|—y)z> = 27m%L(x_4,2)+8 Z —_—
) . 3
1+ x1 oSk (2j +1)3k
(2005)

= 24L(X*4a 4)



An example in four variables

L.(2003)
(_1)j+k+1
(2j +1)3k

7§m<1+x+<1lm>(l+yﬁ>:2HLQj%Q+8}:

X1 X
0<j<k

(2005)
= 24L(x-4,4)

In general, for m odd,

(_1)j+k+1
2 (2j + 1)mk

0<j<k

-

N -1 h7T2h 22h -1
= mL(X_47 m+1)+z ( ) (22)1 )B2hL(X—4, m—2h+ 1).

2
h=1




Generalized Mahler measure

Gon & Oyanagi (2004)

For fi,...,f, € C[xih, ..., xt1,

»'n

1

dxq dx,
m(fl,...,fr):(27Ti)n/Tnmax{log\ﬁ\,...,log]ﬂ} ) n

X1 . . X




Generalized Mahler measure

Gon & Oyanagi (2004)

For fi,...,f, € C[xih, ..., xt1,

1
m(ﬂ,...,fr):(zwi)n/w max{log |fi, ..., log |}

Note
m(f, f) = m(fy + zf)

dX1
1

dx,

Xn



Examples

The particular case when f; = P(x;) for some P € C[x].
Gon & Oyanagi (2004)

(5]
m(l—xy,...,1—xp) :quC(Zj%- D)
j=1

7
m(l — X1, 1 — X2) = 2771_2C(3)
9
m(l—x1,1—x,1—x3)= ﬁC@)

93 9
m(l—x,1—x,1—x3,1—x) = —2—7T4C(5) + pf(3)



Can be also computed using regulators.
|P(x)| is montononous when 0 < arg x < .

In this case, |P(x)| =2 ‘sin argx‘ .

n!

(7(1)” /0<arg xp<--<arg x1<m

m(P(x1),...,P(xn)) =

n(P(x1), x1, ...

s Xn)



L. (2005)

n

1—x 1—x, E ¢(2j +1)
m(l—l—xl""’l—i—xn) Jz;c” e

m<1—X1,1—X2> :lzc(:g)

1—|—X1 1+ x
1—x 1—x3 21

= —=((3

m(l-f-Xl7 7].-l—X3> 27T2€( )

1— 1— 93 21
m( L X“) =2+ 5

1—|—X1 ]_—|-X4




m(1+x —x; % ..., 1+ x, — x; 1) = combination of
polylogarithms.

m(1+x1 —x; ') = —log(p),

m(l+x —x;H14+x—xt)
1 . . . . _
== Re(Lis(¢?) — Lis(—¢®) + Lis(¢™?) — Lizs(—¢?))

for ¢ = 771;”/5.



