Math 228 Final Exam April 27, 2006

Problem 1:

Prove that 32® — 2" is divisible by 7 whenever n is a positive integer. —
i : oints
Hint: Use Mathematical Induction. —_0 p
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Problem 3:
An element e of a ring R is said to be idempotent if €2 = e.

(a) Find at least four different idempotent elements in M3y, the ring of 2 x 2-matrices with real entries.
(b) Find all idempotent elements in 12.
(c) Prove that the zero-element and the identity element are idempotent in every ring R.

(d) Prove that the zero-element and the identity element are the only idempotent elements in an integral
domain.

(=] (o] [ [&]

Total: 13 po'mtsJ
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Problem 5:
Let ~ be defined on the ring Z-[t] of polynomials over Z7 by

f~g = t|f—-g

(a) Give at least three different elements that are equivalent to [38]¢% + [2]t + [5] € Z4[t).

(b) Prove that ~ defines an equivalence relation on Z7[t].

[e2] [=] []

(c) Give the equivalence class of t € Zr[t], i.e. describe the set of all elements in Z[t] that are equivalent
to t using the equivalence relation defined above.

Total: 12 points

L
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Problem 7: _
Use the Eztended Euclidean Algorithm to

3 r
£(t) = 2t* + 3+t +1 € Zsft] and g(t) = 3+t + 1 € Zs[t]

i Total: 8 points
it as a polynomial linear combination of f and g.

find the (monic) greatest common divisor of the polynomials

and write

— |
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Problem 2:
In the ring Zygo of integers modulo 100 consider the subset

§ = {la]100 : 20 | a} = {[0]100, [20]100, [40]100, [60}100, [80)100}

of all classes of the form [a]i00, where a is divisible by 20.

(a) Show that S together with the addition and multiplication from Zygg is a subring of Zyao-
Hint: To find (additive) inverses make a table.

(b) Decide whether S is an integral domain or a field. Justify your answer!

(c) Decide whether the ring S is isomorphic to Zs, the ring of integers modulo 5 which also has 5
elements. If so, give an isomorphism and prove that it is one, if not explain why not.

e A e |
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Problem 4:
Consider the set

Iy ={ant" + ... + a9 € Z[t] : ay, ..., a, are all even}
of all polynomials with even integer coefficients.
(a) Show that I defines an ideal in Z[t].

(b) Show that I is a principal ideal in Z[t] and give a generator for I,.

* Hint: Find a polynomial d(t) of smallest non-negative degree in I and show that every polynomial
in I3 is a multiple of d(t).

[=] [=]

(¢) Consider now the set

Iy ={ant™ +... +ap € Z[t] : ay, . ..,a, are all divisible by p}

of all polynomials whose coefficients are divisible by a prime number p. Is I, still an ideal? And if
80, can you give a generator? No need to justify your answer!

M_. 1 an P
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Problem 10:
Consider the polynomial

p(t) = t* + % + [1] € Z,[t]
in the ring R := Z»[t].
(a) Decide whether the quotient ring R := R/p(t) is a field.

(2] [2]

(b) Solve the equation
(8% + 8% + [WUlpy + 2= [£* + thpe)
in R, i.e. find an z that satisfies this equation. Is the answer uniquely determined?
(c) Solve the equation El
2+ % + [Ulpee) - T = [t + t]per)

in R, i.e. find an z that satisfies this equation.
Hint: Find the inverse to [t3 + t2 + [1]],( in R first.

Total: 10 points
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Problem 6:
You are given a ring R = {A, B,C, D} with four elements and know that there is a ringhomomorphism
T:Z — R,
that maps 1 and 5 to A, 2 and 6 to B, 3 and 7 to C and 4 and 8 to D.
(a) Using the axioms for a ring homomorphism, find T(9), T(10), T(11) and T(12),
eg. T(9) =T(1+8)=T(1)+T(8) =T(1)+ D =T(1) + T(4) = T(5) = A.
(b) Write out the addition and multiplication table for R, @
eg A+D=T(1)+T4)=T(1+44)=TB)=Aand A.-D=T(1)-T(4)=T(1-4)=T(4) = D.
(c) Give the zero-element in R.
(d) Decide whether R is an integral domain and whether it is a field.

i Total: 13 points
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Problem 8:
Write the polynomial

15 @ 1
o Ll 1o 2
&t +3t 2t —3t° e QY

—= Jdeea .1 P P N Y male

avaiala in 4]

Total: 6 points I

Math 228

Final Exam
April 2
Problem 9: =

(a) gt.l(): It'.jha.t the polynomial p(t) = 2143 _ 6t + 8 € Z[t]
C:Ill : Use the Gauss-Lemma and reduction modulg 5
. you conclude that p(t) is irreducible over Q7 .
Ou are given the polynomial g() — 2410 .
iy el q(t) = 310 1 5. f(¢) € Z[t] with @) € zjy

has no rationa] T
oot.
Don’t use the Rational Root Test!!!

of degree < 1p and

i. Give such a polynomial.

ii. f{?l?:v ijl;zttﬁgt) EIS irreducible over Q.
: tsenstein Criterion
- 4

Total: 10 points




