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-
Mahler measure of several variable polynomials

P € C[x™, ..., xF], the (logarithmic) Mahler measure is :

1 1
m(P) = /0 /0 log |P(e2™01 . e2™0)|dp; ... do,
1

dxq dx,
= log |P e — ...
(2ri)" /’I[‘n og|P0a,. ) X1 Xn
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-
Mahler measure of several variable polynomials

P e (C[xlﬂ, ..., xF1], the (logarithmic) Mahler measure is :

1 1
m(P) = /0 /0 log |P(e2™01 . e2™0)|dp; ... do,
1

dxq dx,
= log |P e — ...
(2ri)" /’I[‘n og|P0a,. ) X1 Xn

By Jensen's formula,

m (a H(x - a,-)) = log|al + Z log max{1, ||}
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|
Examples in several variables

e Smyth (1981)

3v3 Vol(Fig8
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|
Examples in several variables

e Smyth (1981)

3v3 Vol(Fig8

e Boyd, Deninger, Rodriguez-Villegas (1997)
1 1
m <x+—+y+— - 1) < L'(E1,0)
X y
E; elliptic curve, projective closure of x + )l( +y+ Jl/ —1=0.

(50 decimal places)
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|
A technique for reciprocal polynomials

Rodriguez-Villegas (1997)

1 1
Px(x,y) =1—=AP(x,y)  P(x,y)=x+ MR "

Reciprocal

m(P, ) := m(Py)

1 dx dy
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Note

IAP(x,y)| < 1, A small, x,yeT?

dx dy

Xy

. 1
#(P.N) = oo /T log(1 — AP(x, )
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Note

IAP(x,y)| < 1, A small, x,yeT?

. 1 dx dy

m(P,\) = W/W log (1 —)\P(Xa)’))77
B N1 adxdy L ap\"
B nz::I n (2mi)? /Tz Plx.y) xy nzzzl n

an = [P(x,¥)"]o
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Let

1 1 dx dy >
P,)\) = ap\”
u(P. ) = Gy /Tz 1 \P(x,y) ;}

din(P,)) 1 / P(x,y) dxdy
dx  (27ni)2 Jre1-AP(x,y) x y
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InthecaseP:x—i—%—i—y-k}l/,

0 otherwise

Dasbach (LSU), Lalin * (U of A) Mahler measure under variations of the base ¢ March 28-30 2008 7 /36



Definition
I" finitely generated group with generators x1, ..., x|
Q= Q(X]_,...,X/) = chg S (CI',
ger

Q= ZGg_l € CT reciprocal.
gerlr
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Definition

I" finitely generated group with generators x1, ..., x|

Q: Q(X]_,---,Xl) :chge(cra

gel
Q= ZGg_l € CT reciprocal.
gerlr

P = P(x1,...,x) € CT, P=P* |\~ > length of P,

> an\"
mr(P, )\) = —Z s

n
n=1

an = [:D(Xl7 e ,X/)n]o .
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We also write -
ur(P,A) =) apA”
n=0

for the generating function of the a,.
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We also write

ur(P, ) =) ap\"
n=0

for the generating function of the a,.

Q(x1,...,x) €Cr
1
Q" = (1-(1-10Q")
for A real and positive and 1/\ larger than the length of QQ*.
_logA

(@) =— 52 =32 b= [(1-20Q°)'],.
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-
Volume of hyperbolic knots

K knot: smooth embedding S! c S3.

r:7T1(53\K) = <X1,...,Xg r1,...,rg_1)
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-
Volume of hyperbolic knots

K knot: smooth embedding S! c S3.

F:7r1(53\K) = (X1,.. ., Xg | r,...,rg—1)
Derivation: mapping CI' — CI (any group)
e D(u+v)= Du+ Dv.
e D(u-v) = D(u)e(v) + uD(v)

e:Cr—C chgHch.
g g
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Fox (1953) {x1, ...} generators, there is ai such that

X;
0% _ 5
Ox; "
Back to knots,
Let
on On
Ox1 e Oxg
F= S e mle=1xe(cr)
8I‘g_1 6rg_1
Ox1 e axg
Fox matrix.

Delete a column F ~» A € M(e=1)x(e=1)(Cr),
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Theorem (Liick, 2002)
Suppose K is a hyperbolic knot. Then, for A sufficiently small

3%\/01(53 \K)=—(g—1)Inx=>" %tr@r (1 = AAA*)™).

n=1
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Theorem (Liick, 2002)
Suppose K is a hyperbolic knot. Then, for A sufficiently small

3%\/01(53 \K)=—(g—1)Inx=>" %trcr (1 = AAA*)™).

n=1

A € ME~IC[t, t71] the right-hand side is 2m(det(A)).
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|
Cayley Graphs

[ of order m

a:T—=C alg)=a(g™t) Vgerl
Weighted Cayley graph:

o Vertices g1,...,8m-
o (directed) Edge between g; and g; has weight a(g; 'g;).

Weighted adjacency matrix

AT, a) = {alg; ')ty
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Let x1,...,Xxn be the irreducible characters of I of degrees nq, ...

Theorem (Babai, 1979)

The spectrum of A(T', &) can be arranged as

S={U,'JCf=1,...,h;j=1,...,n,-}.
such that o;; has multiplicity n; and

t t

ofv+tol,= > ([letes) | xi|I]e

g1,..,8t€l \s=1 s=1

; Nh.
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The Mahler measure over finite groups

P=> (5Si+8S71)+> nT,eCr
i J
6; € C, njER, and 5,',Tj€|_,

_ tr(A")
Ty

Theorem
For T finite

1
mr(P,\) = ] log det(/ — A\A),

A is the adjacency matrix of the Cayley graph (with weights) and
1 > p(A).

Analytic continuation for mr(P, A) to C\ Spec(A).
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|
Finite Abelian Groups

F:Z/m1Z>< xZ/m/Z

Corollary

1 . .
mr(P.A) = 1 log IT (= AP(ER,, ... &)
J1yeesdl

where & is a primitive root of unity.
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Theorem

For small X,

lim mZ/m1Z><-~><Z/m,Z(P7 A) = mg(P,A).

my,...,m—o00

Where the limit is with my, ..., m; going to infinity independently.
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-
Dihedral groups

M= Dm = <p70 ’ pm,0.2’o_pa.p>.

Theorem
Let P € C[Dp,] be reciprocal. Then

[P"lo—imz 1)+ P (¢ ~1)).

where P" is expressed as a sum of monomials p*, op* before being
evaluated.
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For [ = Z/mZ x /27 = (x,y | x™, y2,[x, 1),

Plo= - z( L) 4P 1)),

Compare D, and Z/mZ x 7/27Z with x = p and y = o in Dp,.
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For [ = Z/mZ x /27 = (x,y | x™, y2,[x, 1),

Plo= - z( L) 4P 1)),

Compare D, and Z/mZ x 7/27Z with x = p and y = o in Dp,.
Theorem
Let

P=> apx*+) Biyxk

with real coefficients and reciprocal in Z/mZ x 727 (therefore it is also
reciprocal in Dy,). Then

Mz mzxz/22(Ps A) = mp,, (P, \).
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Corollary

Let P € R[Z x Z/2Z] be reciprocal. Then

mZxZ/2Z(P7 )‘) = mDoo(P7 /\)7

where Dy, = (p,0 |02, 0pop).

Dasbach (LSU), Lalin * (U of A) Mahler measure under variations of the base ¢ March 28-30 2008

20 / 36



|
Quotient approximations of the Mahler measure

[ are quotients of I':
Theorem
Let P €T reciprocal.

@ ForT' =Dy, I'm = Dy,

lim mp, (P,\) = mp_(P,\).

o ForT = PSLy(Z) = (x,y | X%, y3), Tm = (x,y | x%, 3, (xy)™),

lim mr_(P,\) = mPSLg(Z)(P7 A)

m—oo

o ForT=ZxZ={(x,y), Tm=(x,y|[x,y]™,

lim n‘Irm(P, )\) = mZ*Z(P, )\)

m—o0

v

Dasbach (LSU), Lalin * (U of A) Mahler measure under variations of the base ¢ March 28-30 2008

21/ 36



-
Arbitrary number of variables

For P1) = x1 +Xf1+----|-X/-|-Xf1,
up, (P11, A) = g21(M).

where

B 2(d—-1)
d—2+4dy/1—4(d—1)A\2

is the generating function of the circuits of a d-regular tree (Bartholdi,

1999).

8d(N)
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-
Arbitrary number of variables

For P1) = x1 +Xf1+----|-X/-|-Xf1,
ug, (P11, A) = g21(N).
where

B 2(d —1)
d—2+4dy/1—4(d—1)A\2

8d(N)

is the generating function of the circuits of a d-regular tree (Bartholdi,
1999).

For Poy=(1+x1+ - +x-1) (L+x 1+ +x7),
ur,_, (P21, A) = gi(N).

In particular,
my, (P11, A) = mpy,_, (P221, A).
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Abelian case.
For Py =x1+x1_1+'-~+x/+x,_1,

n 2n)!
Prle= X G

ai+---+a=n
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Abelian case.
For Py =x1+x1_1+~~+x/+x,_1,

n 2n)!
Prle= X G

ar+-+a=n

For Pay=(1+xi+ - +x-1) (L+x 1+ +x7),

LIS SR G

a1+ Ta=n LTk

727 = (%) (Pl
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|
x+x1+y+yt

Now P=x+x"1+y+y L

> 2m\? ,, 11 )
uzxz(P ) = o) X =2R( 5, 5116

n=0
. /4n on
Uzsz/2z(PN) = o)A
n=0
3
uzxz(P,\) =

142v1—12)?
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|
Recurrence relations x + x~ 1 + y + y*l

Coefficients satisfy recurrence relations

ZXZ: n*ay,—42n—1)a, 2=0
Z X ZJ2Z: n(2n—1)az, —2(4n —1)(4n —3)azp—2 =0

Zx7: nay,— 2(14n — 9)32,,,2 + 96(2” — 3)32,,,4 =0
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o 7!
Rodriguez - Villegas: u(\) periods of a differential in the curve
defined by 1 = AP(x, y). By Griffiths (1969)

AN u® + A (N 4 Ay(Wu =0,

Picard-Fuchs differential equation (A; polynomials).
= Recurrence of the coefficients.

Wilf and Zeilberger: a, multisums, generating series is
hypergeometric.

@ This recurrence result extends to the case of I finitely generated
abelian group.
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o Finite groups :
a tr(A")
T
minimal polynomial of A.
o Iy
By Haiman (1993): u()) is algebraic.
Algebraic functions in non-commuting variables.
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P=x+xt+y+y?

M= (x,y | <%y = yxP, y°x = xy?)

w3 () () (%)

Same as ordinary Mahler measure for

Domb (1960)

1L-Ax+x+z(y+y ™) (x+xt+z (y+y )
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naz, —2(2n — 1)(5n* — 50+ 2)agy_2 + 6(n —1)3a3,4 = 0
Rogers (2007)

1A (8 (et ) oy )4+ (42 )4 (42 ()

112 108X
F 1,1, - 1 AT
32(323 ' (1—16>\)> 6A232A
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]
The diamond lattice




Q=01+x+y)1+xt+yh
[Qn]OZan

n?a, — (10n% — 100 + 3)a_1 + 9(n — 1)%a,_» = 0,
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|
Honeycomb lattice (1 +x +y) (1 + x4y 1)

_Y<
1
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P=x+xt+y+yt+xyt+xly
[P"lo = bn
n?b, — n(n —1)b,_1 — 24(n — 1)®b,_» — 36(n — 2)(n — 1)b,_3 = 0.

R=3+P
b, = Z (n) (—3)"a;
= M
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-
Triangular lattice x + x 1 +y +y 1+ xy 1+ x7 1y
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-
Further study: Tree entropy and Volume Conjecture

m (P, ﬁ) related to h(G)
where G is the Cayley graph and h is the tree entropy

Pn(o7 G)

n

h(G) := logdegs(0) — Z

n=1

@ o fixed vertex

@ pnp(o, G) is the probability that a simple random walk started at o on
G is again at o after n steps.
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Lyons (2005)
Gy, are finite graphs that tend to a fixed transitive infinite graph G, then

. logT(Gp)
h(G) = lim —8=n)
()= (e
where 7(G) is the complexity, i.e., the number of spanning trees.

Compare to

Conjecture ((Volume Conjecture) Kashaev, H. Murakami, J. Murakami
(1997))

Let K be a hyperbolic knot, and J,(K, q) its normalized colored Jones
polynomial. Then

2mi
%VOI(S?’\K) _ i B G >‘

n—o0 n
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