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Mahler measure of one-variable polynomials

Pierce (1918) P € Z[x] monic,

P(x) = H(X — ;)

A= H(a,’-’ —1)

Px)=x—-2=A,=2"-1
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Lehmer (1933)
An—l—l
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o™t —1]  f |a| if|al>1
11 ifle] <1

e

Matilde N. Lalin (U of A) Higher Mahler measures May 7th, 2008 3/34



Lehmer (1933)
An—l—l

Ap

A Jar =]

o™t —1]  f |a| if|al>1
11 ifle] <1

For

P(x) = aH(X — )
M(P) = |a| Hmax{l, i}

m(P) = log M(P) = log|a| + > _ log" ||

1

P
a@;
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Kronecker's Lemma

P e Z|x], P+#0,

m(P) =0 P(x) =x" ] ¢i(x)

o =
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Lehmer's Question

m(x0 +x% — x" —x0 —x®> —x* = x3 4+ x +1)
= 0.162357612...
Lehmer(1933) Does there exist C > 0 such that P(x) € Z[x]

m(P)=0 or m(P)> C??

Matilde N. Lalin (U of A) Higher Mahler measures May 7th, 2008 5/ 34



Lehmer's Question

m(x0 +x% — x" —x0 —x®> —x* = x3 4+ x +1)
= 0.162357612...
Lehmer(1933) Does there exist C > 0 such that P(x) € Z[x]

m(P)=0 or m(P)> C??

/D379 = 1,794, 327,140, 357
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Mahler measure of multivariable polynomials

P € C[x, ..., xF], the (logarithmic) Mahler measure is :

1 1
m(P) = /0 /0 log |P(eX™1 . e2™0)|dg; ... d6,

o
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Mahler measure of multivariable polynomials

P € C[x, ..., xF], the (logarithmic) Mahler measure is :

1 1
m(P) = /0 /O log |P(eX™1 . e2™0)|dg; ... d6,

Jensen's formula:
1 .
/ log |€2™¢ — a|df = log™ |
0
recovers one-variable case.
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Properties

@ m(P) > 0 if P has integral coefficients.

e m(P-Q)=m(P)+ m(Q)

@ « algebraic number, and P, minimal polynomial over Q,
m(Pa) = [Q(e) : Q] h(a)

where h is the logarithmic Weil height.

P
;f&@@;
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Boyd & Lawton Theorem

PE(C[Xl,...,X,,]

lim ... lim m(P(x,x*, ... xk)) = m(P(x1, %0, ..., xn))
kp— o0 kn—o00

e

Matilde N. Lalin (U of A) Higher Mahler measures May 7th, 2008 8 /34



Jensen’s formula — simple expression in one-variable case.

Several-variable case?

P
;f&@@;
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Examples in several variables

Smyth (1981)

3v3
m(l+x+y) = 7 —L(x-3,2) = L'(x-3,-1)

m(l+x+y+z)=#((3)
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More examples in several variables

o Condon (2003)

(2= (155) a+n) = e

e D'Andrea & L. (2007)

m2m (Rese(x + yt + t2,z + wt + t°))
=n2m (2(1 - xy)? = (1= x)(1 - y)) = 25V5L(xs,3)
@ Boyd & L. (2005)

Rm 414+ (x+ 1)y + (x 1)) = 7L(x-4,2) + 5¢(3)

P
a@;
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o L. (2006)

1—
™m (1 +x+ (1 +2) (1 —|—y)z> = 24L(x_4,4)

™m (1 X+ <1 ;ii) G ;iﬁ) (1 +y)z) =93¢(5)

@ Known formulas for

1—x 1— x
2y (1 1) ... ") (1
T m< +X+<1+x1> <1+x,,)( +y)z)

P
;f&@@;
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The relationship with regulators

Deninger (1997)

1
m(P) = easy term + W /rn,,(xl, ey Xn)
where
F={P(x1,....,xn) =0} N {|x1| = = [xn—1] = 1, |xa| > 1}

Nn(x1,...,%n) is a R(n — 1)-valued smooth n — 1-form in {P = 0}.
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Regulators

Encode special values of L-functions.

Example: Dirichlet class number formula

2"(27m)2he regp

wry/[De[

(s = 1)Cr(s) =

lim
s—1

. hr re
lim s1=n7"2¢k(s) = _JFTO6F
s—0 WF
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An algebraic integration for Mahler measure

Rodriguez-Villegas (1997), L. (2007)

@ Explains all the known cases involving ¢, L(x) using Lix(x) and
Borel's Theorem in K-theory.

n

Lik(x) = Y o

n=1

@ It is constructive (no need of "happy idea” integrals).

@ Conjecture for n-variables using Goncharov's regulator currents.
Provides motivation for Goncharov's construction.

o Key use of Jensen's formula

m(x — a) = log™ ||

Matilde N. Lalin (U of A) Higher Mahler measures May 7th, 2008 15 / 34



Higher Mahler measure
joint work with N. Kurokawa and H. Ochiai, 2008

The k-higher Mahler measure of P is defined by

1 1 ) )
mk(P):/ / |ogk’P(em"l,...,em"n) 6, - - - db,.
0 0
k=1 m1(P) = m(P),
and
mo(P) =1.
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The simplest example

m(l—x) = @:7{—;

m3y(l—x) = _%(3)'

ma(l—x) = 34(2)242214‘( ) 12947;)4
ms(1—x) = _15((2)4(32)+45g(5)'
mo(l-x) = T+
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An example in two variables

Theorem
2 7
my(1+x+y) = 1= 5((2)
Smyth (1981)
3vV3
m(l+x+y)= %L(X—& 2)
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Zeta Mahler measure

Z(s, P) = / /‘P 27“01...,e2”10n)‘5d91...d0n.

0 k

Z(s,p) =y TP (kﬁ))s .

k=0

o
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An example

Theorem

Z(s,x —1)

o (; (-1 —kzl-k)g(k)sk>

Akatsuka (2007): Z(s,x — ¢)
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1 1
Z(s,x—1) = / ‘1—e2”wsd0:/(2sinm9)sd0
0 0
1/2
2S+1/ (sin7h)*dé.
0
t = sin 76
25 1 s—1
== [ tT(1—-t)Var
T Jo

S
a@;
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Some properties of the Gamma function
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Weierstrass product:

s s s
— AYS - —n
Ms+1) e nl—Il<1+n)e
yields
Z(s.x—1) = L :Hi(lﬂn)

= ex 00(_1)k—1°°<2 lk—1>sk>
P (Z k ; <2n> nk
= exp (i a- 21 )¢ (k)sk> :

k=2
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Z(s,x —1) =exp (i (-1 - 21k)§(k)sk>

pe’ k
m(x—1) = @ _ 7{_;
ms(x — 1) = _%(3)'
ma(x —1) = 34‘(2)242214(4) _ 129;)4.
ms(x—1) = - 154(2)6(32) +45((5).

P
a@;
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Multiple Mahler measure

Let P1,...,Px € (C[xli, ..., x¥] be non-zero Laurent polynomials. Their
multiple higher Mahler measure is defined by

1 1
m(Pla---,Pk) = / / |og‘P1(e27r191’_“ 7627r19,,)
0 0

---Iog‘Pk(ez’Tiel,--- | ¢2ifn)

dby ---db,

m(Pl) o m(Pk) = m(Pl, ey Pk)

when the variables of P;'s are algebraically independent.
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Higher Mahler measure for several linear polynomials

Theorem
For0<a<1
2
- 1
m(1—x,1 — ™) = % (a2 —a+6) .
Examples
2
T
1—x,1 = —
ml-x1+x) = —o
2
T
1—x,1+4i = —,
m(1l — x ix) %
) 3++v3
m(l—x,1—e*%) = 0o a= 6\/_'
or <3 = = v@c:cv
Higher Mahler measures



Jensen’s formula for multiple Mahler measure

(3 Reli; (af) if |, 18] <1,
m(1-ax,1-fx) = { ReLiz (%) if o] > 1,18 < 1,
| $ReLiz (125) +loglallog || if |a],|5 > 1.

Crucial for

my(l+x+y)
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Multiple zeta Mahler measure

Theorem
°
Z(s,t;x—1,x+1)

— exp (i (_;)k((k) ((1 — 2 RY(sK 4 tR) — 27 K(s + t)k>)

k=2

mx—1,...,x—1x+1,...,x+1)
‘I: Vv

/

belongs to Q[r2,¢(3),¢(5),(7),...] for integers k, | > 0.
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mx—1x+1) = =T

mx—1Lx—1,x+1) = 2@:%’

mx—1,x+1x+1) = 2@:@.
my(x —1) = _%(3)_
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Properties of zeta Mahler measures

e \>0,
Z(s,\P) = X°Z(s, P)

o PeClxt,. .., xF P=P5 [N <1/||P|loo

»'n

Z(s,1+\P) = i( )

k=0

m(l+AP) = i

k=1

Z(k P)XK.

More generally,

1l (_]‘)kj_j ki
mi(L+AP) = jI Y S —=——Z(k;, P)\".
0<hky <+ <k; o
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Thecase P=x+y+c

Let ¢ > 2.

X (s/2\* 1 (2
Z(s,;x+y+c) = Csj0< ) C21<>

where the generalized hypergeometric series 3F» is defined by

a1, az,a
3F2< 1,d2,d3

= (a)j(a2)j(a3);
by, by Z> 2

=R CVC

with the Pochhammer symbol defined by (a); = a(a+1)---(a+j—1). _

=
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s
Z(s,x+y+c) = Z(E,(x+y+c)(x_1—|—y_1+c)>

~ ez (3 (1 ten) (1 2ot o)

B (2m)2/y| 1/|x| < >/< cy >/ dxx? 3

s s X x 14yl
= S (P (e L () ()
- (7))

J:

&
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In particular, we obtain the special values

mx+y+2) = 2,

ms(x+y +2) = 2 (1082)((2) ~ ¢(3).
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In particular, we obtain the special values

°
m2(x+y+2) = @,
° 9 15
ma(x+y+2)= §(|0g 2)¢(2) - TC(:”)-

Proof uses
o k o — _
Z <2kk)% ol (1 \/21 4t> ~log? (1 + \/21 4t> '
k=1

P
a@;
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IEN
v‘ Mabhler measure <—> Regulator

Hyperbolic manifolds

Random walks
AN
A

Beilinson’s conjectures
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