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Definition 1 The Dilogarithm is the function defined by the power series
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The name comes from the analogy with
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The dilogarithm has an analytic continuation to C\ (1,00) given by

Lig(z) := — /OZ log(1 — t)%

This function has only eight computable special values: 0,+1, é,il - ‘/5. On the
other hand, it satisfies several functional equations. Some of them are

Lig(x) =n »_ Lir(z) (n=1,2,3,..) (2)
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The dilogarithm jumps by 27ilog |z| as z crosses the cut by (1,00). Hence, it is natural
to consider Lis(z) +iarg(l — z)log |z|. In fact,

Definition 2 The Bloch — Wigner Dilogarithm is defined by
D(z) := Im(Liy(2)) + arg(1 — z) log || (3)
This function has several properties:

e D(z) is real analytic in C \ {0,1} and continuous in C
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expresses D(z) in terms of the real function in a single variable:

e The formula
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e There are lots of functional equations. All of them have a version with the classical
dilogarithm, but the equations with Lis typically include terms with logarithms.

D(z) = —D(2) (= D(2) =0 for ze€R) (5)

D(z)=D<1—§> :D<112> :—D<§>:—D<Zzl> ——D(1-2) (6)

The five-term relation:
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This functional equation becomes more clear if we think of D as a function on the cross-ratio
of four complex numbers:

D(m)+D(1—my)+D(y)+D<11_yy>+D

D(zg,21,22,23) = D <ZO I 23) 2, € PYC) (8)
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The five-term relation becomes
4
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For f : P}(C) — P!(C) a function of degree n and a = f(z),

Z ]_3(2,21,22,23) = nf)(a, ai,az,as) (10)
f(zi)=a;

We obtain an analogous to equation (2) with f(z) = 2", (a,a1,a2,a3) = (0,00, z,1).
Amazingly, we have the following:

Theorem 3 (Bloch) If f is a measurable function onP'(C) satisfying the five-term relation
(9) then there exist a constant A such that f(z) = AD(z).

Theorem 4 Any functional equation for D(z) is a formal consequence of the five-term
relation (9).

Let us see some of the contexts in which this function occurs.

1. Mahler Measure

Definition 5 Given a polynomial P(x) = agz® 4+ ag_12% ' + ... + ag = aq Hﬁzl(x —ap)
with complex coefficients, define the Mahler measure of P

d
M(P) := |ag| [ ] max{1, |on|} (11)
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The logarithmic Mahler measure is simply
1 .
m(P) :=log M(P) = / log | P(e*™?)|d6*
0

For P € Clxy,...,xy,], the (logarithmic) Mahler measure is defined by

1 1
m(P) ;:/0 /0 log |P(e2™%1 .. e¥™i0n)|d6; ... d6, (12)

It is possible to prove that this integral is not singular and that m(P) always exists.

For the several-variable case, it seems that there is no simpler formula than the integral
defining the measure. However, many examples have been found relating the Mahler mea-
sure of polynomials in two variables to special values of L-functions in quadratic characters,
L-functions on elliptic curves and dilogarithms.

Perhaps the simplest example is Maillot’s formula:

Theorem 6 (Maillot)

D(‘%‘e”)+alog|a|+ﬁlog|b|+710g|c| A
mm(ax + by + ¢) = (13)
mlog max{|al, |b], |c|} not A

Here A stands for the fact of whether |a|, |b], and |c¢| are the lengths of the sides of a
triangle, and «, (3, and ~ are the angles opposite to the sides of lengths |a|, |b], and ||
respectively.

2. Volume of Hyperbolic Ideal Tetrahedra

Consider the space H? which can be represented as C x R>p U {oo}. In this space the
geodesics are either vertical lines or semicircles in vertical planes with endpoints in C x {0}.
An ideal tetrahedron is a tetrahedron whose vertices are all in C x {0} U {oo} = P(C).
Such a tetrahedron A with vertices zg, 21, 22, 23 has a hyperbolic volume equal to

Vol(A) = ]_N)(zo, 21,29, 23) (14)

The invariance of the formula by the action of PSLy(C) is in agreement with the fact that
this is the group of isometries (preserving orientation) of H?3.

These ideal tetrahedra are important because any completed oriented 3-manifold with
finite volume can be decomposed in ideal tetrahedra. These decompositions provide more
identities of the dilogarithm.

3. Borel’s Theorem

Finally, there is theorem due to Borel, that relates the dilogarithm to the value at s = 2 of
the zeta function of a number field.
Recall Dirichlet’s class formula. Let F' be a number field, O its ring of integers,

'Because of Jensen’s equality fol log |€*™? — a|df = log max{1, |a|}



Definition 7 The zeta function of F' is defined as
Go= T (1--) =3 4 (15)
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Let r1 be the number of real embeddings of F' and r9 be the number of pairs of complex
embeddings. Let Rp be the regulator, hr the class number, wr the number of roots of
unity in F' and Ap the discriminant.

Theorem 8 (Dedekind formula)
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Now B is a certain group, the Bloch group, which is constructed from F and that has
rank equal to 7s.

Theorem 9 (Borel) Let &1,...,&, be a Q - basis for B® Q. Let o1,...,0., pairwise
non-conjugate complexr embeddings of F.Then

72(r1472) det(D (0 (&)
’AF‘l/Q

Cr(2) ~gx (17)

The "~@x” means up to a rational factor. Unfortunately, we do not know how big this
factor is in general, and that makes it hard to compute this factor with numerical methods.

In the context of Borel’s theorem, the dilogarithm plays an analogous role to the regu-
lator in Dirichlet’s class formula. The regulator is a determinant involving logarithms (and
the volume of a lattice). In Borel’s theorem it is replaced by a determinant of dilogarithms
(and it is also the volume of a lattice).
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