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1. Mahler measure and Lehmer’s

question

Pierce (1918): P € Z[x] monic,

P(z) = ]](z — a;)

7

Ap = H(Oz?’ —1)

Plx)=z—-2=A40,=2"



Lehmer (1933):

|Oén_|_1 -1 { la| if|a] > 1

m 1 iflal <1

n—oo | — 1|

For

P(xz) = aH(w — ;)

M(P) = |a| [ max{1, |al}

1

m(P) = log M(P) = log |a| + > log™ ||
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Kronecker’'s Lemma:

P e Z[x], P# 0,

m(P) =0 < P(z) = 2" [[ ®p, ()

Lehmer (1933)
m(w10+x9—az7—az6—x5—x4—x3—|—m—|—1)

— log(1.176280818...) = 0.162357612...

JAz79 = 1,794,327, 140,357

there exists C >0, for all P(x) € Z[x]

m(P) =0 or m(P)>C?7?

Is the polynomial above the best possible?



2. Mahler measure of several variable
polynomials

P e Clzit, ..., zF1], the (logarithmic) Mahler
measure is .

1 1 . .
m(P) = /o /o log |P(e?™%1, ... e2™%)|d6y ... db,
1

dxq dxp

/Iog|P(a:1,...,:cn)|—...—
n CE']_ In

(27"

Jensen’s formula:
1 .
/o log |€?™? — a|d = log™T |

recovers one-variable case.



3. Properties

e m(P-Q)=m(P)+ m(Q)
e m(P) > 0 if P has integral coefficients.

e « algebraic number, and P, minimal
polynomial over Q,

m(Po) = [Q(a) : Q] A(a)
where h is the logarithmic Weil height.

e Boyd & Lawton : P € Clzq,...,xn]

im ... lim m(P(z,z"2, ... zF))
ko— 00 kn— 00

= m(P(x1,...,Zn))



Jensen’s formula — simple expression in
one-variable case.

Several-variable case?



4. Examples in several variables

Smyth (1981)

3V3
m(l+az+y) = 4—\7/T_L(X—3,2)=L'(X—3,—1)

mi+oty+2) = 5 5003)

©@,

L(x_3,s8) = Z x—3(n)

S
n=1 n

1 mod3
—1mod3
Omod3

x-3(n) =49 -1 n

[
]38

3 |

)
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~
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Boyd & Rodriguez-Villegas (1997)

/
m<x+l+y+l—k> 2 L(E0) keN
T Y By,

1

1
m(fc+—+y+——4> = 2L'(x_4,—1)
x Y

L'(A,0)

m<w+1+y+l—4\/§>
T Y

A:y2=x3—44x—|—112



5. More examples in several variables

L (2003)

o+ (150) - (3)7)

= combination of {(odd) /L(x_4,€even)

n 1l —xq 1l —xn
8 m<1+x+<l+x1>'”<l—l—xn> (1—|—y)z>

= combination of {(odd) / L(x_4,€even),
polylogarithms

= combination of ((odd)
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Examples

on (14 (150) (G552) (152) 7
14+ x4 14 2o 14 x3

= 241 (x_4,4) + m2L(x_4,2)

7T4m(1—|—<1_$1>...<1_x4>z>
1—|—x1 1—|-$4

— 62((5) + %w%(s)

4 1l — 21 1l — x> o
0 m<1—|—:v—|— (1_'_331) (1_'_332) (1+y)z>—93<(5)
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6. Philosophy of Beilinson’s conjectures

Global information from local information
through L-functions

e Arithmetic-geometric object X
e | -function
e Finitely-generated abelian group K

e Reqgulator map reg: K — R

(K rank 1) L' (0) ~q~ reg(&)
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7. An algebraic integration for Mahler
measure

Deninger (1997) : General framework.

Rodriguez-Villegas (1997) :

Plz,y) =y+z—1 C ={P(z,y) = 0}

1 dxdy
o —1|——=
(27i)2 /11‘2 Ily+z | x vy

by Jensen’s equality:

1 d
/ logT |1 —a;|—x
T1 x

 2ni

m(P) =

! /Iog\ Idw . (z,y)
= — _— —— X,
27i 8% Y 2T 'yn Y
where
y=Cn{lz|=1,|yl > 1}
and

n(z,y) = log|z|dargy — log |y|darg =
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o n(z,y) = —n(y, )

o N(x1z2,y) =n(x1,y) +n(x2,y)
Theorem 1

n(x,1 —x) =dD(x)

Bloch—Wigner dilogarithm:

D(z) :=Im(Liz(x)) + arg(1l — z) log |z|

. >z
Lio(z) == ) — z| < 1
n=1"

Use Stokes Theorem:

m(P) = —>-D(o)
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= e27ri9,
y(v(0) =1—-e°"% 9 c[1/6;5/6]

Oy = [€6] — [€6]

—_3
-k

aany
N,

x| =1 y=1-x
Y

2rm(z +y 4+ 1) = D(&) — D(&6)

— 2D(¢) = %ﬁux_g,m
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In general,
P(z,y) € Clz,y]

m(P) =m(P") = 5= [ n(a.v)

Need {x,y} =0 in K7(C(C)) ® Q.
:UA;g:er zj N (1 — z;)
J

in A2(C(C)*) ® Q, then

Ln(x,y) = > 1;D(z)|s,

16



Big picture

... — (K3(Q) D)K3(97) — Ka(C,8y) — K2(C) — ...

8’y=CﬁT2

e n(x,y) is exact, then {x,y} € K3(9v). We
have 0v # () and we use Stokes' Theorem.

~ dilogarithms, zeta function

e Oy =0, then {x,y} € K5(C). We have
n(x,y) is not exact.

~ L-series of a curve

We may get combinations of both situations.
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8. The three-variable case

1 —=x
1—y

drxdydz

T Y z

Z_

1
m(P) = m(1-y)+ 5 3 100

—(27)2 /[r2 9 1—y

dxd
/Iog|z| il

(277)2

1
o (27‘(‘)2 /I_ 77(377 Y, Z)

F=5n{lz| =ly[=1,]2| = 1}
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1
n(x,y,z) = log |z (gd log |y| dlog |z| — dargydarg z)
1
+ log |y (gd log |z| dlog |z| — darg zd arg ai‘)

1
+ log |z (gd log |z|dlog |y| —dargxzdarg y)

T heorem 2

77(337 1-— xay) — dw($7y)

where

w(z,y) = —D(xz)dargy

1
+§ log |y|(log |1 — z|d log |z| —log |z|d log |1 — z|)
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77(337% Z) — —77(337 1 — xay) _ 77(3/7 1 — yaw)

Maillot: if P € Q[x,v, 2],

or =y ={P(z,y,2) = P Ly 1,27 1) =
O} N{lzl = [yl = 1;

w defined in
C={P(z,y,2) = Pz~ t,y 1, 271) =0}

Want to apply Stokes’ Theorem again.

(1—2)(1—z1 .

A—p-y D

C={o=y}U{sy=1}



m((1=2)+ (1 =9)2) = 55 [ we.w) +ww.a)

Theorem 3

w(x,x) = dP3(x)

= 8(Ps(1) ~ P3(-1) = 2 5¢(3)



In general

m(P) = m(P*) —

1
(27)2 /rn(w,y, z)

Need {z,y,z} =0 in KéW(CC(S)) ® Q.

a:/\y/\zzz:ri x; AN (1 —x;) Ny;

in A3(C(S)*) ® Q, then

[_n(xayaz) = Z?“z/ n(x;, 1 — ;,y;)
[ o
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Let

Ro(z,y) = :x]+[y]+[1—my]+[ L-w H ! ‘y] _0

mz@@@;

F' field,

Ba(F) := Z[PL]/{[0], [cc], Ra(z,y)}

Need
[zlo @y =) rilzio ®a;

in (B2(C(C)) ® C(C)*)g.

Goncharov: zero element in Ké[tl](@(C)).

Then
[y w(z,y) = 3 P3(a)ly,
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Big picture II

. — Ka(0IN) — K3(S,0IN) — K3(S) — ...

or = SNT3

Ce.— (K5(@) D)K5(a’)/) — K4(C, 87) — K4(C) — ...

87=CHT2

In each step, we have the same two options
as before.
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Beilinson’s conjectures
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