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In this paper, a two-phenotype, single-locus, n-allele matrix game diploid model
incorporating interactions between full sibs influencing personal fitness is investigated.
Necessary and sufficient conditions for an ESS are given. We show that if a strategy is an ESS
for this model with the payoff matrix A; then it must be an ESS for the standard game
formulation with payoff matrix Aþ ðr=2ÞAT where r is the probability to interact with a sib,
but it is also possible that no ESS exists. Moreover, under the assumption of weak selection,
the partial change in phenotype frequencies brings the population closer to an ESS when it
exists.

r 2002 Elsevier Science Ltd. All rights reserved.
1. Introduction

It is well known that the classical explanation in
theoretical biology of altruistic behaviour is due
to Hamilton (1964a,b), who first recognized that
genes could succeed without necessarily enhan-
cing the reproductive fitness of their particular
bearers but by improving the reproductive
success of their kin, who bear copies of the same
genes. This led to the concept of kin selection
and inclusive fitness:
In order to incorporate kin selection into

evolutionary game theory (Maynard Smith,
1974, 1982), Mirmirani & Oster (1978) proposed
the following model. If Eðx; yÞ represents the
payoff (i.e. change in classical fitness) to an
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individual adopting strategy x against an oppo-
nent adopting strategy y; then the change
in inclusive fitness (Hamilton, 1964a) of the
individual adopting strategy x is supposed to be

Eðx; yÞ þ rEðy; xÞ;

where r is a coefficient of relatedness. This model
leads to a new payoff matrix, containing as
entries changes in inclusive fitness instead of
changes in classical fitness, and an evolutionarily
stable strategy (ESS) can then be sought for this
new payoff matrix by the usual method (May-
nard Smith, 1982). However, Grafen (1979)
pointed out that the model proposed by Mirmir-
ani & Oster (1978) contains an apparent fallacy.
Although Eðx; yÞ þ rEðy; xÞ correctly measures
the change in inclusive fitness of an x-strategist
in a single contest against a y-strategist, an x-
strategist is more likely than any other member
of the population to play against an opponent
adopting strategy x if the opponents are related.
Grafen (1979) proposed the following model.
r 2002 Elsevier Science Ltd. All rights reserved.
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Let W ðxÞ represent the change in personalfitness
of an x-strategist and b be the mean strategy of
the population. Then, we have

W ðxÞ ¼ rEðx; xÞ þ ð1� rÞEðx; bÞ;

where r is the probability that an individual will
meet an opponent adopting a strategy identical
to its own because of genetical relationship. We
emphasize that personal fitness modifies classical
fitness by allowing for the effects that an
individual’s relatives will have on the number
of its own offspring that survive, whereas
inclusive fitness modifies classical fitness by
allowing for the effects that an individual will
have on the numbers of its relatives’ offspring
that survive (see also Hines & Maynard Smith,
1979; Hines, 1987). Following Grafen (1979),
Hines & Maynard Smith (1979) investigated an
asexual haploid model in which an individual
plays against a member of its own clone with
probability r and against a randomly chosen
opponent with complementary probability 1� r:
Their analysis shows that an evolutionarily
stable strategy (ESS) under the definition of
personal fitness, which was called a personal-
fitness ESS corresponds to an ESS for the
standard formulation, but with the payoff
matrix A replaced by Aþ rAT (where AT denotes
the transpose of A). Although this result seems
to be in agreement with that suggested by the
concept of inclusive fitness, where r is interpreted
as Wright’s (1922) coefficient of relationship, the
attainment of an ESS (for Aþ rAT) does not
result in equal fitness for all strategies (Hines,
1987; Taylor, 1989; Vincent & Cressman, 2000).
The concept of partial change in the mean

fitness of a population has been developed by
Ewens (1989) in order to illustrate the general
validity of Fisher’s (1930) fundamental theorem
of natural selection (FTNS). Ewens (1989)
interprets the FTNS in the case of a population
undergoing discrete, non-overlapping genera-
tions as follows: the partial change in the mean
fitness of the population is exactly equal to the

ratio of the additive genetic variance in fitness over
the mean fitness. The partial change in the mean
fitness is obtained by replacing the actual
genotypic fitnesses by the corresponding additive
values and by keeping these values fixed in the
change of the mean with respect to the changes
in the genotypic frequencies (see also Ewens,
1992; Lessard & Castilloux, 1995; Castilloux &
Lessard, 1995; and Lessard, 1997 for another
interpretation). Recently, Tao & Lessard (2000)
studied the partial changes in the phenotypic
frequencies in the classical matrix game diploid
model, i.e. the changes in the phenotypic
frequencies due only to the changes in the
genotypic frequencies, and investigated
the relationship between the partial change in
the mean fitness of the population and the
partial changes in the phenotypic frequencies.
Similarly to the partial change in the mean
fitness of the population, the partial changes
in the phenotypic frequencies are obtained
by replacing the actual phenotypes of the
individuals by the corresponding additive
genetic values and by keeping these values
fixed in the changes of the phenotypic frequen-
cies with respect to the changes in the genotypic
frequencies.
In this paper, a matrix game diploid model

based on the definition of personal fitness in the
case of pairwise contests between relatives is
investigated. In this model, there are two
phenotypes and they are determined by multiple
alleles located at a single locus. We assume that
mating is random and consider only kin selection
effects between full sibs. Our main purpose
is to develop the ESS theory in the con-
text of frequency-dependent viability selection
in family-structured populations. In Section 2,
a definition of personal fitness for a
diploid model is presented. This definition is
a natural extension of the original definition
of Hines & Maynard Smith (1979) for a
haploid model. In Section 3, the conditions for
an ESS in our model are deduced. For the
classical two-phenotype matrix game diploid
model, Lessard (1984) showed that there should
be evolution, through mutations if necessary, to
an ESS, which was then called evolutionarily
attractive. For our model, a similar question is:
should there be evolution to an ESS in family-
structured populations? In Section 4, the rela-
tionship between an ESS when it exists and the
partial changes in the phenotypic frequencies
under the assumption of weak selection is
analysed.
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2. Model and Definitions

Consider an infinite diploid population under-
going non-overlapping, discrete generations in
which there are two possible pure strategies,
denoted by R1 and R2: Suppose that n alleles G1;
G2;y;Gn located at a single locus are respon-
sible for the phenotypic determination such that
an individual with genotype GiGj uses strategy
R1 with probability hij and strategy R2 with
complementary probability 1� hij for i; j ¼
1; 2;y; n: For convenience, the phenotype of
individuals with genotype GiGj is expressed as

hij ¼ ðhij; 1� hijÞ ð1Þ

for i; j ¼ 1; 2;y; n: Of course, the pure strategies
R1 and R2 can also be expressed as R1 ¼ ð1; 0Þ
and R2 ¼ ð0; 1Þ; respectively. All other pheno-
types are called mixed strategies.
We assume that there is no fertility selection in

the population, and that mating is random at the
time of reproduction. Following Maynard Smith
(1982) (see also Lessard, 1984, Hofbauer &
Sigmund, 1988, 1998; Cressman, 1992), there
are interactions between individuals before the
time of reproduction and these are pairwise
contests, whose outcomes affect the viability of
the individuals. Let akl be the viability of an
individual using strategy Rk in a contest against
an opponent using strategy Rl for k; l ¼ 1; 2: The
viability payoff matrix is given by

A ¼ ðaklÞk;l¼1;2; ð2Þ

where aklX0 for all k; l ¼ 1; 2:
In this paper, we consider only contests

between either full sibs or unrelated opponents.
We accept the basic definition of Hines &
Maynard Smith (1979) for personal fitness (see
also Hines, 1987). For a haploid model, Hines
& Maynard Smith (1979) considered that an
individual plays against a member of its own
clone with probability r and against a randomly
chosen opponent with complementary probabil-
ity 1� r: For our diploid model, we make the
following assumption.

Assumption. An individual plays against a ran-
domly chosen member among its full sibs with
probability r ð0oro1Þ and against a randomly
chosen opponent from the population with
complementary probability 1� r:

Obviously, this assumption is a natural exten-
sion of the original assumption of Hines &
Maynard Smith (1979). According to this
assumption, the personal viability fitness of an
individual adopting strategy h is given by

rh � A%hsib þ ð1� rÞh � A%h; ð3Þ

where %hsib represents the average strategy of its
sibs and %h represents the mean strategy of
the population (for convenience, the personal
viability fitness is called simply fitness in the
following).
Let 2 *Pij be the frequency of genotype GiGj if

iaj and *Pii be the frequency of genotype GiGi at
the time of reproduction of the previous genera-
tion for i; j ¼ 1; 2;y; n: Since there is no fertility
selection and mating is random, the frequency of
allele Gi at the beginning of the current genera-
tion, denoted by pi; is

pi ¼
Xn
j¼1

*Pij ð4Þ

for i ¼ 1; 2;y; n; and the frequency of pheno-
type R1 at the beginning of the current genera-
tion, denoted by %h; is

%h ¼
Xn
i;j¼1

pipjhij: ð5Þ

If %h represent the mean strategy of the popula-
tion, then we have

%h ¼ %h; 1� %h
� �

¼
Xn
i;j¼1

pipjhij: ð6Þ

For the mating type GiGk � GjGl ði; j; k; l ¼
1; 2;y; nÞ; the four possible genotypes GiGj;
GiGl; GjGk and GkGl will have the same
proportion in the offspring, which is 1

4
: Then,

the average strategy of the offspring coming
from the mating type GiGk � GjGl should be
ðhij þ hil þ hjk þ hklÞ=4: According to eqn (3), the
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fitness of an offspring with genotype GiGj

coming from the mating type GiGk � GjGl is

rhij � A
hij þ hil þ hjk þ hkl

4

� �
þ ð1� rÞhij � A%h:

ð7Þ

Note that, for a randomly chosen offspring with
genotype GiGj; the probability that this offspring
comes from the mating type GiGk � GjGl is

*Pik *PjlPn
k;l¼1

*Pik *Pjl
¼

*Pik *Pjl

pipj
: ð8Þ

Thus, the expected fitness of an offspring with
genotype GiGj; denoted by Fij; is

Fij ¼
Xn
k;l¼1

*Pik *Pjl

pipj
rhij � A

hij þ hil þ hjk þ hkl

4

� ��

þ ð1� rÞhij � A%h

�
; ð9Þ

for i; j ¼ 1; 2;y; n:

3. Evolutionarily Stable Strategy

Maynard Smith (1982) pointed out that an
ESS is a strategy with the property that if all
members of the population adopt it, then no
mutant can invade under the influence of natural
selection. For our model, since the phenotypes
are determined by alleles located at a single
locus, we use the following definition.

Definition. A strategy hn (where hn ¼ ðhn; 1� hnÞ)
corresponding the genotype GnGn is an ESS if and
only if allele Gn cannot be invaded by any mutant
allele under the influence of natural selection when
all members of the population have genotype
GnGn: (An ESS for our model can also be called a
personal-fitness ESS.)

This definition is identical to Maynard Smith’s
(1982) definition for the classical matrix game
diploid model. In order to obtain the conditions
for an ESS, suppose that there are only two
alleles, Gn and G, in the population and that the
frequency of allele G is small enough. This means
that almost all G genes in the population will
be carried by GnG heterozygotes (rather than
by GG homozygotes). Let 1� e and e be the
frequencies of genotypes GnGn and GnG,
respectively, at the time of reproduction of the
previous generation. Since the frequency of
genotype GnG is sufficiently small, mating
between individuals with genotype GnG can be
ignored, i.e. almost all individuals with genotype
GnG will mate with individuals with genotype
GnGn: Let h ¼ ðh; 1� hÞ represent the phenotype
of individuals with genotype GnG: From eqn (9),
the expected fitness of an offspring with geno-
type GnGn; denoted by Fhn ; is approximated as

FhnðeÞ ¼ r
�
ð1� eÞhn � Ahn þ ehn�A

hn þ h

2

� ��

þ ð1� rÞhn � A%h ð10Þ

and the expected fitness of an offspring with
genotype GnG; denoted by Fh; is approximated as

FhðeÞ ¼ rh � A
hn þ h

2

� �
þ ð1� rÞh � A%h; ð11Þ

where the mean strategy of the population, %h; is
approximated as

%h ¼ ð1� eÞhn þ eh: ð12Þ

From the above definition, for hn to be an ESS,
we must have

FhnðeÞ � FhðeÞ40 ð13Þ

for all hahn:
Since e is small enough, inequality (13) is

equivalent to

Fhnð0Þ � Fhð0Þ ¼ ðhn � hÞ � Aþ
r
2
AT

	 

hn

�
r
2
ðhn � hÞ � Aðhn � hÞ

¼ ðhn � hÞu � Aþ
r
2
AT

	 

hn

�
r
2
ðhn � hÞ2a

4 0; ð14Þ

where

u ¼ ð1;�1Þ ð15Þ
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and

a ¼ a11 � a12 � a21 þ a22; ð16Þ

or

1�
r
2

	 

ðhn � hÞ2aþ rh � Ahno0 ð17Þ

if Fhnð0Þ � Fhð0Þ ¼ 0:
We consider two possible situations.
Case 1: aa0: In this case, there cannot exist

some hn in the interval ð0; 1Þ such that Fhnð0Þ �
Fhð0Þ ¼ 0 holds for all possible hahn:Moreover,
for any hn in the interval ð0; 1Þ which is such that
u � ðAþ ðr=2ÞATÞhna0; it is always possible to
find some h in the interval ð0; 1Þ such that
Fhnð0Þ � Fho0 holds.
On the other hand, if

u � Aþ
r
2
AT

	 

hn ¼ 0; ð18Þ

then

hn ¼
ða12 � a22Þ þ ðr=2Þða21 � a22Þ

ð1þ ðr=2ÞÞða12 � a22 þ a21 � a11Þ
ð19Þ

and inequality (14) holds for all hahn if and only
if ao0:
It remains to consider hn ¼ R1 or R2; in the

case where eqn (18) is not satisfied. We
will consider without loss of generality (relabel-
ing the phenotypes if necessary), only the case
hn ¼ R1:

(i) If ao0; a necessary and sufficient condition
to have the inequality FR1ð0Þ � Fhð0Þ > 0 for all
possible haR1 is

1þ
r
2

	 

a114

r
2
a12 þ a21: ð20Þ

(ii) If a40; a sufficient condition to have the
inequality FR1ð0Þ � Fh > 0 for all possible haR1 is

ða11 � a21Þ4
r
2
ða22 � a21Þ: ð21Þ

If

ða11 � a21Þ ¼
r
2
ða22 � a21Þ; ð22Þ

then the inequality FR1ð0Þ � Fhð0Þ40 holds
only for all possible mixed strategies haR2:
When h ¼ R2; we have FR1ð0Þ � FR2ð0Þ ¼ 0: But
then, since a40; inequality (17) cannot be
satisfied. Finally, if

ða11 � a21Þo
r
2
ða22 � a21Þ; ð23Þ

then there exists some h such that FR1ð0Þ �
Fhð0Þo0:

Case 2: a ¼ 0: From the analysis of
the standard two-phenotype matrix game
model (Maynard Smith, 1982), there cannot
exist a mixed strategy hn such that inequality (14)
holds for all possible hahn: For the
pure strategy hn ¼ R1; inequality (14) holds
for all possible hahn if and only if inequality
(20) is satisfied, and similarly for the pure
strategy hn ¼ R2:
Summarizing the above analysis, we have the

following result.

Result. A strategy hn which satisfies u � ðAþ
ðr=2ÞATÞhn ¼ 0 is an ESS if and only if ao0:
The pure strategy hn ¼ R1 that does not satisfy
u � ðAþ ðr=2ÞATÞhn ¼ 0 is an ESS if and only if

1þ
r
2

	 

a114

r
2
a12 þ a21 ð24Þ

in the case ap0; and if and only if

ða11 � a21Þ4
r
2
ða22 � a21Þ ð25Þ

in the case a40; and similarly for the pure

strategy hn ¼ R2:

The above result implies that, if a strategy
hn is an ESS for the model at hand, then it
must also be an ESS for the standard game
model with the payoff matrix Aþ ðr=2ÞAT:
This conclusion is similar to the one obtained
by Hines & Maynard Smith (1979) for the
haploid model. It is interesting to point
out that, for our model, when a40; if both
inequalities ða11 � a21Þ4ðr=2Þða22 � a21Þ and
ða22 � a12Þ4ðr=2Þða11 � a12Þ are not satisfied,
then no ESS can exist. This is different from
the classical two-phenotype matrix game model,
for which Maynard Smith (1982) showed that
there is at least one ESS.
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4. Analysis of Weak Selection

For the classical two-phenotype matrix game
diploid model, Lessard (1984) showed that there
should be evolution, through mutations if
necessary, to an ESS, which was then called
evolutionarily attractive. This means that the
change in the phenotypic frequencies always
tends to an ESS proportion. In this section, we
study the relationship between the existence of
an ESS and a partial change in the phenotypic
frequencies in the model at hand (Tao &
Lessard, 2000) under the assumption of weak
selection.
We posit weak selection by assuming

hij ¼ hþ dijs; ð26Þ

i.e.

hij ¼ hþ udijs; ð27Þ

where h is in the interval ½0; 1
 and s is positive
and small enough. From eqns (5) and (6),
the mean strategy in the population at the
beginning of the current generation can be
expressed as

%h ¼ hþ u%ds; ð28Þ

where

%d ¼
Xn
i;j¼1

pipjdij: ð29Þ

For convenience, let

di ¼
Xn
j¼1

pjdij ð30Þ

for i ¼ 1; 2;y; n; and define

hi ¼
Xn
j¼1

pjhij

¼ hþ udis; ð31Þ

which is the marginal phenotype of allele Gi for
i ¼ 1; 2;y; n:
Note that, under the assumption of weak

selection as in Lessard (1997), the frequency of
genotype GiGj at the time of reproduction of the
previous generation can be approximated as

*PijEpipj ð32Þ

for i; j ¼ 1; 2;y; n: Thus, the fitness of offspring
with genotype GiGj; given in eqn (9), can be
rewritten as

Fij ¼
Xn
k;l¼1

pkpl rhij � A
hij þ hil þ hjk þ hkl

4

� ��

þð1� rÞhij � A%h

�

¼
r
4
hij � A hij þ hi þ hj

� �
þ 1�

3r
4

� �
hij � A%h

¼ h � Ahþ u � Ahdijs

þ u � ATh
r
4
ðdij þ di þ djÞ þ 1�

3r
4

� �
%d

� �
s

þ adij
r
4
ðdij þ di þ djÞ þ 1�

3r
4

� �
%d

� �
s2

¼ h � Ahþ u � Aþ
r
2
AT

	 

hdijs

þ u � ATh
r
4
ðdi þ dj � dijÞ þ 1�

3r
4

� �
%d

� �
s

þ ajijs
2; ð33Þ

where

jij ¼ dij
r
4
ðdij þ di þ djÞ þ 1�

3r
4

� �
%d

� �
ð34Þ

for i; j ¼ 1; 2;y; n:
From eqn (33), the marginal fitness of allele

Gi; denoted by Fi; is

Fi ¼
Xn
j¼1

pjFij

¼ h � Ahþ u � Aþ
r
2
AT

	 

hdis

þ 1�
r
2

	 

u � ATh%dsþ ajis

2; ð35Þ
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where

ji ¼
Xn
j¼1

pjjij ð36Þ

for i ¼ 1; 2;y; n; and the mean fitness in the
population, denoted by %F; is

%F ¼
Xn
i;j¼1

pipjFij ¼
Xn
i¼1

piFi

¼ h � Ahþ u � Aþ
r
2
AT

	 

h%ds

þ 1�
r
2

	 

u � ATh%dsþ a %js2; ð37Þ

where

%j ¼
Xn
i;j¼1

pipjjij

¼
Xn
i¼1

piji: ð38Þ

The frequency of allele Gi at the time of
reproduction, denoted by p0

i; is

p0
i ¼

piFi
%F

ð39Þ

for i ¼ 1; 2;y; n: Since there is no fertility
selection, the frequency of allele Gi at the
beginning of the next generation is also equal
to p0

i for i ¼ 1; 2;y; n: Let Dpi represent the
change in frequency of allele Gi (i ¼ 1; 2;y; n)
from the time of conception to the beginning of
the next generation. From eqns (35), (37) and
(39), we have

Dpi ¼p0
i � pi

¼pi
ðFi � %F Þ

%F

¼
pi

%F
u � Aþ

r
2
AT

	 

hðdi � %dÞsþ aðji � %jÞs2

h i

ð40Þ

for i ¼ 1; 2;y; n:
Note that %h is the mean of hij for i; j ¼

1; 2;y; n: From the classical population genetics
theory (see, e.g., Crow & Kimura, 1970; Ewens,
1989), we define

bi ¼
Xn
j¼1

pipjðhij � hÞ
pi

¼
Xn
j¼1

pipjðdij � %dÞs
pi

¼ðdi � %dÞs ð41Þ

as the average excess of allele Gi on phenotype
R1 for i ¼ 1; 2;y; n: Then eqn (40) can be
rewritten as

Dpi ¼ pi
½u � Aþ ðr=2ÞAT

� �
hbi þ aðji � %jÞs
2

%F

ð42Þ

for i ¼ 1; 2;y; n: Since mating is random, the
average effect of allele Gi on phenotype R1 is also
equal to bi; and the additive genetic value of hij
should be

%h þ bi þ bj ð43Þ

for all i; j ¼ 1; 2;y; n: Thus, the additive genetic
variance on phenotype R1; denoted by s2R1 ; is
(Tao & Lessard, 2000).

s2R1 ¼ a
Xn
i¼1

pib2i : ð44Þ

Let P 0
ij be the frequency of genotype GiGj if

iaj and P 0
ii be the frequency of genotype GiGi

at the time of reproduction for i; j ¼ 1; 2;y; n:
From eqns (33) and (37), we have

P 0
ij ¼

pipjFij
%F

ð45Þ

for i; j ¼ 1; 2;y; n; and the frequency of the pure
strategy R1 at the time of reproduction, denoted
by %h

0
; is

%h
0
¼

Xn
i;j¼1

P 0
ijhij: ð46Þ

Let D %h represent the change in frequency of
phenotype R1 from the time of conception to the
time of reproduction. From eqns (28), (33), (37),
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(45) and (46), we have

D %h ¼ %h
0
� %h

¼
Xn
i;j¼1

ðP 0
ij � pipjÞhij

¼
1

%F

Xn
i;j¼1

pipjðFij � %FÞhij

¼
s
%F

Xn
i;j¼1

pipjðFij � %FÞdij

¼
s
%F

Xn
i;j¼1

pipj u � Aþ
r
2
AT

	 

hðdij � %dÞs

h i
dij

þ
s
%F

Xn
i;j¼1

pipj
r
4
u � AThðdi þ dj � dij � %dÞs

h

þaðjij � %jÞs2
i
dij

¼
VR1
%F
u � Aþ

r
2
AT

	 

hþ

r
4 %F

ðs2R1 � VR1Þu � A
Th

þ
as3

%F
Covðdij;jijÞ; ð47Þ

where

VR1 ¼
Xn
i;j¼1

pipjðhij � %hÞ2

¼
Xn
i;j¼1

pipjðdij � %dÞ2s2 ð48Þ

is called the phenotypic variance on phenotype
R1 and

Covðdij;jijÞ ¼
Xn
i;j¼1

pipjðdij � %dÞðjij � %jÞ

¼
Xn
i;j¼1

pipjðjij � %jÞdij ð49Þ

is the covariance between dij and jij:
Since s is small enough, eqn (47) can be

approximated as

D %h ¼
VR1
%F
u � Aþ

r
2
AT

	 

hþ

r
4 %F

ðs2R1 � VR1Þu � A
Th:
ð50Þ
When r ¼ 0; we have

D %h ¼
VR1
%F
u � Ah: ð51Þ

Obviously, eqn (51) corresponds to Lessard’s
(1984) result for the classical two-phenotype
matrix game diploid model.
For this model, Tao & Lessard (2000) defined

the partial changes in the phenotypic frequencies
as the changes in the phenotypic frequencies due
only to the changes in the genotypic frequencies.
The partial changes in the phenotypic frequen-
cies are obtained by replacing the actual
phenotypes of individuals by the corresponding
genetic values and by keeping these values fixed
in the changes of the phenotypic frequencies with
respect to the changes in the genotypic frequen-
cies (Ewens, 1989). According to this definition,
the partial change in the frequency of phenotype
R1 from the time of conception to the time of
reproduction, denoted by Dpart %h; is

Dpart %h ¼
Xn
i;j¼1

ðP 0
ij � pipjÞð %h þ bi þ bjÞ

¼ 2
Xn
i¼1

biDpi

¼
2
Pn

i¼1 pib2i
%F

h � Aþ
r
2
AT

	 

h

þ
2as3

%F

Xn
i¼1

piðdi � %dÞðji � %jÞ

¼
s2R1
%F

u � Aþ
r
2
AT

	 

hþ

2as3

%F
Covðdi;jiÞ;

ð52Þ

where

Covðdi;jiÞ ¼
Xn
i¼1

piðdi � %dÞðji � %jÞ ð53Þ

is the covariance between di and ji: It is
necessary to point out that since we have

Xn
i;j¼1

ðP 0
ij � pipjÞð %h þ bi þ bjÞ ¼

Xn
i;j

ðp0
ip

0
j � pipjÞð %h þ bi þ bjÞ; ð54Þ
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Dpart %h is also the partial change in frequency of
phenotype R1 from the time of conception to the
beginning of the next generation.
Note that, if s is small enough, eqn (52) can be

approximated as

Dpart %h ¼
s2R1
%F
u � Aþ

r
2
AT

	 

h ð55Þ

if u � ðAþ ðr=2ÞATÞha0: As a consequence, the
partial change in frequency of phenotype R1
brings the population closer to an ESS for Aþ
ðr=2ÞAT: As a matter of fact, if there exists some
hn such that u � ðAþ ðr=2ÞATÞhn ¼ 0 and hn is an
ESS for Aþ ðr=2ÞAT; then Dpart %h40 if hohn and
Dpart %ho0 if h4hn; if hn satisfies u � ðAþ
ðr=2ÞATÞhn ¼ 0 but it is not an ESS for Aþ
ðr=2ÞAT; then both pure strategies R1 and R2 are
ESS strategies for Aþ ðr=2ÞAT and Dpart %h40 if
h4hn and Dpart %ho0 if hohn; if no hn satisfies

u � ðAþ ðr=2ÞATÞhn ¼ 0; then Dpart %h40 if R1 is an
ESS for Aþ ðr=2ÞAT and Dpart %ho0 if R2 is an
ESS for Aþ ðr=2ÞAT:
In the case ap0; a strategy which is an ESS for

Aþ ðr=2ÞAT is also an ESS for the model at
hand, whereas in the case a40; if both inequal-
ities ða11 � a21Þ4ðr=2Þða22 � a21Þ and ða22 � a12Þ
4ðr=2Þða11 � a12Þ are not satisfied, then no ESS
can exist for the model at hand. Thus, the partial
change in the frequency of phenotype R1 does
not always bring the population closer to a
personal-fitness ESS when u � ðAþ ðr=2ÞATÞha0:
In the case where h satisfies u � ðAþ

ðr=2ÞATÞh ¼ 0; eqn (52) can be rewritten as

Dpart %h ¼
2as3

%F
Covðdi;jiÞ: ð56Þ

In this case, Dpart %h may be positive or negative,
the absolute value of Dpart %h being small since s is
assumed small.

5. Conclusion

Our main purpose was to develop the ESS
theory for frequency-dependent viability selec-
tion in family-structured populations. Assuming
that the phenotype of individuals is determined
by alleles located at a single locus in a diploid
population, a strategy corresponding to a
homozygote genotype GnGn is an ESS if and
only if the allele Gn cannot be invaded by any
mutant allele when all members of the popula-
tion have genotype GnGn: This definition corre-
sponds to Maynard Smith’s (1982) definition for
the classical matrix game diploid model.
Assuming two phenotypes and kin selection

effects between full sibs, we have deduced
necessary and sufficient conditions for an ESS
and showed that if a strategy is an ESS for the
model at hand, then it must also be an ESS
under the standard game formulation with the
matrix Aþ ðr=2ÞAT: This result is similar to a
result obtained by Hines & Maynard Smith
(1979) for the haploid model, but we have to
emphasize that it is possible that no ESS exists in
the model at hand. Assuming that selection is
weak, we have showed that, in general, the
partial change in phenotype frequencies brings
to population toward an ESS for Aþ ðr=2ÞAT

when it exists. Note that if the partial change
would be the total change, then the system could
be said locally adaptive in Eshel’s (1982) sense
and, in particular, a mutant allele would be
favoured if and only if it would tend to render
the population strategy closer to an ESS, which
is the evolutionary genetic stability (EGS)
property in Eshel & Feldman’s (1982) sense.
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