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HIGHLIGHTS

o A generalized growth-rate theorem holds with the Malthusian parameter as fitness.
e Mean fitness based on vital rates and age-specific reproductive values may decrease.
e The two definitions of fitness agree in the limit of weak selection.
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Fisher's (1930) Fundamental Theorem of Natural Selection (FTNS), and in particular the development of
an explicit age-structured version of the theorem, is of everlasting interest. In a recent paper, Grafen
(2015a) argues that Fisher regarded his theorem as justifying individual rather than population fitness
maximization. The argument relies on a new definition of fitness in age-structured populations in terms
of individual birth and death rates and age-specific reproductive values in agreement with a principle of
neutrality. The latter are frequency-dependent and defined without reference to genetic variation. In the
same paper, it is shown that the rate of increase in the mean of the breeding values of fitness weighted by
the reproductive values, but keeping the breeding values constant as in Price (1972) is equal to the
additive genetic variance in fitness. Therefore, this partial change is obtained by keeping constant not
only the genotypic birth and death rates but also the mean age-specific birth and death rates from which
the age-specific reproductive values are defined. In this paper we reaffirm that the Malthusian parameter
which measures the relative rate of increase or decrease in reproductive value of each genotype in a
continuous-time age-structured population is the definition of fitness used in Fisher's (1930) FTNS. This
is shown by considering an age-structured asexual haploid population with constant age-specific birth
and death (or survival) parameters for each type. Although the original statement of the FTNS is for a
diploid population, this simplified haploid model allows us to address the definition of fitness meant in
this theorem without the complexities and effects of a changing genic environment. In this simplified
framework, the rate of change in mean fitness in continuous time is expected to be exactly equal to the
genetic variance in fitness (or to the genetic variance in fitness divided by the mean fitness in discrete
time), which can be seen as a generalized growth-rate theorem. This theorem is shown to hold with the
Malthusian parameter used as the definition of fitness. Moreover, in the same framework, it is shown
that a discrete-time version of Grafen's definition may lead to a decrease in mean fitness. In the limit of
weak selection with the unit of time proportional to the inverse of the intensity of selection, however,
this definition predicts the right population dynamics in agreement with the growth-rate theorem. This
clarifies the domain of application of the new definition, at least as far as population dynamics is con-
cerned, and reconciles the new definition with the original one.
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1. Introduction

In an infinite population of asexual haploid individuals in
which each individual independent of all others reproduces at
fixed rate b and dies at fixed rate y, the population size grows at
relative rate m = b— . If c(t) represents the population size at time
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t >0, then bc(t) dt and pc(t) dt are the expected numbers of births
and deaths, respectively, in the infinitesimal time interval
[t,t+dt], so that the expected change in the population size in the
same time interval is

dc(t) = (b—p)c(t) dt = mc(t) dt, )
from which
c(t) = c(0)e™. (2)

With n types of individuals having fixed relative growth rates m;
and present in the population in numbers c,(t) at time t >0 for
i=1,...,n, the mean relative growth rate at this time is given by

m(t)= "> mpt), 3)
i=1
where
ci(t)
() =—17 4
pi() ST 4

is the frequency of type i=1, ..., n at time t > 0. Differentiating this
frequency with respect to time yields

dpity _ o

—gr_ = mipi() p,v(t)];m]pj(r), 5)
from which

dmi(t

MO _ S mEpt)-may. ®)

i=1

This can be found in many textbooks (see, e.g., Crow and Kimura,
1970, p. 10). It was called the growth-rate theorem by Edwards
(1994) who stated it as follows: In a subdivided population the rate
of change in the overall growth-rate is proportional to the variance in
growth rates.

As still recently stated (Ewens and Lessard, 2015), the aim of
Fisher (1930, 1958) was likely to find a more subtle statement for
genes that takes into account the complexities of the diploid
Mendelian hereditary system as well as those for variable birth
and death rates of genotypes. This theorem, known as the Fun-
damental Theorem of Natural Selection (FTNS), states that: The
rate of increase in fitness of any organism at any time is equal to its
genetic variance in fitness at that time. This is the rate of change,
however, obtained by keeping fixed the environment including the
genic environment (Fisher, 1941, p. 56). This means that genotypic
fitnesses are kept constant and only changes in genotypic fre-
quencies ascribable to changes in gene frequencies are considered.
These correspond to relative changes in genotypic frequencies as
best predicted from the genes present (see Lessard, 1997; Edwards,
2002, for more details). Therefore, the rate of increase in fitness
meant in the FTNS is actually a partial rate of change. Moreover,
the genetic variance in the FTNS is known today as the additive
genetic variance.

Note that the partial rate of change can alternatively be
obtained by substituting the fitness of each genotype with its
additive genetic value or its breeding value, which is given by the
sum of the average allelic effects, and by keeping this value fixed
(Price, 1972; see Ewens, 1989, for the corresponding partial change
in discrete time without age structure). This interpretation, how-
ever, cannot be found in Fisher's (1930, 1941, 1958) writings.

Note also that, in the special case of a constant environment
including a constant genic environment, the partial rate of change
meant in the FTNS should give the total rate of change as in the
growth-rate theorem.

For convenience, a rate of change in continuous time is some-
times simply called a change as in discrete time.

It remains to define fitness. In an age-structured population in
continuous time, if [(x) is the probability at conception that an
individual will survive to age x and b(x) dx is the expected number
of offspring that an individual will produce from age x to age
X+dx, then the Malthusian parameter of the population m is
defined by Lotka's (1922) equation

/oo e~ ™ (x)b(x) dx =1. (7)
0

The Malthusian parameter measures the relative rate of increase or
decrease of a population when in the steady state (Fisher, 1958, p.
26). Moreover, if the reproductive value of an individual at age x is
defined as

v(x)=v(0)(le(7) / e~

then whatever may be the age constitution of a population, its total
reproductive value will increase or decrease according to the correct
Malthusian rate (Fisher, 1958, p. 29). Here, the reproductive value
of an individual is interpreted as the present value of all offspring
expected to be produced by the individual in the future. Differ-
entiating the above equation with respect to x yields (Fisher, 1958,
p. 30)

™ (y)b(y) dy, (€))

()

mv(x) = ——+bX)V(0) — p(x)v(x), C))

where b(x) and

1 dl(x)

Hx) = i) dx (10
are the birth and death rates, respectively, of an individual of age x.
The Malthusian parameter implicit in any given system of rates of
death and reproduction |[...] measures fitness by the objective fact of
representation in future generations [and ...] will in general be dif-
ferent for each different genotype (Fisher, 1958, p. 26, 37, 50,
respectively). This leaves little doubt that this is the definition of
fitness meant in the FTNS. If individuals of genotype i at age x have
birth and death rates bj(x) and y;(x), respectively, and reproductive
value given by v;(x), then the Malthusian parameter of individuals

of genotype i, denoted by m;, satisfies
z( )

m;vi(x) = ——+bi(X)vi(0) — p;(x)vi(x). an
In this equation, birth and death rates and reproductive values are
averaged over all individuals with the same age for each genotype,
while a Malthusian parameter defines fitness for each genotype
irrespective of age. This is the classical definition of fitness for a
genotype in a continuous-time age-structured population (see, e.g,
Crow and Kimura, 1970; Crow, 1979; Charlesworth, 1980, 1994).
This is the definition that was used in Lessard (1997) to interpret
Fisher's (1930) FTNS as a partial change in fitness, actually in the
mean fitness obtained by weighting each individual with its
reproductive value as suggested in Fisher (1958, p. 38).

Grafen (2015a) proposes to define the fitness m;(x) of an indi-
vidual of genotype i and age x having birth and death rates by(x)
and p;(x), respectively, and reproductive value given by v(x), such
that

()

mi(X)v(x) = ——=+ bi(x)v(0) — p;(X)v(X). 12)

Here, the birth and death rates take genotype- and age-specific
values as previously, while the reproductive values are age-specific
but not genotype-specific. This means that the reproductive values
satisfy Eq. (9) where b(x) and p(x) are birth and death rates,
respectively, averaged over all individuals of age x, and m is the
Malthusian parameter for the whole population associated with
these rates. Note, however, that this parameter as well as the
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reproductive values change over time since this is the case for the
average age-specific birth and death rates.

Fitness defined by Eq. (12) differs from fitness defined by Eq.
(11) by the use of reproductive values that are the same for all
individuals of the same age irrespective of their genotype. Using
the former definition and keeping the breeding values fixed as in
Price (1972), which implies here keeping the age-specific repro-
ductive values fixed, Grafen (2015a) shows that the rate of change
in the mean of the breeding values weighted by the reproductive
values is equal to the additive genetic variance in fitness. More-
over, it is claimed that this is the first satisfactory proof of Fisher's
(1930) FINS.

The main question is: which of the definitions of fitness, that in
Eq. (11) or (12), is the one that Fisher (1930) meant in the state-
ment of the FTNS? An ancillary question is: under what conditions
both definitions agree?

In order to answer these questions, we will consider the sim-
plest possible age-structured population, namely an asexual hap-
loid population with constant demographic vital parameters for
each type. It will also be useful to consider discrete-time models
since the concepts of Malthusian parameter and reproductive
value are best understood in their discrete-time versions.

With time and age measured in number of time intervals of
length At, let c(k,7) be the number of individuals of age k=0,1,
...,@w—1 at time step 7> 0. Moreover, from one time step to the
next, such an individual survives with probability s(k) and pro-
duces an expected number f{k) of offspring of age 0. Note that an
individual must survive in order to produce offspring. Assuming
s(k)>0 for k=0,1,...,w—1 and s(w) =0 with f(w—1) > 0 so that
@ —1 is the maximum age of reproduction, the population state at
time step 7> 0 is represented by ¢(7) = (c(0,7), c(1,7),....,c(w—1,
7))T (with T denoting transpose), and satisfies

c(t+1)=Ac(7), (13)
where
fO) f) flw=2) f(w-1)
s 0 - 0 0
A= 0 s1) - 0 0 (14)
0 0 - sw-2) 0

is a Leslie matrix (Leslie, 1945). Under the additional assumption
that f(w —2) > 0 so that the matrix A is necessarily irreducible and
aperiodic, the Perron-Frobenius theory for non-negative matrices
(see, e.g., Karlin and Taylor, 1975) guarantees that the leading
eigenvalue A is positive, simple and associated with positive left
and right eigenvectors v=(0),v(1),...v(w—1)" and
u=(u0),u(l),...,u(w—1)7, respectively, which are unique under
the conditions S"¢-3u(k)=1 and ¢~ 1 v(kju(k)=1. The equa-
tions
vVIA=AwT and Au=Ju, (15)
respectively, imply that v'¢(z+ 1) = AvT¢(r) whatever ¢(r) may be,
and c(z+ 1) = Ac(7) if ¢(r) = cu for some constant ¢ > 0. This means
that u is a stationary age distribution. On the other hand, it can be
checked that

- Idof ) _

7 (16)
= /11 +1
and
A R G)fG)
Av(k) = v(O)l(—k) J; i V(O)f (k) + v(k+ 1)s(k), 17)

with [(0)=1, v(w)=0 and I(k) =s(0)---s(k—1), for k=1,...,w—1.
The components of the vector v are the reproductive values

associated with the different ages, while A is the geometric rate of
increase or decrease in the total reproductive value of the popu-
lation: this rate defines its fitness.

The above quantities in the discrete-time model can be
obtained for each genotype i to which corresponds a set of age-
specific survival probabilities si(k) and fecundities fi(k), for
k=0,1,...,0—1. Note that Egs. (7)-(9) for each genotype i in the
continuous-time model are retrieved by setting

Ai=1+miAt+o(At), fi(k) =bi(kAt)At+o(At),
si(k) = 1— (kA At+o(Ab), (18)

in the limit kAt —x as At—0 (see, e.g., Lessard, 1997). On the other
hand, Eq. (12) defining fitness in Grafen's sense in continuous time
becomes

Aikv(k) = v(0)f (k) +v(k+1)s;(k) (19)

in discrete time for individuals of genotype i and age k > 0 with v
(k) satisfying (17) for average age-specific survival probabilities
and fecundities. The discrete-time version in Grafen (2015a),
namely

mi(kyv(k) = v(k+1) — v(k)+v(0)bi(k) — v(k+ 1)p;(k), (20)

can be recovered, for instance, by plugging (18) with At=1 into
(19) and ignoring terms of order o(At).

In this paper, we consider a multi-type age-structured asexual
haploid population with constant age-specific birth and death (or
survival) parameters for each type. These assumptions are expec-
ted to guarantee a constant environment, including a constant
genic environment, so that in continuous time the actual rate of
increase in mean fitness should be equal to the variance in fitness.
This corresponds to a generalized growth-rate theorem that can be
viewed as a simplified haploid version of Fisher's (1930) FTNS.
Discrete-time versions for which the actual increase in fitness
should be equal to the variance in fitness divided by the mean
fitness are also considered. These predictions are checked with the
Malthusian parameter as definition of fitness and then Grafen's
(2015a) definition, first without further assumptions on the birth
and death (or survival) parameters and second, in the limit of
weak selection as differences in these parameters become
infinitesimally small.

2. Increase of mean fitness in discrete time

In a discrete-time age-structured asexual haploid population,
let

w—1

Vim =vic(m)= Y vitcitk, ) @1
k=0

be the total reproductive value of haplotype i represented in

number c;(k,7) in age class k=0, 1, ...,w—1 at time step 7 > 0 with

survival probabilities and fecundities given by the entries of the

Leslie matrix

fi(0) fi(1) - fil@=2) fw-1)
5i(0) 0 0 0
A= 0 si(1) - 0 0 s (22)
0 o s@-2) 0

which satisfies
VIA; = V] = 4vi(0), vi(1), ..., vi(w— 1)), (23)

where 4; > 0 and vj(k) >0 for k=0,1,...,w—1,fori=1,...,n. Then
we have

Vie+1) =vici(z+1) = vl Aici(r) = vl ¢i(r) = A4Vi(2), (24)
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which means that J; is the geometric rate of increase or decrease
in the total reproductive value of haplotype i, fori=1,...,n

Note that the reproductive values associated with the different
age classes of each haplotype are frequency-independent. More-
over, they can be multiplied by any positive constant. Since we will
be concerned in the following with the changes in the total
reproductive values, the scaling does not matter. A standard scal-
ing is to assume v;(0) = 1. Here, for convenience (mainly in view of
Section 5), it is assumed that vIu; = 1, where u; is an @-dimen-
sional vector with all positive components that sum up to 1, which
satisfies A;ju; = A;u; as in Eq. (15).

Let
A= Api(a), 25)
i=1
for >0, where
Vi(7)
i =N oo 26
pi(2) SV (26)

for i=1,...,n. At the next time step, we have

A+ =Y Aipi(r+1) _ i1 AVie+ )

i1 Yo Vie+1)
DY AVio) DY Aipi(@) @7)
S AiVio) i Aipi(e)
from which
2
AI(T) A(TJrl) ﬂ(‘[) 217 1 )“ pi(v)— )«(T) 28)

A7)

Therefore, with fitness defined as the geometric rate of change
in total reproductive value, the change in mean fitness with
respect to frequencies in reproductive value is equal to the var-
iance in fitness divided by the mean fitness. This extends the
growth-rate theorem to discrete-time age-structured populations.

3. Increase of mean fitness in continuous time

For asexual haploid individuals of type i surviving to age x with
probability [;(x) and reproducing at rate b;(x) at that age, let

Vi(t) = /0 - vi(x)ci(x, t) dx, (29)

where v;(x) is the reproductive value of an individual of type i of
age x defined by

0 [ e-myLy)bu(y) d 30

Vo0 =viO) o / e~ ™ Ii(y)bi(y) dy (30)

with v;(0)=1 and

/oc e M ;(x)bj(x) dx =1, 31
0

while c;(x, t) is the density of individuals of type i with respect to x
at time t. Therefore, Vi(t) represents the total reproductive value of
all individuals of type i in the population.

With n types of individuals in the whole population, let

Vi(t)
-1 Vi

be the proportion of reproductive value of all individuals of type i
at time ¢, fori=1,...,n. We will show that

pi(t) = 32)

MO _ 3 mepy - (33)

i=1

as stated, and partially proved, in Charlesworth (1980, pp. 67-68),

where m; is the Malthusian parameter of type i whose mean at
time t is

n

m(t)="»_ mpt), (34)
i=1
with respect to the frequencies of types as defined above. This is
the mean Malthusian parameter when individuals are weighted by
their reproductive value according to their type and age. In this
context, Eq. (33) can be seen as a generalized growth-rate
theorem.
As in the growth-rate theorem, it is enough to show that

PO _ 1) pomo), 35)

which is the case if

dVi(t)
dt
for i=1,...,n. This means that the Malthusian parameter is the
relative rate of increase or decrease of the total reproductive value.
Since this result does not depend on the type of the individuals,
the index i is dropped in the rest of this section to simplify the

notation.
First, note that

=m;Vi(t), (36)

c(x, t) = B(t —x)l(x), 37
where
BO= [ connbw) dy 38)
if x <t, while
I(x)
c(x,t) = c(x—t,0) (39
lx—1t)
if x > t. Therefore, we have
fes) t
V()= /0 v(x)c(x, t) dx = / v(x)B(t —x)l(x) dx
t
+ [ vooeo—e O = [ ve-yBwic-y dy
Iit+y)

+ /0 v(t+y)c(y, 0) ) dy. (40)
Differentiating with respect to t gives
O _ vy + / B@){l(t D)

) cy,0) dv(t+y)

+v(t— y) }dy+ Jo T {I(Hy) a

+v(t+y)dl(t+y)}dy. (41)
Using Eqgs. (9) and (10) with the equality I(0)=1 leads to

V t

T =v0BO+ [ BO) {muc—y)-be-ymOHE-y) dy

+ / T, O){mv(t+ ¥)—b(t+y)v(0) }(t+y) dy = v(0)B(t)

o 1y
t ®c(x—t,0)
+ /0 B(t —x){mv(x) — b(x)v(0) }(x) dx+ /t W{mv(x)

—b(x)v(0) }I(x) dx = v(0)B(t)+ /0 ~ c(x, t)y{mv(x)— b(x)v(0)} dx

=v(0)B(t)+m / ~ c(x, tyv(x) dx —v(0) / ” c(x, t)b(x) dx
0 0
=v(0)B(t)+mV(t)— v(0)B(t) = mV(t). (42)

This result is stated, and a verbal argument given, in Crow and
Kimura (1970, p. 22). It is derived from a first-order approximation
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of the change in the total reproductive value from time ¢t to time
t+ At in Grafen (20154, Eq. (10)).

4. Mean fitness in Grafen's sense

In the framework of Section 2, the fitness of an individual of
haplotypei=1,...,n in age class k=0,1,...,w—1 at time step 7 >
0 according to Grafen (2015a), denoted by A;(k, 7), is defined by the
equation

Ailk, T)v(k, 7) = v(0, T)f j(k) + v(k+ 1, 7)s;(k), (43)

where v(w,7) =0 and v(k, 7) is the reproductive value of an indi-
vidual in age class k=0,1,...,w—1 at time step 7> 0. In other
words, (v(0,7),v(1,7) ,..., viw—1,7))7 is a positive leading left
eigenvector of the Leslie matrix

fo,7) fa,7) f@-2,7 fw-1,7)

50,7) 0 - 0 0

A= o 3510 - 0 0 , (44)
0 0 S(w—-2,7) 0

with
=0 S 1 filocik,7)
== etk @
fork=0,1,...,w—1, and
_ S silocik, 1)
s(k,7)= —E?: kD) (46)
for k=0,1,...,w—2. Therefore,
Mok, T) = v(0, D)f (k, T)+v(k+1,7)5(k, T), (47)

for k=0,1,...,w—1 with v(w,7) =0, where A(7) is the positive
leading eigenvalue of A(7).

Note that the mean fitness at time step 7 > 0 using the repro-
ductive values as weights is given by

-1 n

A(0)= 2= 0 i~ 1nCi(k, vk, D)Ai(k, 7)
k=0 2i—1 Cilk, vk, 7)

RIS citk, (WO, D) (k) + vk + 1, 7)5i(K))
- Se o3I citk, vk, )

S=0 X ak D (VO Df e 1)+ 5k Dvik+1.7))
- SHZo X itk vk, 7)
_ SRz o i itk DA@vVk.T) _

Sz atk, vk, T)

In conclusion, the mean fitness in Grafen's sense in a discrete-
time age-structured haploid population at any time step is equal to
the geometric rate of increase or decrease in the total reproductive
value of the population with average age-specific survival prob-
abilities and fecundities at this time step.

In a continuous-time version, the fitness of an individual of
haplotype i=1,...,n of age x > 0 at time t > 0, denoted by m;(x, t),
is defined by

AT). (48)

dv(x,t)

m;(x, t)v(x, t) = dx +bi(x)v(0, t) — p;(X)V(x, t), (49)
where
MOV, £) = dvg)‘(’ D 4 bx, (0, £ —F(x, DV, ), (50)

with

B t) — b= 1 B0 )

be0= Sio1Gixt) 1)
and

fix, By = 2= 1 X DGR 0 52

i Gilx, D)

being the average birth and death rates of the individuals of age
x>0 at time t >0 (Grafen, 2015a).
As in discrete time, we have

ity = Jo- Si=1 G OV Dmi(x. ) dx
= Joo X1 cix ovix, t) dx

which says that the mean fitness in Grafen's sense in a continuous-
time age-structured haploid population at any time is equal to the
Malthusian parameter of the population with average age-specific
survival probabilities and fecundities at this time. Owing to the
property of the Malthusian parameter given in Eq. (9), this is also
the mean fitness for each age x as shown in Grafen (20153, Eq.
(16)). This ensures neutrality as defined in Grafen (2015b).

The mean fitness in Grafen's sense does not necessarily
increase with time. This will be illustrated by a discrete-time
example with two haplotypes in two age classes. The corre-
sponding Leslie matrices are given by

a=(2 N a-(8 7 54
1‘(0.4 0>’ 2_(0.6 0)’ (59)

with 4, =9.17 and 4, = 8.56, respectively, being leading eigenva-
lues. The initial population state is chosen to be

0)— a@,0) /1 0)— ©0.00) /0 55
a©=( o )=(o) “O=(cao)=(7)  ©
The Leslie matrix for the whole population at time step 7> 0 is

given by

9¢1(0,7) + 8¢2(0,7) 4c1(1,7)+7c2(1,7)
— ¢1(0,7)+2(0,7) a(l,n)+c(1,0)
A(T) =

=m(t), (53)

04¢1(0.0) +0.6¢,0.0) 0 (56)

¢1(0,7) +¢2(0,7)

The leading eigenvalue A(z) of this matrix, which corresponds to
the mean fitness in Grafen's sense, is represented in Fig. 1. It
sharply decreases in the beginning before increasing rapidly and
then slowly to the value A;.

9.4

93 B

9.2 4

91t i

AMr)

89 B

881, 1

8.7 I I I I I I I I I
0 10 20 30 40 50 60 70 80 90 100

time step ©

Fig. 1. Example 1.
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3.166 | 1

3.164

3.162 | 4

3.16 [ b

Mr)

3ASBE e
BASBL e

3.154 | . N

3.152 |, B

315 . . . . . . . . .
0 10 20 30 40 50 60 70 80 90 100
time step ©

Fig. 2. Example 2.

Another example with

A (2 A, (24 57
1_<0.9 0)’ 2_<0.9 0)’ 7
and

0.5 0
a©=(g5) «0=(7) (58)

leads to Fig. 2. There are oscillations between the values 1; =
3.1656 and A, = 3.1448 followed by a slow increase to 4.

The increase of the mean fitness in Grafen's sense for 7 large
enough observed in Figs. 1 and 2 is shown in general for two
haplotypes and any number of age classes in Appendix A. This
suggests quick convergence to the stable age distribution for each
of the two haplotypes followed by differential increases in
their sizes.

5. Fitness in the limit of weak selection

In order to model weak selection in a discrete-time age-
structured asexual haploid population, let the Leslie matrix for
haplotype i=1,...,n be given in the form

Ai(s) =A+SB,', (59)

with A as defined in (14) with leading positive eigenvalue A =1
and

£i(0)  pi(1) Piw—-2) Piw—1)
a© 0 - 0 0

B=| 0 a -~ 0 o | (60)
o o a@-2) 0

This means that s > 0 is the intensity of selection and the entries of

B; are the coefficients of selection with respect to this intensity.
With s~ time steps as unit of time, the numbers of individuals

of haplotype i in the different age classes at time t > 0 are given by

() = (ci(0,0),¢i(1,0) ..., ci{w—1,6)T = Ai(9)¥ ' y(0), (61)

where |s~'t] represents the integer part of s—1t. Writing Ay(s) in
Jordan normal form yields

) T T
v (9 2N e

where

2i(s) = 14+m;s+0(s) (63)
is the leading positive eigenvalue of A;(s) with associated positive
left and right eigenvectors v;(s) and u;(s), respectively, that satisfy
1Twi(s5)=1, v w(s)=1. (64)

Here, 1 and 0 denote vectors of all ones and all zeros, respectively.
Moreover, Ji(s) is a Jordan matrix associated with eigenvalues of
A{(s) whose moduli are all less than 4;(s) and, by continuity, less
than some positive number strictly smaller than 1;(0)=1 for s
small enough. Finally, we have the equalities

Vi(s)' Pi(s)=0", Ri(s)u(s)=0, Ri(s)Pi(s)=1, (65)
where I designates an identity matrix. Then we get

(alsTt) T T
A®)F = (Ui Pi(s)) (}H(S)() J (s:’Ls 1t ) <‘;(:5)) ) —eMtuyT, (66)

as s tends to O for any t >0, where v=v;(0) and u=u;(0) are
positive left and right eigenvectors, respectively, associated with
the eigenvalue 1 of A =A;(0) that satisfy 1"Tu=1 and viu=1. In
the same limit,

ci(H)— (VI ci(0))e™tu. (67)

In particular, this implies a stationary age distribution given by u
at any time t > 0 in the limit of weak selection.

It remains to calculate m; which is the derivative of the leading
eigenvalue A;(s) of Ay(s) with respect to the intensity of selection
evaluated at s=0. Since
4i(5) = Ai(s)Vi(s) ui(s) = vi(9) Ai(9)ui(s) = vi(s) (A+sBpu(s),  (68)
we have
m; = 2(0) = vi(0)' Bi;(0) +v{(0)" Au;(0) +v;(0) Au(0)

=V Biu-+vi(0) u(0)+v;(0) uj(0) = v' B, (69)
owing to (64). This is in agreement with a well-known result on
irreducible aperiodic non-negative matrices (see, e.g., Lancaster
and Tismenetsky, 1985).

Defining
Vi) =v'ci(t), (70)
we have

avi(t
PO v, )

from which
M) _ S e o m?
@ = 2 MR -me?, (72)

as in Section 3, where

="y mpt), (73)
i=1
with
Vi(t)
pi(t) ST VO (74)

This means that m; is the relative rate of change of the total
reproductive value of haplotype i and that the rate of change of
their mean value is given by their variance. This is the growth-rate
theorem in the limit of weak selection.

Finally, (69) leads to the expression

w—1

my= > u(k)v(0)B;(k)+v(k+ Da(k)), (75)

k=0
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where u(k) and v(k) are the frequency and reproductive value,
respectively, of the individuals of haplotype i in age class k, with
v(w) = 0. This weighted average can be written into the form

w-1

my= " u(kyv(kym;(k), (76)
k=0

where

mik) = v(0)B;(k)+v(k+ 1)a,~(k). 77

v(k)

This represents the relative rate of change of the reproductive
value of the individuals of haplotype i in age class k.

A discrete-time analogue with At as the time step would lead
to a geometric rate of increase or decrease in the total reproductive
value of haplotype i given by

w-1
Ai=T+mAt+o(At) = Y ulkyvi)ik), (78)

k=0
where, using (17) with A =1, we have

v(0)f (k) +v(k+1)s(k)
v(k)

© At 1ot

Ai(k) =1+ mi(k) At +o(At) =

v(0)B;(k)+v(k+ 1)

+ v(k)
~ V(O)(f(k) +Bi(k) At +0(AD) + v(k+ 1)(s(k) + ai(k) At + o(At))
= o .

(79)

This is in agreement with Grafen's definition of fitness in discrete
time as described in (19) with

fitk) =f)+Pik)At+o(At),  si(k) = s(k)+ai(k) At +o(At). (80)

Note that this gives an approximation for At small enough but
much larger than the intensity of selection s.

In summary, in a discrete-time age-structured asexual haploid
population in the limit of weak selection with the inverse of the
intensity of selection as the unit of time, the same stationary age
distribution is reached for each type and the growth-rate theorem
holds with the relative rate of increase or decrease in reproductive
value given by a weighted average of fitnesses in Grafen's sense as
defined in Eq. (76).

6. Discussion

Grafen (2015a) argues that Fisher's (1930) FINS in age-
structured populations concerns individual rather than popula-
tion fitness maximization by considering variation in the indivi-
dual properties, namely birth and death rates in continuous time
or fecundities and survival probabilities in discrete time, while
keeping fixed the population level properties, namely the age-
specific reproductive values defined with respect to mean age-
specific birth and death rates. These reproductive values used in
the definition of fitness ensure neutrality in mean fitness from one
age class to another (Grafen, 2015b). This condition can be traced
back to a notion of reproductive value introduced in Williams
(1966) and agrees with Charlesworth's (1980, 1994) approxima-
tions under the assumption of demographic equilibrium. Then it is
shown that the rate of change in the mean of the breeding values
of fitness weighted by the reproductive values, all kept constant, is
equal to the additive genetic variance in fitness.

Fisher (1930) used demographic life tables for a whole popu-
lation to introduce the concepts of Malthusian parameter and
reproductive value. As far as we can see, however, nothing in this
book and related further works (Fisher, 1941, 1958) suggests
anything else than a genotype-specific Malthusian parameter as

definition of fitness of a genotype in age-structured populations,
which implies age- and genotype-specific reproductive values. We
stand behind the interpretation of the FTNS given in Lessard
(1997) based on this definition of fitness and the notion of genic
environment as part of the environment as explained in Fisher
(1941): it concerns a partial change in the mean of the Malthusian
parameters weighted by the reproductive values, all kept constant,
with respect to the relative changes in the genotypic frequencies
as best predicted from the genes present.

Grafen's (2015a) and Lessard's (1997) analyses are both for a
diploid population but the two definitions of fitness hold as well
for a haploid population. In this paper, we have compared the
implications of the these definitions in the extreme case of an
asexual haploid population. This allows us to isolate the differ-
ences between the two definitions from the differences caused by
Mendelian segregation and genetic recombination.

In the framework of an age-structured asexual haploid popu-
lation with constant demographic vital parameters for each type
(namely, constant age-specific birth and death rates in continuous
time or constant survival probabilities and fecundities in discrete
time), we have recalled in Sections 2 and 3 that defining fitness as
a genotype-specific Malthusian parameter and using age- and
genotype-specific reproductive values as weights lead to a mean
fitness whose rate of change in continuous time is exactly equal to
the variance in fitness (or whose change in discrete time is exactly
equal to the variance in fitness divided by the mean fitness). This is
in agreement with a simplified version of Fisher's (1930) FTNS for
an age-structured haploid population in continuous time in a
constant environment which includes a constant genic environ-
ment (or Ewens's (1989) version of this theorem for a population
in discrete time without age structure). This corresponds to a
generalized growth-rate theorem.

In the same simplified framework of an asexual haploid
population with constant demographic vital parameters for each
type, we have shown in Section 5 that the same stationary age
distribution for each type is reached in the limit of weak selection.
In this limit, the life-span of an individual can be neglected com-
pared to the inverse of differences in the vital parameters from one
individual to another of the same age. Moreover, in this same limit,
Grafen's (2015a) definition of individual fitness as the relative rate
of change in reproductive value in continuous time (or the relative
change in reproductive value in discrete time) by using common
age-specific reproductive values is consistent with the growth-rate
theorem.

Grafen's definition of fitness ignores differential age-specific
contributions to the population in the future from one type to
another. This assumes that the individuals produced are indis-
tinguishable. Even with constant demographic vital rates and in
the absence of genetic recombination and segregation, this fitness
is frequency-dependent and its mean obtained by using the
population age-specific reproductive values as weights can
decrease. This has been shown in Section 4 by numerical iterations
for two haplotypes with two age classes in discrete time. Such a
decrease is rare, however, and appears to be a transient phe-
nomenon from some initial population states. These numerical
results suggest relatively quick convergence to a stationary age
distribution so that Grafen's definition seems to capture the
leading part of fitness in the long run. The increase of the mean
fitness in Grafen's sense in the long run has been confirmed in
general for two haplotypes with any number of age classes
(Appendix A). This is also in agreement with our weak selection
limit for any number of haplotypes which shows that Grafen's
definition predicts the right population dynamics (Section 5).

Note that our numerical results are not counterexamples of the
main result in Grafen (2015a) since this result concerns a partial
change in mean fitness obtained by keeping the population age-
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specific reproductive values constant. They show, however, that
this partial change captures only a part of the partial change with
the Malthusian parameter as definition of fitness. It could be
argued that the population age-specific reproductive values are
part of the environment. Since changes in the environment are not
taken into account in Fisher's (1930) FTNS, the population age-
specific reproductive values are kept constant. This is one of the
conditions under which the partial rate of change in mean fitness
is obtained in Grafen (2015a). However, this requires an inter-
pretation of the environment that we have not found anywhere in
Fisher's writings. This interpretation is a consequence of the
definition of fitness based on population age-specific reproductive
values to satisfy a principle of neutrality (Grafen, 2015b). This
definition is such that the mean fitness in each age class is the
same, and then equal to the population Malthusian parameter
owing to the properties of this parameter.

It seems difficult to conceive from a biological point of view
that the contribution of an individual in the future may have an
effect on its fitness at the present time as occurs with fitness
defined by a genotype-specific Malthusian parameter. Moreover, a
reproductive value, which is an expected contribution to all future
generations, remains an abstract concept. This may explain why
Fisher (1930, 1958) did not get into the details in his formulation
of the FTNS. By weighting the individuals with their reproductive
values, the frequencies of types are actually frequencies of repro-
ductive values carried by these types. The notation and the ana-
lysis, not to mention the interpretation, in the general framework
of an age-structured population become rather complicated and
less intuitive (see Lessard, 1997, for a full analysis).

Simplifying assumptions such as haploidy and constant vital
rates made in this paper have allowed us to better compare two
definitions of fitness in age-structured populations in relation with
the FTNS. Moreover, we have shown that both definitions agree in
the limit of weak selection (Section 5). An extension of our weak-
selection limit to a multi-locus diploid age-structured population
is likely possible, but it would require a much more recondite
mathematical analysis than in the haploid case.

In the more general framework of a diploid population in a
changing environment including a changing genic environment as
a result of recombination and Mendelian segregation, Fisher's
(1930, 1958) FTNS concerns a change in mean fitness that has been
called by different names (change due to changes in gene fre-
quencies, change due or ascribable to natural selection, partial
change, genic evolutionary potential) and has received various
interpretations (Price, 1972; Ewens, 1989; Castilloux and Lessard,
1995; Lessard, 1997; Ewens and Lessard, 2015). The total change in
mean fitness has been obtained for one- and two-locus models
without age structure (Kempthorne, 1957; Kimura, 1958). It has
been shown that the partial change is a good approximation of the
total change under weak frequency-independent viability selec-
tion even in a multilocus setting but without age structure
(Nagylaki, 1991, 1993). See also Crow (1979) for the total change in
the mean of fitnesses weighted by genotype- (or allele-) and age-
specific reproductive values in one-locus age-structured
populations.

From a historical perspective, Edwards (2014) concludes that
the FTNS expresses a gene-centered view of evolution. In com-
parison, Grafen (2015a) proposes an individual-centered view
more in agreement with some modern trends in evolutionary
biology. The ensuing result on the partial rate of change in mean
fitness may be correct and its interpretation may make sense, but
it is legitimate to question whether it represents Fisher's (1930)
FTNS as originally stated. On the other hand, the interpretation of
the theorem to support individual optimization has already been
criticized for not being representative of the Fisherian tradition
(Edwards, 2014).

Although it may not be the definition meant in Fisher's (1930)
FTNS, Grafen's (2015a) definition of individual fitness in an age-
structured population as if this population would satisfy the
principle of neutrality from one age class to another is of interest:
it isolates differences between individual contributions at any
given time from changes in population structure and composition
at that time. Moreover, it seems to give a good approximation of
the Malthusian parameter in the long run, and even to predict the
right dynamics in the limit of weak selection at least in haploid
populations.

Recent approaches in evolutionary theory such as inclusive
fitness theory (Hamilton, 1964), continuous stability theory (Eshel,
1983) and adaptive dynamics (Geritz et al., 1998) have been very
successful in predicting results of evolution and, therefore, very
popular in behavioral ecology. We have to remember, however,
that they often rely on initial increase properties or assumptions of
weak selection. The assumption of demographic equilibrium,
which is akin to the principle of neutrality among different age
classes, is widely spread in behavioral ecology. If this assumption
is used to predict long-term and even short-term evolution,
however, the underlying conditions for such an equilibrium to take
place must not be forgotten.
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Appendix A

In this appendix, we show that the mean fitness in Grafen's
sense in a discrete-time age-structured haploid population with
two haplotypes monotonically increases in the long run to the
largest geometric rate of increase of the two haplotypes.

Let A; in the form (14) be the Leslie matrix with leading
eigenvalue /; and associated left and right eigenvectors v; and u; as
defined in (15), for haplotype i = 1, 2. The Perron-Frobenius theory
ascertains that the numbers of individuals of haplotype i in the
different age classes at time step 7 > 0 satisfy

(1) = AT ¢;(0) = A wv! ¢;(0)+0 (1), 81

with

o(4;)

1,0 82
P \ (82)

das T—00.

We assume A; >4, and we consider the difference A(r)—A;,
where A(7) is the Leslie matrix for the whole population given by
(48) and A; is the Leslie matrix for haplotype 1. The difference
between the fecundities in age class k=0, ...,w—1 is given by

= f1c(k, ©)+f,(k)ca(k, T)
fle )= f1 == f kD)
Cz(k, T)
Cq (k, T)
c(k, 1)’
ci(k,7)

—f1(k)

= (fr(0—f1(k)) (83)

where

catk,v) _ Aua(kvica(0)+0(43) _ </172> “up (kyvlca(0) o < </172) ’)

cik,r) Ajui(ovic (0)+o0(4])  \Ai/ ui(kyvici(0) A '
(84)
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This leads to

~ 22\ “uz (kv ey (0 2\"
Flen a0 = Cado-Fian () S22 Dvo((2) ). s5)
1

Similarly, the difference between the survival probabilities in age
class k=0,...,w—1 is given by

T (Wl ey (0 T
§(k,r)—s1(k):(sz(k)—sl(k))(%) %M(d—j) ) (86)
1

In matrix notation, we have

K(T) =A1+ (j'—?) (A —Al)D+O<(j'—?) ),

with

D— diag (uz(O)vgcz(O) y(e— 1)v£cz(0>> .

u1(0)vic1(0) " ur(@—1)vie (0)
As in Section 5 with s=(43/4)", A=A; and B=(A;—A)D, the
leading eigenvalue of A(7) is given by

Mr)y=M + (%) vli(A; —A)Du; +o0 ( (:%) ) (87)
1 1

Observe that
Du; = puy,
where
_V26(0)
“ vl (0)
is a positive scalar. Therefore,
vI(A; —A1)Du; = pviAyu, — pviA u, = pvliuy (A, — A1) < 0.
This implies that
> AMr+1)> A7)

for 7 large enough.
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