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Fisher's (1930) Fundamental Theorem of Natural Selection (FTNS), and in particular the development of
an explicit age-structured version of the theorem, is of everlasting interest. In a recent paper, Grafen
(2015a) argues that Fisher regarded his theorem as justifying individual rather than population fitness
maximization. The argument relies on a new definition of fitness in age-structured populations in terms
of individual birth and death rates and age-specific reproductive values in agreement with a principle of
neutrality. The latter are frequency-dependent and defined without reference to genetic variation. In the
same paper, it is shown that the rate of increase in the mean of the breeding values of fitness weighted by
the reproductive values, but keeping the breeding values constant as in Price (1972) is equal to the
additive genetic variance in fitness. Therefore, this partial change is obtained by keeping constant not
only the genotypic birth and death rates but also the mean age-specific birth and death rates fromwhich
the age-specific reproductive values are defined. In this paper we reaffirm that the Malthusian parameter
which measures the relative rate of increase or decrease in reproductive value of each genotype in a
continuous-time age-structured population is the definition of fitness used in Fisher's (1930) FTNS. This
is shown by considering an age-structured asexual haploid population with constant age-specific birth
and death (or survival) parameters for each type. Although the original statement of the FTNS is for a
diploid population, this simplified haploid model allows us to address the definition of fitness meant in
this theorem without the complexities and effects of a changing genic environment. In this simplified
framework, the rate of change in mean fitness in continuous time is expected to be exactly equal to the
genetic variance in fitness (or to the genetic variance in fitness divided by the mean fitness in discrete
time), which can be seen as a generalized growth-rate theorem. This theorem is shown to hold with the
Malthusian parameter used as the definition of fitness. Moreover, in the same framework, it is shown
that a discrete-time version of Grafen's definition may lead to a decrease in mean fitness. In the limit of
weak selection with the unit of time proportional to the inverse of the intensity of selection, however,
this definition predicts the right population dynamics in agreement with the growth-rate theorem. This
clarifies the domain of application of the new definition, at least as far as population dynamics is con-
cerned, and reconciles the new definition with the original one.

& 2015 Elsevier Ltd. All rights reserved.
ématiques et de statistique,
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1. Introduction

In an infinite population of asexual haploid individuals in
which each individual independent of all others reproduces at
fixed rate b and dies at fixed rate μ, the population size grows at
relative rate m¼ b�μ. If c(t) represents the population size at time
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tZ0, then bcðtÞ dt and μcðtÞ dt are the expected numbers of births
and deaths, respectively, in the infinitesimal time interval
t; tþdt
� �

, so that the expected change in the population size in the
same time interval is

dcðtÞ ¼ ðb�μÞcðtÞ dt ¼mcðtÞ dt; ð1Þ
from which

cðtÞ ¼ cð0Þemt : ð2Þ
With n types of individuals having fixed relative growth rates mi

and present in the population in numbers ci(t) at time tZ0 for
i¼ 1;…;n, the mean relative growth rate at this time is given by

mðtÞ ¼
Xn
i ¼ 1

mipiðtÞ; ð3Þ

where

piðtÞ ¼
ciðtÞPn

j ¼ 1 cjðtÞ
ð4Þ

is the frequency of type i¼ 1;…;n at time tZ0. Differentiating this
frequency with respect to time yields

dpiðtÞ
dt

¼mipiðtÞ�piðtÞ
Xn
j ¼ 1

mjpjðtÞ; ð5Þ

from which

dmðtÞ
dt

¼
Xn
i ¼ 1

m2
i piðtÞ�mðtÞ2: ð6Þ

This can be found in many textbooks (see, e.g., Crow and Kimura,
1970, p. 10). It was called the growth-rate theorem by Edwards
(1994) who stated it as follows: In a subdivided population the rate
of change in the overall growth-rate is proportional to the variance in
growth rates.

As still recently stated (Ewens and Lessard, 2015), the aim of
Fisher (1930, 1958) was likely to find a more subtle statement for
genes that takes into account the complexities of the diploid
Mendelian hereditary system as well as those for variable birth
and death rates of genotypes. This theorem, known as the Fun-
damental Theorem of Natural Selection (FTNS), states that: The
rate of increase in fitness of any organism at any time is equal to its
genetic variance in fitness at that time. This is the rate of change,
however, obtained by keeping fixed the environment including the
genic environment (Fisher, 1941, p. 56). This means that genotypic
fitnesses are kept constant and only changes in genotypic fre-
quencies ascribable to changes in gene frequencies are considered.
These correspond to relative changes in genotypic frequencies as
best predicted from the genes present (see Lessard, 1997; Edwards,
2002, for more details). Therefore, the rate of increase in fitness
meant in the FTNS is actually a partial rate of change. Moreover,
the genetic variance in the FTNS is known today as the additive
genetic variance.

Note that the partial rate of change can alternatively be
obtained by substituting the fitness of each genotype with its
additive genetic value or its breeding value, which is given by the
sum of the average allelic effects, and by keeping this value fixed
(Price, 1972; see Ewens, 1989, for the corresponding partial change
in discrete time without age structure). This interpretation, how-
ever, cannot be found in Fisher's (1930, 1941, 1958) writings.

Note also that, in the special case of a constant environment
including a constant genic environment, the partial rate of change
meant in the FTNS should give the total rate of change as in the
growth-rate theorem.

For convenience, a rate of change in continuous time is some-
times simply called a change as in discrete time.
It remains to define fitness. In an age-structured population in
continuous time, if l(x) is the probability at conception that an
individual will survive to age x and bðxÞ dx is the expected number
of offspring that an individual will produce from age x to age
xþdx, then the Malthusian parameter of the population m is
defined by Lotka's (1922) equationZ 1

0
e�mxlðxÞbðxÞ dx¼ 1: ð7Þ

The Malthusian parameter measures the relative rate of increase or
decrease of a population when in the steady state (Fisher, 1958, p.
26). Moreover, if the reproductive value of an individual at age x is
defined as

vðxÞ ¼ vð0Þe
mx

lðxÞ
Z 1

x
e�mylðyÞbðyÞ dy; ð8Þ

then whatever may be the age constitution of a population, its total
reproductive value will increase or decrease according to the correct
Malthusian rate (Fisher, 1958, p. 29). Here, the reproductive value
of an individual is interpreted as the present value of all offspring
expected to be produced by the individual in the future. Differ-
entiating the above equation with respect to x yields (Fisher, 1958,
p. 30)

mvðxÞ ¼ dvðxÞ
dx

þbðxÞvð0Þ�μðxÞvðxÞ; ð9Þ

where b(x) and

μðxÞ ¼ � 1
lðxÞ

dlðxÞ
dx

ð10Þ

are the birth and death rates, respectively, of an individual of age x.
The Malthusian parameter implicit in any given system of rates of

death and reproduction […] measures fitness by the objective fact of
representation in future generations [and …] will in general be dif-
ferent for each different genotype (Fisher, 1958, p. 26, 37, 50,
respectively). This leaves little doubt that this is the definition of
fitness meant in the FTNS. If individuals of genotype i at age x have
birth and death rates bi(x) and μiðxÞ, respectively, and reproductive
value given by vi(x), then the Malthusian parameter of individuals
of genotype i, denoted by mi, satisfies

miviðxÞ ¼
dviðxÞ
dx

þbiðxÞvið0Þ�μiðxÞviðxÞ: ð11Þ

In this equation, birth and death rates and reproductive values are
averaged over all individuals with the same age for each genotype,
while a Malthusian parameter defines fitness for each genotype
irrespective of age. This is the classical definition of fitness for a
genotype in a continuous-time age-structured population (see, e.g,
Crow and Kimura, 1970; Crow, 1979; Charlesworth, 1980, 1994).
This is the definition that was used in Lessard (1997) to interpret
Fisher's (1930) FTNS as a partial change in fitness, actually in the
mean fitness obtained by weighting each individual with its
reproductive value as suggested in Fisher (1958, p. 38).

Grafen (2015a) proposes to define the fitness mi(x) of an indi-
vidual of genotype i and age x having birth and death rates bi(x)
and μiðxÞ, respectively, and reproductive value given by v(x), such
that

miðxÞvðxÞ ¼
dvðxÞ
dx

þbiðxÞvð0Þ�μiðxÞvðxÞ: ð12Þ

Here, the birth and death rates take genotype- and age-specific
values as previously, while the reproductive values are age-specific
but not genotype-specific. This means that the reproductive values
satisfy Eq. (9) where b(x) and μðxÞ are birth and death rates,
respectively, averaged over all individuals of age x, and m is the
Malthusian parameter for the whole population associated with
these rates. Note, however, that this parameter as well as the



S. Lessard, C. Soares / Journal of Theoretical Biology 391 (2016) 65–73 67
reproductive values change over time since this is the case for the
average age-specific birth and death rates.

Fitness defined by Eq. (12) differs from fitness defined by Eq.
(11) by the use of reproductive values that are the same for all
individuals of the same age irrespective of their genotype. Using
the former definition and keeping the breeding values fixed as in
Price (1972), which implies here keeping the age-specific repro-
ductive values fixed, Grafen (2015a) shows that the rate of change
in the mean of the breeding values weighted by the reproductive
values is equal to the additive genetic variance in fitness. More-
over, it is claimed that this is the first satisfactory proof of Fisher's
(1930) FTNS.

The main question is: which of the definitions of fitness, that in
Eq. (11) or (12), is the one that Fisher (1930) meant in the state-
ment of the FTNS? An ancillary question is: under what conditions
both definitions agree?

In order to answer these questions, we will consider the sim-
plest possible age-structured population, namely an asexual hap-
loid population with constant demographic vital parameters for
each type. It will also be useful to consider discrete-time models
since the concepts of Malthusian parameter and reproductive
value are best understood in their discrete-time versions.

With time and age measured in number of time intervals of
length Δt, let cðk; τÞ be the number of individuals of age k¼ 0;1;
…;ω�1 at time step τZ0. Moreover, from one time step to the
next, such an individual survives with probability s(k) and pro-
duces an expected number f(k) of offspring of age 0. Note that an
individual must survive in order to produce offspring. Assuming
sðkÞ40 for k¼ 0;1;…;ω�1 and sðωÞ ¼ 0 with f ðω�1Þ40 so that
ω�1 is the maximum age of reproduction, the population state at
time step τZ0 is represented by cðτÞ ¼ ðcð0; τÞ; cð1; τÞ;…; cðω�1;
τÞÞT (with T denoting transpose), and satisfies

cðτþ1Þ ¼ AcðτÞ; ð13Þ
where

A¼

f 0ð Þ f 1ð Þ ⋯ f ω�2ð Þ f ω�1ð Þ
s 0ð Þ 0 ⋯ 0 0
0 s 1ð Þ ⋯ 0 0
⋮ ⋮ ⋱ ⋮ ⋮
0 0 ⋯ s ω�2ð Þ 0

0
BBBBBB@

1
CCCCCCA

ð14Þ

is a Leslie matrix (Leslie, 1945). Under the additional assumption
that f ðω�2Þ40 so that the matrix A is necessarily irreducible and
aperiodic, the Perron–Frobenius theory for non-negative matrices
(see, e.g., Karlin and Taylor, 1975) guarantees that the leading
eigenvalue λ is positive, simple and associated with positive left
and right eigenvectors v¼ ðvð0Þ; vð1Þ;…; vðω�1ÞÞT and
u¼ ðuð0Þ;uð1Þ;…;uðω�1ÞÞT , respectively, which are unique under
the conditions

Pω�1
k ¼ 0 uðkÞ ¼ 1 and

Pω�1
k ¼ 0 vðkÞuðkÞ ¼ 1. The equa-

tions

vTA¼ λvT and Au¼ λu; ð15Þ
respectively, imply that vTcðτþ1Þ ¼ λvTcðτÞ whatever cðτÞ may be,
and cðτþ1Þ ¼ λcðτÞ if cðτÞ ¼ cu for some constant c40. This means
that u is a stationary age distribution. On the other hand, it can be
checked that

Xω�1

k ¼ 0

lðkÞf ðkÞ
λkþ1

¼ 1 ð16Þ

and

λvðkÞ ¼ vð0Þ λ
k

lðkÞ
Xω�1

j ¼ k

lðjÞf ðjÞ
λj

¼ vð0Þf ðkÞþvðkþ1ÞsðkÞ; ð17Þ

with lð0Þ ¼ 1, vðωÞ ¼ 0 and lðkÞ ¼ sð0Þ⋯sðk�1Þ, for k¼ 1;…;ω�1.
The components of the vector v are the reproductive values
associated with the different ages, while λ is the geometric rate of
increase or decrease in the total reproductive value of the popu-
lation: this rate defines its fitness.

The above quantities in the discrete-time model can be
obtained for each genotype i to which corresponds a set of age-
specific survival probabilities si(k) and fecundities fi(k), for
k¼ 0;1;…;ω�1. Note that Eqs. (7)–(9) for each genotype i in the
continuous-time model are retrieved by setting

λi ¼ 1þmiΔtþoðΔtÞ; f iðkÞ ¼ biðkΔtÞΔtþoðΔtÞ;
siðkÞ ¼ 1�μiðkΔtÞΔtþoðΔtÞ; ð18Þ
in the limit kΔt-x asΔt-0 (see, e.g., Lessard, 1997). On the other
hand, Eq. (12) defining fitness in Grafen's sense in continuous time
becomes

λiðkÞvðkÞ ¼ vð0Þf iðkÞþvðkþ1ÞsiðkÞ ð19Þ
in discrete time for individuals of genotype i and age kZ0 with v

(k) satisfying (17) for average age-specific survival probabilities
and fecundities. The discrete-time version in Grafen (2015a),
namely

miðkÞvðkÞ ¼ vðkþ1Þ�vðkÞþvð0ÞbiðkÞ�vðkþ1ÞμiðkÞ; ð20Þ
can be recovered, for instance, by plugging (18) with Δt ¼ 1 into
(19) and ignoring terms of order oðΔtÞ.

In this paper, we consider a multi-type age-structured asexual
haploid population with constant age-specific birth and death (or
survival) parameters for each type. These assumptions are expec-
ted to guarantee a constant environment, including a constant
genic environment, so that in continuous time the actual rate of
increase in mean fitness should be equal to the variance in fitness.
This corresponds to a generalized growth-rate theorem that can be
viewed as a simplified haploid version of Fisher's (1930) FTNS.
Discrete-time versions for which the actual increase in fitness
should be equal to the variance in fitness divided by the mean
fitness are also considered. These predictions are checked with the
Malthusian parameter as definition of fitness and then Grafen's
(2015a) definition, first without further assumptions on the birth
and death (or survival) parameters and second, in the limit of
weak selection as differences in these parameters become
infinitesimally small.
2. Increase of mean fitness in discrete time

In a discrete-time age-structured asexual haploid population,
let

ViðτÞ ¼ vTi ciðτÞ ¼
Xω�1

k ¼ 0

viðkÞciðk; τÞ ð21Þ

be the total reproductive value of haplotype i represented in
number ciðk; τÞ in age class k¼ 0;1;…;ω�1 at time step τZ0 with
survival probabilities and fecundities given by the entries of the
Leslie matrix

Ai ¼

f ið0Þ f ið1Þ ⋯ f iðω�2Þ f iðω�1Þ
sið0Þ 0 ⋯ 0 0
0 sið1Þ ⋯ 0 0
⋮ ⋮ ⋱ ⋮ ⋮
0 0 ⋯ siðω�2Þ 0

0
BBBBBB@

1
CCCCCCA
; ð22Þ

which satisfies

vTi Ai ¼ λivT
i ¼ λiðvið0Þ; við1Þ;…; viðω�1ÞÞ; ð23Þ

where λi40 and viðkÞ40 for k¼ 0;1;…;ω�1, for i¼ 1;…;n. Then
we have

Viðτþ1Þ ¼ vTi ciðτþ1Þ ¼ vT
i AiciðτÞ ¼ λivTi ciðτÞ ¼ λiV iðτÞ; ð24Þ
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which means that λi is the geometric rate of increase or decrease
in the total reproductive value of haplotype i, for i¼ 1;…;n.

Note that the reproductive values associated with the different
age classes of each haplotype are frequency-independent. More-
over, they can be multiplied by any positive constant. Since we will
be concerned in the following with the changes in the total
reproductive values, the scaling does not matter. A standard scal-
ing is to assume við0Þ ¼ 1. Here, for convenience (mainly in view of
Section 5), it is assumed that vT

i ui ¼ 1, where ui is an ω-dimen-
sional vector with all positive components that sum up to 1, which
satisfies Aiui ¼ λiui as in Eq. (15).

Let

λðτÞ ¼
Xn
i ¼ 1

λipiðτÞ; ð25Þ

for τZ0, where

piðτÞ ¼
ViðτÞPn

j ¼ 1 VjðτÞ
; ð26Þ

for i¼ 1;…;n. At the next time step, we have

λðτþ1Þ ¼
Xn
i ¼ 1

λipiðτþ1Þ ¼
Pn

i ¼ 1 λiV iðτþ1ÞPn
i ¼ 1 Viðτþ1Þ

¼
Pn

i ¼ 1 λ
2
i V iðτÞPn

i ¼ 1 λiV iðτÞ
¼
Pn

i ¼ 1 λ
2
i piðτÞPn

i ¼ 1 λipiðτÞ
; ð27Þ

from which

ΔλðτÞ ¼ λðτþ1Þ�λðτÞ ¼
Pn

i ¼ 1 λ
2
i piðτÞ�λðτÞ2
λðτÞ

: ð28Þ

Therefore, with fitness defined as the geometric rate of change
in total reproductive value, the change in mean fitness with
respect to frequencies in reproductive value is equal to the var-
iance in fitness divided by the mean fitness. This extends the
growth-rate theorem to discrete-time age-structured populations.
3. Increase of mean fitness in continuous time

For asexual haploid individuals of type i surviving to age x with
probability li(x) and reproducing at rate bi(x) at that age, let

ViðtÞ ¼
Z 1

0
viðxÞciðx; tÞ dx; ð29Þ

where vi(x) is the reproductive value of an individual of type i of
age x defined by

viðxÞ ¼ við0Þ
emix

liðxÞ
Z 1

x
e�miyliðyÞbiðyÞ dy ð30Þ

with við0Þ ¼ 1 andZ 1

0
e�mixliðxÞbiðxÞ dx¼ 1; ð31Þ

while ciðx; tÞ is the density of individuals of type i with respect to x
at time t. Therefore, Vi(t) represents the total reproductive value of
all individuals of type i in the population.

With n types of individuals in the whole population, let

piðtÞ ¼
ViðtÞPn

j ¼ 1 VjðtÞ
ð32Þ

be the proportion of reproductive value of all individuals of type i
at time t, for i¼ 1;…;n. We will show that

dmðtÞ
dt

¼
Xn
i ¼ 1

m2
i piðtÞ�mðtÞ2; ð33Þ

as stated, and partially proved, in Charlesworth (1980, pp. 67–68),
where mi is the Malthusian parameter of type i whose mean at
time t is

mðtÞ ¼
Xn
i ¼ 1

mipiðtÞ; ð34Þ

with respect to the frequencies of types as defined above. This is
the mean Malthusian parameter when individuals are weighted by
their reproductive value according to their type and age. In this
context, Eq. (33) can be seen as a generalized growth-rate
theorem.

As in the growth-rate theorem, it is enough to show that

dpiðtÞ
dt

¼mipiðtÞ�piðtÞmðtÞ; ð35Þ

which is the case if

dViðtÞ
dt

¼miViðtÞ; ð36Þ

for i¼ 1;…;n. This means that the Malthusian parameter is the
relative rate of increase or decrease of the total reproductive value.
Since this result does not depend on the type of the individuals,
the index i is dropped in the rest of this section to simplify the
notation.

First, note that

cðx; tÞ ¼ Bðt�xÞlðxÞ; ð37Þ
where

BðtÞ ¼
Z 1

0
cðy; tÞbðyÞ dy ð38Þ

if xot, while

cðx; tÞ ¼ cðx�t;0Þ lðxÞ
lðx�tÞ ð39Þ

if x4t. Therefore, we have

VðtÞ ¼
Z 1

0
vðxÞcðx; tÞ dx¼

Z t

0
vðxÞBðt�xÞlðxÞ dx

þ
Z 1

t
vðxÞcðx�t;0Þ lðxÞ

lðx�tÞ dx¼
Z t

0
vðt�yÞBðyÞlðt�yÞ dy

þ
Z 1

0
vðtþyÞcðy;0ÞlðtþyÞ

lðyÞ dy: ð40Þ

Differentiating with respect to t gives

dVðtÞ
dt

¼ vð0ÞBðtÞlð0Þþ
Z t

0
BðyÞ lðt�yÞdvðt�yÞ

dt

�

þvðt�yÞdlðt�yÞ
dt

�
dyþ

Z 1

0

cðy;0Þ
lðyÞ lðtþyÞdvðtþyÞ

dt

�

þvðtþyÞdlðtþyÞ
dt

�
dy: ð41Þ

Using Eqs. (9) and (10) with the equality lð0Þ ¼ 1 leads to

dVðtÞ
dt

¼ vð0ÞBðtÞþ
Z t

0
BðyÞ mvðt�yÞ�bðt�yÞvð0Þ� �

lðt�yÞ dy

þ
Z 1

0

cðy;0Þ
lðyÞ mvðtþyÞ�bðtþyÞvð0Þ� �

lðtþyÞ dy¼ vð0ÞBðtÞ

þ
Z t

0
Bðt�xÞ mvðxÞ�bðxÞvð0Þ� �

lðxÞ dxþ
Z 1

t

cðx�t;0Þ
lðx�tÞ mvðxÞ�

�bðxÞvð0Þ�lðxÞ dx¼ vð0ÞBðtÞþ
Z 1

0
cðx; tÞ mvðxÞ�bðxÞvð0Þ� �

dx

¼ vð0ÞBðtÞþm
Z 1

0
cðx; tÞvðxÞ dx�vð0Þ

Z 1

0
cðx; tÞbðxÞ dx

¼ vð0ÞBðtÞþmVðtÞ�vð0ÞBðtÞ ¼mVðtÞ: ð42Þ
This result is stated, and a verbal argument given, in Crow and
Kimura (1970, p. 22). It is derived from a first-order approximation
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of the change in the total reproductive value from time t to time
tþΔt in Grafen (2015a, Eq. (10)).
0 10 20 30 40 50 60 70 80 90 100
8.7

8.8

8.9

9

9.1

9.2

9.3

9.4

time step τ

λ(
τ)

Fig. 1. Example 1.
4. Mean fitness in Grafen's sense

In the framework of Section 2, the fitness of an individual of
haplotype i¼ 1;…;n in age class k¼ 0;1;…;ω�1 at time step τZ
0 according to Grafen (2015a), denoted by λiðk; τÞ, is defined by the
equation

λiðk; τÞvðk; τÞ ¼ vð0; τÞf iðkÞþvðkþ1; τÞsiðkÞ; ð43Þ

where vðω; τÞ ¼ 0 and vðk; τÞ is the reproductive value of an indi-
vidual in age class k¼ 0;1;…;ω�1 at time step τZ0. In other
words, ðvð0; τÞ; vð1; τÞ ,…, vðω�1; τÞÞT is a positive leading left
eigenvector of the Leslie matrix

AðτÞ ¼

f ð0; τÞ f ð1; τÞ ⋯ f ðω�2; τÞ f ðω�1; τÞ
sð0; τÞ 0 ⋯ 0 0

0 sð1; τÞ ⋯ 0 0
⋮ ⋮ ⋱ ⋮ ⋮
0 0 ⋯ sðω�2; τÞ 0

0
BBBBBB@

1
CCCCCCA
; ð44Þ

with

f ðk; τÞ ¼
Pn

i ¼ 1 f iðkÞciðk; τÞPn
i ¼ 1 ciðk; τÞ

; ð45Þ

for k¼ 0;1;…;ω�1, and

sðk; τÞ ¼
Pn

i ¼ 1 siðkÞciðk; τÞPn
i ¼ 1 ciðk; τÞ

; ð46Þ

for k¼ 0;1;…;ω�2. Therefore,

λðτÞvðk; τÞ ¼ vð0; τÞf ðk; τÞþvðkþ1; τÞsðk; τÞ; ð47Þ

for k¼ 0;1;…;ω�1 with vðω; τÞ ¼ 0, where λðτÞ is the positive
leading eigenvalue of AðτÞ.

Note that the mean fitness at time step τZ0 using the repro-
ductive values as weights is given by

λðτÞ ¼
Pω�1

k ¼ 0
Pn

i ¼ 1 ciðk; τÞvðk; τÞλiðk; τÞPω�1
k ¼ 0

Pn
i ¼ 1 ciðk; τÞvðk; τÞ

¼
Pω�1

k ¼ 0
Pn

i ¼ 1 ciðk; τÞ vð0; τÞf iðkÞþvðkþ1; τÞsiðkÞ
� 	

Pω�1
k ¼ 0

Pn
i ¼ 1 ciðk; τÞvðk; τÞ

¼
Pω�1

k ¼ 0
Pn

i ¼ 1 ciðk; τÞ vð0; τÞf ðk; τÞþsðk; τÞvðkþ1; τÞ

 �

Pω�1
k ¼ 0

Pn
i ¼ 1 ciðk; τÞvðk; τÞ

¼
Pω�1

k ¼ 0
Pn

i ¼ 1 ciðk; τÞλðτÞvðk; τÞPω�1
k ¼ 0

Pn
i ¼ 1 ciðk; τÞvðk; τÞ

¼ λðτÞ: ð48Þ

In conclusion, the mean fitness in Grafen's sense in a discrete-
time age-structured haploid population at any time step is equal to
the geometric rate of increase or decrease in the total reproductive
value of the population with average age-specific survival prob-
abilities and fecundities at this time step.

In a continuous-time version, the fitness of an individual of
haplotype i¼ 1;…;n of age xZ0 at time tZ0, denoted by miðx; tÞ,
is defined by

miðx; tÞvðx; tÞ ¼
dvðx; tÞ
dx

þbiðxÞvð0; tÞ�μiðxÞvðx; tÞ; ð49Þ

where

mðtÞvðx; tÞ ¼ dvðx; tÞ
dx

þbðx; tÞvð0; tÞ�μðx; tÞvðx; tÞ; ð50Þ
with

bðx; tÞ ¼
Pn

i ¼ 1 biðxÞciðx; tÞPn
i ¼ 1 ciðx; tÞ

ð51Þ

and

μðx; tÞ ¼
Pn

i ¼ 1 μiðx; tÞciðx; tÞPn
i ¼ 1 ciðx; tÞ

ð52Þ

being the average birth and death rates of the individuals of age
xZ0 at time tZ0 (Grafen, 2015a).

As in discrete time, we have

mðtÞ ¼
R1
0

Pn
i ¼ 1 ciðx; tÞvðx; tÞmiðx; tÞ dxR1

0

Pn
i ¼ 1 ciðx; tÞvðx; tÞ dx

¼mðtÞ; ð53Þ

which says that the mean fitness in Grafen's sense in a continuous-
time age-structured haploid population at any time is equal to the
Malthusian parameter of the population with average age-specific
survival probabilities and fecundities at this time. Owing to the
property of the Malthusian parameter given in Eq. (9), this is also
the mean fitness for each age x as shown in Grafen (2015a, Eq.
(16)). This ensures neutrality as defined in Grafen (2015b).

The mean fitness in Grafen's sense does not necessarily
increase with time. This will be illustrated by a discrete-time
example with two haplotypes in two age classes. The corre-
sponding Leslie matrices are given by

A1 ¼
9 4
0:4 0

� 
; A2 ¼

8 7
0:6 0

� 
; ð54Þ

with λ1 ¼ 9:17 and λ2 ¼ 8:56, respectively, being leading eigenva-
lues. The initial population state is chosen to be

c1ð0Þ ¼
c1ð0;0Þ
c1ð1;0Þ

 !
¼ 1

0

� 
; c2ð0Þ ¼

c2ð0;0Þ
c2ð1;0Þ

 !
¼ 0

1

� 
: ð55Þ

The Leslie matrix for the whole population at time step τZ0 is
given by

AðτÞ ¼
9c1ð0;τÞþ8c2ð0;τÞ
c1ð0;τÞþ c2ð0;τÞ

4c1ð1;τÞþ7c2ð1;τÞ
c1ð1;τÞþ c2ð1;τÞ

0:4c1ð0;τÞþ0:6c2ð0;τÞ
c1ð0;τÞþ c2ð0;τÞ 0

0
@

1
A: ð56Þ

The leading eigenvalue λðτÞ of this matrix, which corresponds to
the mean fitness in Grafen's sense, is represented in Fig. 1. It
sharply decreases in the beginning before increasing rapidly and
then slowly to the value λ1.
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Another example with

A1 ¼
2 4:1
0:9 0

� 
; A2 ¼

2 4
0:9 0

� 
; ð57Þ

and

c1ð0Þ ¼
0:5
0:5

� 
; c2ð0Þ ¼

0
1

� 
ð58Þ

leads to Fig. 2. There are oscillations between the values λ1 ¼
3:1656 and λ2 ¼ 3:1448 followed by a slow increase to λ1.

The increase of the mean fitness in Grafen's sense for τ large
enough observed in Figs. 1 and 2 is shown in general for two
haplotypes and any number of age classes in Appendix A. This
suggests quick convergence to the stable age distribution for each
of the two haplotypes followed by differential increases in
their sizes.
5. Fitness in the limit of weak selection

In order to model weak selection in a discrete-time age-
structured asexual haploid population, let the Leslie matrix for
haplotype i¼ 1;…;n be given in the form

AiðsÞ ¼ AþsBi; ð59Þ
with A as defined in (14) with leading positive eigenvalue λ¼ 1
and

Bi ¼

βið0Þ βið1Þ ⋯ βiðω�2Þ βiðω�1Þ
αið0Þ 0 ⋯ 0 0
0 αið1Þ ⋯ 0 0
⋮ ⋮ ⋱ ⋮ ⋮
0 0 ⋯ αiðω�2Þ 0

0
BBBBBB@

1
CCCCCCA
: ð60Þ

This means that s40 is the intensity of selection and the entries of
Bi are the coefficients of selection with respect to this intensity.

With s�1 time steps as unit of time, the numbers of individuals
of haplotype i in the different age classes at time tZ0 are given by

ciðtÞ ¼ ðcið0; tÞ; cið1; tÞ ,…, ciðω�1; tÞÞT ¼ AiðsÞ⌊s
� 1tccið0Þ; ð61Þ

where ⌊s�1tc represents the integer part of s�1t. Writing Ai(s) in
Jordan normal form yields

AiðsÞ ¼ uiðsÞ PiðsÞ
� 	 λiðsÞ 0T

0 JiðsÞ

 !
viðsÞT
RiðsÞ

 !
; ð62Þ
where

λiðsÞ ¼ 1þmisþo sð Þ ð63Þ
is the leading positive eigenvalue of Ai(s) with associated positive
left and right eigenvectors viðsÞ and uiðsÞ, respectively, that satisfy
1TuiðsÞ ¼ 1; viðsÞTuiðsÞ ¼ 1: ð64Þ
Here, 1 and 0 denote vectors of all ones and all zeros, respectively.
Moreover, Ji(s) is a Jordan matrix associated with eigenvalues of
Ai(s) whose moduli are all less than λiðsÞ and, by continuity, less
than some positive number strictly smaller than λið0Þ ¼ 1 for s
small enough. Finally, we have the equalities

viðsÞTPiðsÞ ¼ 0T ; RiðsÞuiðsÞ ¼ 0; RiðsÞPiðsÞ ¼ I; ð65Þ
where I designates an identity matrix. Then we get

AiðsÞ⌊s
� 1tc ¼ uiðsÞ PiðsÞ

� 	 λiðsÞ⌊s
� 1tc 0T

0 JiðsÞ⌊s
� 1tc

0
@

1
A viðsÞT

RiðsÞ

 !
-emituvT ; ð66Þ

as s tends to 0 for any t40, where v¼ við0Þ and u¼ uið0Þ are
positive left and right eigenvectors, respectively, associated with
the eigenvalue 1 of A¼ Aið0Þ that satisfy 1Tu¼ 1 and vTu¼ 1. In
the same limit,

ciðtÞ- vTcið0Þ
� 	

emitu: ð67Þ
In particular, this implies a stationary age distribution given by u
at any time t40 in the limit of weak selection.

It remains to calculate mi which is the derivative of the leading
eigenvalue λiðsÞ of Ai(s) with respect to the intensity of selection
evaluated at s¼0. Since

λiðsÞ ¼ λiðsÞviðsÞTuiðsÞ ¼ viðsÞTAiðsÞuiðsÞ ¼ viðsÞT ðAþsBiÞuiðsÞ; ð68Þ
we have

mi ¼ λ0ið0Þ ¼ við0ÞTBiuið0Þþv0ið0ÞTAuið0Þþvið0ÞTAu0
ið0Þ

¼ vTBiuþv0ið0ÞTuið0Þþvið0ÞTu0
ið0Þ ¼ vTBiu; ð69Þ

owing to (64). This is in agreement with a well-known result on
irreducible aperiodic non-negative matrices (see, e.g., Lancaster
and Tismenetsky, 1985).

Defining

ViðtÞ ¼ vTciðtÞ; ð70Þ
we have

dViðtÞ
dt

¼miViðtÞ; ð71Þ

from which

dmðtÞ
dt

¼
Xn
i ¼ 1

m2
i piðtÞ�mðtÞ2; ð72Þ

as in Section 3, where

mðtÞ ¼
Xn
i ¼ 1

mipiðtÞ; ð73Þ

with

piðtÞ ¼
ViðtÞPn

j ¼ 1 VjðtÞ
: ð74Þ

This means that mi is the relative rate of change of the total
reproductive value of haplotype i and that the rate of change of
their mean value is given by their variance. This is the growth-rate
theorem in the limit of weak selection.

Finally, (69) leads to the expression

mi ¼
Xω�1

k ¼ 0

uðkÞðvð0ÞβiðkÞþvðkþ1ÞαiðkÞÞ; ð75Þ
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where u(k) and v(k) are the frequency and reproductive value,
respectively, of the individuals of haplotype i in age class k, with
vðωÞ ¼ 0. This weighted average can be written into the form

mi ¼
Xω�1

k ¼ 0

uðkÞvðkÞmiðkÞ; ð76Þ

where

miðkÞ ¼
vð0ÞβiðkÞþvðkþ1ÞαiðkÞ

vðkÞ : ð77Þ

This represents the relative rate of change of the reproductive
value of the individuals of haplotype i in age class k.

A discrete-time analogue with Δt as the time step would lead
to a geometric rate of increase or decrease in the total reproductive
value of haplotype i given by

λi ¼ 1þmiΔtþoðΔtÞ ¼
Xω�1

k ¼ 0

uðkÞvðkÞλiðkÞ; ð78Þ

where, using (17) with λ¼ 1, we have

λiðkÞ ¼ 1þmiðkÞΔtþoðΔtÞ ¼ vð0Þf ðkÞþvðkþ1ÞsðkÞ
vðkÞ

þvð0ÞβiðkÞþvðkþ1ÞαiðkÞ
vðkÞ ΔtþoðΔtÞ

¼ vð0Þðf ðkÞþβiðkÞΔtþoðΔtÞÞþvðkþ1ÞðsðkÞþαiðkÞΔtþoðΔtÞÞ
vðkÞ :

ð79Þ
This is in agreement with Grafen's definition of fitness in discrete
time as described in (19) with

f iðkÞ ¼ f ðkÞþβiðkÞΔtþoðΔtÞ; siðkÞ ¼ sðkÞþαiðkÞΔtþoðΔtÞ: ð80Þ
Note that this gives an approximation for Δt small enough but
much larger than the intensity of selection s.

In summary, in a discrete-time age-structured asexual haploid
population in the limit of weak selection with the inverse of the
intensity of selection as the unit of time, the same stationary age
distribution is reached for each type and the growth-rate theorem
holds with the relative rate of increase or decrease in reproductive
value given by a weighted average of fitnesses in Grafen's sense as
defined in Eq. (76).
6. Discussion

Grafen (2015a) argues that Fisher's (1930) FTNS in age-
structured populations concerns individual rather than popula-
tion fitness maximization by considering variation in the indivi-
dual properties, namely birth and death rates in continuous time
or fecundities and survival probabilities in discrete time, while
keeping fixed the population level properties, namely the age-
specific reproductive values defined with respect to mean age-
specific birth and death rates. These reproductive values used in
the definition of fitness ensure neutrality in mean fitness from one
age class to another (Grafen, 2015b). This condition can be traced
back to a notion of reproductive value introduced in Williams
(1966) and agrees with Charlesworth's (1980, 1994) approxima-
tions under the assumption of demographic equilibrium. Then it is
shown that the rate of change in the mean of the breeding values
of fitness weighted by the reproductive values, all kept constant, is
equal to the additive genetic variance in fitness.

Fisher (1930) used demographic life tables for a whole popu-
lation to introduce the concepts of Malthusian parameter and
reproductive value. As far as we can see, however, nothing in this
book and related further works (Fisher, 1941, 1958) suggests
anything else than a genotype-specific Malthusian parameter as
definition of fitness of a genotype in age-structured populations,
which implies age- and genotype-specific reproductive values. We
stand behind the interpretation of the FTNS given in Lessard
(1997) based on this definition of fitness and the notion of genic
environment as part of the environment as explained in Fisher
(1941): it concerns a partial change in the mean of the Malthusian
parameters weighted by the reproductive values, all kept constant,
with respect to the relative changes in the genotypic frequencies
as best predicted from the genes present.

Grafen's (2015a) and Lessard's (1997) analyses are both for a
diploid population but the two definitions of fitness hold as well
for a haploid population. In this paper, we have compared the
implications of the these definitions in the extreme case of an
asexual haploid population. This allows us to isolate the differ-
ences between the two definitions from the differences caused by
Mendelian segregation and genetic recombination.

In the framework of an age-structured asexual haploid popu-
lation with constant demographic vital parameters for each type
(namely, constant age-specific birth and death rates in continuous
time or constant survival probabilities and fecundities in discrete
time), we have recalled in Sections 2 and 3 that defining fitness as
a genotype-specific Malthusian parameter and using age- and
genotype-specific reproductive values as weights lead to a mean
fitness whose rate of change in continuous time is exactly equal to
the variance in fitness (or whose change in discrete time is exactly
equal to the variance in fitness divided by the mean fitness). This is
in agreement with a simplified version of Fisher's (1930) FTNS for
an age-structured haploid population in continuous time in a
constant environment which includes a constant genic environ-
ment (or Ewens's (1989) version of this theorem for a population
in discrete time without age structure). This corresponds to a
generalized growth-rate theorem.

In the same simplified framework of an asexual haploid
population with constant demographic vital parameters for each
type, we have shown in Section 5 that the same stationary age
distribution for each type is reached in the limit of weak selection.
In this limit, the life-span of an individual can be neglected com-
pared to the inverse of differences in the vital parameters from one
individual to another of the same age. Moreover, in this same limit,
Grafen's (2015a) definition of individual fitness as the relative rate
of change in reproductive value in continuous time (or the relative
change in reproductive value in discrete time) by using common
age-specific reproductive values is consistent with the growth-rate
theorem.

Grafen's definition of fitness ignores differential age-specific
contributions to the population in the future from one type to
another. This assumes that the individuals produced are indis-
tinguishable. Even with constant demographic vital rates and in
the absence of genetic recombination and segregation, this fitness
is frequency-dependent and its mean obtained by using the
population age-specific reproductive values as weights can
decrease. This has been shown in Section 4 by numerical iterations
for two haplotypes with two age classes in discrete time. Such a
decrease is rare, however, and appears to be a transient phe-
nomenon from some initial population states. These numerical
results suggest relatively quick convergence to a stationary age
distribution so that Grafen's definition seems to capture the
leading part of fitness in the long run. The increase of the mean
fitness in Grafen's sense in the long run has been confirmed in
general for two haplotypes with any number of age classes
(Appendix A). This is also in agreement with our weak selection
limit for any number of haplotypes which shows that Grafen's
definition predicts the right population dynamics (Section 5).

Note that our numerical results are not counterexamples of the
main result in Grafen (2015a) since this result concerns a partial
change in mean fitness obtained by keeping the population age-



S. Lessard, C. Soares / Journal of Theoretical Biology 391 (2016) 65–7372
specific reproductive values constant. They show, however, that
this partial change captures only a part of the partial change with
the Malthusian parameter as definition of fitness. It could be
argued that the population age-specific reproductive values are
part of the environment. Since changes in the environment are not
taken into account in Fisher's (1930) FTNS, the population age-
specific reproductive values are kept constant. This is one of the
conditions under which the partial rate of change in mean fitness
is obtained in Grafen (2015a). However, this requires an inter-
pretation of the environment that we have not found anywhere in
Fisher's writings. This interpretation is a consequence of the
definition of fitness based on population age-specific reproductive
values to satisfy a principle of neutrality (Grafen, 2015b). This
definition is such that the mean fitness in each age class is the
same, and then equal to the population Malthusian parameter
owing to the properties of this parameter.

It seems difficult to conceive from a biological point of view
that the contribution of an individual in the future may have an
effect on its fitness at the present time as occurs with fitness
defined by a genotype-specific Malthusian parameter. Moreover, a
reproductive value, which is an expected contribution to all future
generations, remains an abstract concept. This may explain why
Fisher (1930, 1958) did not get into the details in his formulation
of the FTNS. By weighting the individuals with their reproductive
values, the frequencies of types are actually frequencies of repro-
ductive values carried by these types. The notation and the ana-
lysis, not to mention the interpretation, in the general framework
of an age-structured population become rather complicated and
less intuitive (see Lessard, 1997, for a full analysis).

Simplifying assumptions such as haploidy and constant vital
rates made in this paper have allowed us to better compare two
definitions of fitness in age-structured populations in relation with
the FTNS. Moreover, we have shown that both definitions agree in
the limit of weak selection (Section 5). An extension of our weak-
selection limit to a multi-locus diploid age-structured population
is likely possible, but it would require a much more recondite
mathematical analysis than in the haploid case.

In the more general framework of a diploid population in a
changing environment including a changing genic environment as
a result of recombination and Mendelian segregation, Fisher's
(1930, 1958) FTNS concerns a change in mean fitness that has been
called by different names (change due to changes in gene fre-
quencies, change due or ascribable to natural selection, partial
change, genic evolutionary potential) and has received various
interpretations (Price, 1972; Ewens, 1989; Castilloux and Lessard,
1995; Lessard, 1997; Ewens and Lessard, 2015). The total change in
mean fitness has been obtained for one- and two-locus models
without age structure (Kempthorne, 1957; Kimura, 1958). It has
been shown that the partial change is a good approximation of the
total change under weak frequency-independent viability selec-
tion even in a multilocus setting but without age structure
(Nagylaki, 1991, 1993). See also Crow (1979) for the total change in
the mean of fitnesses weighted by genotype- (or allele-) and age-
specific reproductive values in one-locus age-structured
populations.

From a historical perspective, Edwards (2014) concludes that
the FTNS expresses a gene-centered view of evolution. In com-
parison, Grafen (2015a) proposes an individual-centered view
more in agreement with some modern trends in evolutionary
biology. The ensuing result on the partial rate of change in mean
fitness may be correct and its interpretation may make sense, but
it is legitimate to question whether it represents Fisher's (1930)
FTNS as originally stated. On the other hand, the interpretation of
the theorem to support individual optimization has already been
criticized for not being representative of the Fisherian tradition
(Edwards, 2014).
Although it may not be the definition meant in Fisher's (1930)
FTNS, Grafen's (2015a) definition of individual fitness in an age-
structured population as if this population would satisfy the
principle of neutrality from one age class to another is of interest:
it isolates differences between individual contributions at any
given time from changes in population structure and composition
at that time. Moreover, it seems to give a good approximation of
the Malthusian parameter in the long run, and even to predict the
right dynamics in the limit of weak selection at least in haploid
populations.

Recent approaches in evolutionary theory such as inclusive
fitness theory (Hamilton, 1964), continuous stability theory (Eshel,
1983) and adaptive dynamics (Geritz et al., 1998) have been very
successful in predicting results of evolution and, therefore, very
popular in behavioral ecology. We have to remember, however,
that they often rely on initial increase properties or assumptions of
weak selection. The assumption of demographic equilibrium,
which is akin to the principle of neutrality among different age
classes, is widely spread in behavioral ecology. If this assumption
is used to predict long-term and even short-term evolution,
however, the underlying conditions for such an equilibrium to take
place must not be forgotten.
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Appendix A

In this appendix, we show that the mean fitness in Grafen's
sense in a discrete-time age-structured haploid population with
two haplotypes monotonically increases in the long run to the
largest geometric rate of increase of the two haplotypes.

Let Ai in the form (14) be the Leslie matrix with leading
eigenvalue λi and associated left and right eigenvectors vi and ui as
defined in (15), for haplotype i¼ 1;2. The Perron–Frobenius theory
ascertains that the numbers of individuals of haplotype i in the
different age classes at time step τZ0 satisfy

ciðτÞ ¼ Aτi cið0Þ ¼ λτi uivTi cið0Þþo λτi
� 	

; ð81Þ

with

o λτi
� 	
λτi

-0; ð82Þ

as τ-1.
We assume λ14λ2 and we consider the difference AðτÞ�A1,

where AðτÞ is the Leslie matrix for the whole population given by
(48) and A1 is the Leslie matrix for haplotype 1. The difference
between the fecundities in age class k¼ 0;…;ω�1 is given by

f ðk; τÞ� f 1ðkÞ ¼
f 1ðkÞc1ðk; τÞþ f 2ðkÞc2ðk; τÞ

c1ðk; τÞþc2ðk; τÞ
� f 1ðkÞ

¼ ðf 2ðkÞ� f 1ðkÞÞ
c2ðk; τÞ
c1ðk; τÞ

1þc2ðk; τÞ
c1ðk; τÞ

; ð83Þ

where

c2ðk; τÞ
c1ðk; τÞ

¼ λτ2u2ðkÞvT
2c2ð0Þþo λτ2

� 	
λτ1u1ðkÞvT

1c1ð0Þþo λτ1
� 	¼ λ2

λ1

� τu2ðkÞvT2c2ð0Þ
u1ðkÞvT1c1ð0Þ

þo
λ2
λ1

� τ� 
:

ð84Þ
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This leads to

f ðk; τÞ� f 1ðkÞ ¼ ðf 2ðkÞ� f 1ðkÞÞ
λ2
λ1

� τu2ðkÞvT2c2ð0Þ
u1ðkÞvT1c1ð0Þ

þo
λ2
λ1

� τ� 
: ð85Þ

Similarly, the difference between the survival probabilities in age
class k¼ 0;…;ω�1 is given by

sðk; τÞ�s1ðkÞ ¼ ðs2ðkÞ�s1ðkÞÞ
λ2
λ1

� τu2ðkÞvT2c2ð0Þ
u1ðkÞvT1c1ð0Þ

þo
λ2
λ1

� τ� 
: ð86Þ

In matrix notation, we have

AðτÞ ¼ A1þ
λ2
λ1

� τ

ðA2�A1ÞDþo
λ2
λ1

� τ� 
;

with

D¼ diag
u2ð0ÞvT2c2ð0Þ
u1ð0ÞvT1c1ð0Þ

;…;
u2ðω�1ÞvT2c2ð0Þ
u1ðω�1ÞvT1c1ð0Þ

 !
:

As in Section 5 with s¼ ðλ2=λ1Þτ , A¼ A1 and B¼ ðA2�A1ÞD, the
leading eigenvalue of AðτÞ is given by

λðτÞ ¼ λ1þ
λ2
λ1

� τ

vT1ðA2�A1ÞDu1þo
λ2
λ1

� τ� 
: ð87Þ

Observe that

Du1 ¼ ρu2;

where

ρ¼ vT
2c2ð0Þ

vT
1c1ð0Þ

is a positive scalar. Therefore,

vT1ðA2�A1ÞDu1 ¼ ρvT1A2u2�ρvT1A1u2 ¼ ρvT
1u2ðλ2�λ1Þo0:

This implies that

λ14λðτþ1Þ4λðτÞ
for τ large enough.
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