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Abstract. In this paper, we analyse the dynamics encoded in the spectral sequence (E”, d")
associated with certain Conley theory connection maps in the presence of an ‘action’ type
filtration. More specifically, we present an algorithm for finding a chain complex C and
its differential; the method uses a connection matrix A to provide a system that spans E”
in terms of the original basis of C and to identify all of the differentials d), : E}, - E},_,.
In exploring the dynamical implications of a non-zero differential, we prove the existence
of a path that joins the singularities generating Eg and Eg_r in the case where a direct
connection by a flow line does not exist. This path is made up of juxtaposed orbits of the
flow and of the reverse flow, and proves to be important in some applications.

1. Introduction

The role played by algebraic-topological tools in the study of dynamical systems has
always been quite significant. This is exemplified by classical topics such as Lusternik—
Schnirelmann theory and Morse theory, as well as by more recent advances such as the
theory developed by Conley [Co].

A key concept in Conley’s theory is the notion of Morse decomposition; this provides,
by means of appropriate attractor—repeller pairs, a decomposition of an invariant set inside
a flow into smaller and smaller components. The basic idea is that if one can understand
the smallest invariant sets in the flow, then one can proceed to investigate slightly more
complex ones consisting of attractor—repeller pairs that are given by a pair of invariant sets
of the first type together with all the flow lines joining them. The process can then be
continued to deal with invariant sets of the next level of complexity, and so on, by taking
into account ‘longer’ and ‘longer’ flow lines.

From an algebraic-topological point of view, this process bears a strong resemblance
to that which is encoded algebraically by the concept of spectral sequence. After
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Leray introduced them in the 1950s, spectral sequences have been used extensively in
homological algebra, algebraic topology and geometry as an efficient tool for computation.
One version of this concept is defined when one has a chain complex (C, d) endowed with
an increasing filtration F”C so that 3(F”C) C FPC (here we assume that F~'C = 0).
The associated spectral sequence is a (generally infinite) sequence of chain complexes
(E", d") so that, roughly, each successive stage contains information about longer and
longer parts of the differential: the differential d° at the first stage in the complex is the
part of 8 which does not decrease filtration, while d' concerns the part of d which reduces
filtration by no more than 1, and so on. Moreover, H(E", d") = EtL

The two points of view come together in the presence of a flow with an associated
Lyapunov function or action functional which provides an appropriate filtration. The
simplest such case is that of negative gradient flow associated to a Morse function on a
finite-dimensional manifold, where the level sets of the function provide a filtration of
the associated Morse complex. More refined spectral sequences appear in Morse theory;
see [C3]. See also [BaC] for spectral sequences in the context of Floer theory. The key
point here is that these spectral sequences are not merely computational tools, but are also
interesting objects in themselves: their higher differentials encode algebraically significant
information on ‘long’ trajectories of the system. Therefore, it is important to gain as
deep an understanding as possible of the algebra—geometry dictionary in this setting. The
purpose of this paper is precisely to start exploring this issue systematically.

We address two main issues. The first concerns the detection of cycles. More precisely,
in practice, the generators of the complex C mentioned above are very specific: they are
singularities in the Morse case (or periodic orbits in the Floer case). The domain E” of d” is
a certain quotient of a subgroup of C. Elements in this domain are represented by elements
of C, called (r — 1)-cycles, whose appropriate classes are in the kernels of all previous
differentials d* with s < r. Finding a system of (r — 1)-cycles that span E” in terms of
the original basis of C is a non-trivial matter; however, it is a necessity in applications,
such as in investigations relating to spectral numbers in symplectic topology (see [L]). We
shall provide an algorithm, which we refer to as the sweeping method, that produces such
a system. Theorem 1.1 makes the construction explicit, that is, the E” are determined and
the long differentials identified.

An application of this algorithm brings up a second, very natural, problem: assuming
that a long differential can be identified in such a ‘dynamical spectral sequence’, what
geometric consequences can one infer from it? Is it true that there are ‘long orbits’ that
relate some invariant set to another, distant one? This is an important question because,
in applications, long orbits have high energy, in the sense that the variation of the action
functional along such an orbit is large, and detecting high-energy orbits is geometrically
significant; see [BaC]. It is not hard to see that the existence of long orbits relating distant
invariant sets does not hold in general. Nevertheless, we show here that there exists a path
joining two invariant sets which is made up of curves that geometrically coincide with flow
lines, where some of these arcs in the path are flow-reversing; this is Theorem 1.2, which
we call the ‘zig-zag theorem’.



Spectral sequences in Conley’s theory 1011

1.1.  The spectral sequence for a Morse complex. Let M be an n-dimensional compact
Riemannian manifold and let D(M) = {M I’}lel be a Morse decompositiont of M. In this
article, we focus on the case in which a filtered Conley chain complex: with finest filtration
is, in fact, a Morse complex, i.e. each Morse set M), is a non-degenerate singularity of the
gradient flow ¢ of a Morse function f : M — R.

Given non-degenerate singularities x and y of indices k and k — 1, respectively, the
set of connecting orbits is finite. By orienting the unstable and stable manifolds, we
define the intersection number n(x, y) to be the number of connecting orbits counted
with orientation. To count orbits with orientation, choose a regular value ¢ of f so
that f(y) <c < f(x); then n(x, y) is the number of intersections between the spheres
Skl = w4 (x) N f~1(c) and " * =W (y) N f~L(c).

Let C = {Cy} be the Z-module generated by the singularities and graded by their

indices, that is,
= P 7,

x€crity f

where crity (f) is the set of index-k critical points of f.

The connection matrix A : C — C associated to D(M) is defined to be the differential
of the graded Morse chain complex C = Z(critf), i.e. it is determined by the maps
Ag : Cy = Ci—1 via

A= D7 ),
yecrity_1 f
where n(x, y) is the intersection number. Moreover, A is an upper triangular matrix with
AoA=0.

We use the same notation for the map Ay as for the associated submatrices of A; see
Figure 1.

The columns of the matrix A need not be ordered with respect to k. We only require
that the map Ay be filtration preserving.

We denote this filtered graded Morse chain complex by

(C, A) = (Z(critf), A).

We will write the boundary operator d and its matrix A interchangeably.

Note that the rth auxiliary diagonal of A that intersects Ay has entries Ay pi1,
which represent the intersection numbers of the unstable and stable spheres determined
by connections between the unstable and stable manifolds of M, and M,,i_, for
pefr,...,m—1}. Clearly, if the (p + 1)st column intersects the submatrix A, then
Mpiy and M, 1_, are, respectively, singularities of Morse indices k and k — 1, which
we shall denote by i; and hi_;. These singularities are in the filtrations F, \ Fp_1 and
Fp_» \ Fp_,_1,respectively. Hence we say that the pair (hx, hx—1) has gap r. In summary,

T A Morse decomposition of M is a collection D(M) = {M p};';:] of mutually disjoint compact invariant subsets
of M such that if y € M \ U'[’le Mp, then there exists p < p’ with y € C(Mp, M) In other words, D(M)
contains the recurrent behavior of the flow. A subset of M which belongs to some Morse decomposition is called
a Morse set.

i A filtration F = {F)} on a chain complex C is a sequence of subcomplexes F,C, p € Z, such that F,C C
Fp41C for each p.
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FIGURE 1. The connection matrix.

the rth auxiliary diagonal, when intersected with A, registers information on numerically
consecutive singularities of Morse indices k and k — 1 with gap r. We will use the same
notation to indicate an elementary chain of C.

It will be helpful to associate with the (p + 1)st column of A the elementary chain /i
such thatt hy € F,C \ F,_1C.

In this paper we will explain how the connection matrix A determines the spectral
sequence, i.e. how it determines the spaces E” and induces the differentials d”.

A bigraded module E" over a principal ideal domaini R is an indexed collection of
R-modules E, . for p, g € Z. A differential d” of bidegree (—r, r — 1) is a collection
of homomorphisms d" : E, 4 — Ep_; 41r—1, for p, g € Z, such that d" od” =0. The
homology module H(E") is the bigraded module

Hy (B = Kerd" : E;’q — E;—r,q+r—l

- ro. r r :
Imd": Ep+r,q7r+1 - E.qu

A spectral sequence {E", d"}, r > 0, is a sequence of chain complexes where each chain
complex E" is the homology module of the previous one, that is:

° E” is bigraded module, and d" is a differential with bidegree (—r, r — 1) in E”;

e foreach r > 0 there exists an isomorphism H(E") ~ E"*1,

In general, we will omit reference to g throughout this section. Its role will be important
when considering more general Morse sets of a Morse decomposition; but in our case,
when the Morse set is a singularity of index k, the only ¢ for which E}, , is non-zero is
q =k — p. Hence, it will be understood that E;, is, in fact, E;’k_p.

 Note that the numbering on the columns is shifted by one with respect to the subindex p of the filtration F).
# Throughout this article we work with R = Z.
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For a filtered graded chain complex (C, d), we can define a spectral sequence

r __ or r—1 r—1
EP - ZP/(Zp—l + aZp-i—r—l)
where

7l ={ce FyC|dc € Fyp_,C).

Hence the module Z, consists of chains in F},C with boundary in Fp,_,.C. Thus it is
natural to look at chains associated to the columns of the connection matrix to the left of
and including the (p + 1)st column. This guarantees that any linear combination of chains
will respect the filtration. Furthermore, since the boundary of the chains must be in F),_,,
we must consider columns or linear combinations which respect the filtration and have the
property that the entries in rows i > (p — r + 1) are all zeros. Therefore, the significant
entry in the connection matrix is determined by the element on the rth auxiliary diagonal
inthe (p —r + 1)st row and (p + 1)st column. This will be made precise later.

However, as r increases, the Z-modules E 1r? change generators. Our main result will
connect this algebraic change of generators of the Z-modules of the spectral sequence to a
particular family of changes of basis over QQ of the connection matrix A. We will make use
of a recursive sweeping method in §2 that singles out important non-zero entries, which
we will refer to as primary pivots and change-of-basis pivots, of the rth auxiliary diagonal
of A”, in order to define a matrix A’T1. At each step, ATl is a change of basis of A”.
Hence, all of the A" ‘represent’, in some sense, the initial connection matrix (that is, they
all represent the same linear transformation). We will also show how the rth auxiliary
diagonal of A" induces d".

THEOREM 1.1. The matrices A" obtained by applying the sweeping method to A
determine the spectral sequence (E},, d"). Moreover, if E}, and E},_, are both non-zero,
then the map d; : E; — E;f, is induced by A”; specifically, it is multiplication by the
entry A;_r 1 pt whenever this entry is a primary pivot, a change-of-basis pivot or a
zero with a column of zero entries below it.

For clarity, we subdivide Theorem 1.1 into Theorems 4.4 and 5.7.

In §6 we prove a theorem on the existence of a path of flow lines in ¢ connecting
consecutive singularities. Given a non-zero entry A,_,41 p+1 in A, there exists a
connecting orbit that joins two singularities. On the other hand, if A,_, 41 p41 is zero,
we will prove in the zig-zag theorem that there exists a patht joining the singularities
hi € Fp and hy_q € F),_, whenever A,_, 11,1 corresponds to a non-zero d;.

THEOREM 1.2. (Zig-zag theorem) Let (E”,d") be a spectral sequence induced by a
Morse Conley chain complex (CA, A) of a flow ¢, where A is a connection matrix over
Z. Given anon-zerod" : E}, , — E;—r,q+r—1’ there exists a path of connecting orbits of ¢

Jjoining hy € Fy \ Fp_1tohy1 € Fp_, \ Fp_,_1.

Take hy € Fy and hy_, € Fy_¢, with p > s and r > £, such that there exist connecting
orbits between hy and hi_1, hy and hy_1, and hy and hy_;. Furthermore, suppose that
there are no singularities between hy and hix_;. See Figure 2.

T See Definition 6.2.
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FIGURE 2. The perturbed flow @ after cancellation.

A particular case of interest occurs when the map df is an isomorphism and corresponds
to an entry £1 which is a primary pivot (or change-of-basis pivot) in the connection
matrix. Since these maps are isomorphisms, they imply algebraic cancellations in the
spectral sequence. On the other hand, they also correspond to dynamical cancellation of
consecutive index singularities hy and hx_ in ¢. By Reineck’s theorem [R3], there is a
continuation of the flow ¢ to @ which corresponds to the dynamical cancellation associated
to the primary pivot Af—z+1,s+1 = Ay_¢+1.5+1 on the £th auxiliary diagonal of A°.

A certain choice of path in ¢ will admit a reversal of the flow along the orbit which will
cancel iy and hy_1, creating a new orbit that connects sy and Ay _1 in the perturbed flow @.
Hence, the orbit connecting & and /j;_; can be viewed as a bridge responsible for the
creation of the orbit connecting /4 and hx_1 in @. Since the bridge, i.e. orbit connecting
hy and hy_ |, ceases to exist in @, we are justified in allowing this orbit to be traversed in
the reverse direction when we construct the path connecting s and /j_1 in the flow ¢. In
this case, the path in ¢ indicates the birth of an orbit in @.

On the other hand, connecting orbits of a flow ¢* that correspond to non-zero d* are
associated with a path of connecting orbits in ¢ by the zig-zag theorem. By the same
arguments as above, the connecting orbits in ¢ associated with isomorphisms df which
correspond to primary pivots 1 in the connection matrix are algebraic cancellations in the
spectral sequence; hence they also correspond to dynamical cancellation of consecutive
index singularities in ¢’. By Reineck’s theorem, there is a continuation of the flow ¢°
to @* which corresponds to the dynamical cancellation associated with the primary pivot
Af_ ¢+1.5+1 on the £th auxiliary diagonal of A*. Once again, this justifies why we allow
this orbit in ¢ that corresponds to a path in ¢ to be traversed in the reverse direction.

Inspired by this particular case of algebraic—dynamical correspondence, we consider
more general paths in A" where traversal in the reverse direction will be allowed
along orbits that correspond to primary as well as change-of-basis pivots which are not
necessarily equal to 1. Our idea is motivated by the fact that, owing to the zig-zag
theorem, certain change-of-basis pivots correspond to non-zero differentials in the spectral
sequence.
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Although, in this case, it is not clear what a dynamical counterpart to the algebraic
behavior is, the zig-zag theorem suggests a correspondence between orbits in the flow ¢*
associated to a non-zero differential d° of the spectral sequence and paths in the flow ¢.

2. Sweeping method

In this section we present the sweeping method, which constructs recursively a family of
matrices {A”},>¢, with A% = A, by considering at each stage the rth auxiliary diagonal.
This family of matrices will be used to determine the spectral sequence (E”, d").

We remark that the sweeping method and all the other theorems in this article do not
require that the columns of the matrix A be ordered with respect to k or, equivalently, that
the singularities i be ordered with respect to the filtration. Without loss of generality, we
will assume the singularities to be ordered with respect to the filtration so as to simplify
notation and permit the indices that refer to the columns to increase by increments of one.
Otherwise, in a more general setting, we would have to introduce subsequence notation
for the columns in order to consider the intersection of the auxiliary diagonals with the
index-k columns. For clarity, in our examples we will also keep the singularities ordered
with respect to the filtration.

For a fixed auxiliary diagonal r, the method described below must be applied for all £
simultaneously.

A: Initial step.

(1) Consider all columns Ay together with all rows hx_1 in A. Let Ak be the entries in
A for which the ith row is /x_; and the jth column is /.

Let &; be the first auxiliary diagonal of A that contains non-zero entries Ay, ;, which
will be called index-k primary pivots. It follows that for each non-zero Ay, ; on &,
the entries A, ; for s > i will all be zero. These entries must be zero, or else they
would have been detected as primary pivots on a £ auxiliary diagonal for & < &;.
We end this first step by defining Aé! to be A with the index-k primary pivots on the
&1th auxiliary diagonal marked.

(2) Consider the matrix A%, and let Agl be the entries in Aé1 for which the ith row is
hi—1 and the jth column is hg. Let &jz be the first auxiliary diagonal greater than &;
which contains non-zero entries Ai?,,—' We now construct a matrix A% following the
procedure below.

Given a non-zero entry Asl on the &th auxiliary diagonal of A%1:

(a) if there are no prlmary pivots in the ith row and the jth column, mark the given
entry as an index-k primary pivot and keep the same numerical value, i.e. let
ASZ = A 3 .

(b) if cajse (a) d(])es not hold, then consider the entries in the jth column and in the
sth row, with s > i, of A51,

(bl) If there is an index-k primary pivot in an entry in the jth column and in a
row s with s > i, then the numerical value of the entry remains the same,
i.e. A%’j = Ai:.j , and the entry is left unmarked.
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FIGURE 3. Auxiliary diagonals £ and &,.

(b2) If there are no primary pivots in the jth column below Agl then there
must be an index-k primary pivot in the ith row, say in the tth column of
A8 where t < Jj. In this case, the numerical value of the entry remains
the same, i.e. A,ifj = Ai;j, but the entry A,i;j is marked as a change-of-
basis pivot.
Note that we have defined a matrix A% which is actually equal to A% except that
the &> th diagonal is marked with primary and change-of-basis pivots. See Figure 3.

B: Intermediate step. Consider a matrix A" with the primary and change-of-basis pivots
marked on the £th auxiliary diagonal, for all £ < r. We now describe how A" +1 is defined.
Without loss of generality, we can suppose that there is at least one change-of-basis pivot
on the rth auxiliary diagonal. If this is not the case, then let A’t! = A" with the (r + 1)st
auxiliary diagonal marked with primary and change-of-basis pivots as in B.2.

B.1: Change of basis. Suppose that A’ _is a change-of-basis pivot. Then perform a
change of basis on A" by adding a lmear combination over QQ of all the /; columns £
of A" with ¥k < ¢ < j where « is the first column of A" associated with a k-chain, to a
positive integer multiple u # 0 of the jth column of A", in order to zero out the entry A} .
without introducing non-zero entries in A’ _for s > i. Moreover, the resulting hnear

combination should be of the form ,BKh(K) BT lh,((] Y —i—,th,((’) where B¢ are
integers for £ =k, ..., j. We use h,(c) to denote the elementary k-chain associated to

the £th column of A.
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The integer u is called leading coefficient of the change of basis. If more than one linear
combination is possible, we will choose the one which minimizes u. Let u be the minimal
leading coefficient of a change of basis. Once the change of basis has been performed, we
obtain a k-chain associated to the jth column of A’ *!. This is a linear combination over Q
of the ¢th hy columns, k < ¢ < j, of A" plus an integer multiple u of the jth column of A"
such that A’ 1= 0. Itis also an integer linear combination of A columns of A on and to
the left of the Jjth column.

Observe that if the ¢th column of A" is an Ay column, it corresponds to an integer linear

0,r ¢ h(f)

combination o, " =) ,_ ¢, of hj columns of A, where the xth Ay column is the

first column in A associated to a k-chain. The expression o ( )" stands for the ¢th column

of A” with Morse index k. Hence, if the jth column of A’+1 is an hj column, it will be

=1
(/) r+l_ —u Z cl Fh(e) +q,-1 Z Cé—l,rhl(f) +

=k
x‘,_./ ———
Gk(J')J J(j*l)wr
1
+ et R+ T RETY) + g el ng (1
s‘/_./
U;K-F])J Uk(K).r

or, equivalently,

el +qj1cl™ -+ gect

2 - 1, 1
+ (uclj(-:l + qi—lcx+1 +o qKHCfIl D

+ (uc? ,1 +qj- ICJ v r)h + MC] rh(j) )
with ¢°" =1 and
cI{’r+1 =uc,{’r+qj71clj(._l’r+"'+q,< ' €L, (3)
I =uell +ajmel T qenc] ) € 2y )
I =uel! | +qjcll) ez, )
c/.’r“L1 =ucl” eZ. (6)

J J

It is clear that the first column of any A cannot undergo any change of basis since there is
no column to its left, and this explains why ¢ = 1.

Note that g7 = 0 in g5 Zi:] cﬁ’rh,(f) whenever the ¢th column has a primary pivot in a
row s with s > i.

If the primary pivot of the ith row is in the ¢th column, then the rational number ¢; is

non-zero in q; Y y_; cz’rh,(f)

and is such that
1
AZTJ = MA;;U + th;;i,t = 0

Since u > 1 is unique, g; is uniquely defined.
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FIGURE 4. Sweeping method: A”.

After the above procedure has been performed for all change-of-basis pivots of the rth

diagonal of A", we can define a change-of-basis matrix.

Therefore, the matrix A”*! has numerical values determined by the change of basis

over Q of A”. In particular, all the change-of-basis pivots on the rth auxiliary diagonal A"
are zero in A’*!. See Figures 4 and 5.

B.2: Marking the (r + 1)th auxiliary diagonal of A™!. Consider the matrix A’*!
defined in the previous step. We will now mark the (r + 1)st auxiliary diagonal with
primary and change-of-basis pivots as follows.

)]

(@)

Given a non-zero entry A; !
v

if there are no primary pivots in the ith row and the jth column, mark this entry as

an index-k primary pivot;

if case (1) does not hold, consider the entries in the jth column and in the sth row,

with s > i, of A™1,

(bl) If there is an index-k primary pivot in the entries in the jth column below
A,’j], then leave the entry unmarked.

J
(b2) If there are no primary pivots in the jth column below AZ:-]’ then there must

be an index-k primary pivot in the ith row, say in the rth column of A +!, with
t < j. Mark it as a change-of-basis pivot; see Figure 5.

C: Final step. 'We repeat the above procedure until all auxiliary diagonals have been
considered.
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R e S R i G S A
Fy ho o 0 o0 0 ©0 0 0O 0 0 0 0 0 0
A, 0 0 0 2 3 2 1 0 0 0 0 0 0
B P, o 0 0 |2 3 1 0o 2 1] 0 0 0 0
s hY 0 0 0 o 0 0 0 0 0 0 1 -3 1
Fy by o 0o o0 0 OO 0o 0 0 0 |1 0 2 0
5 B o o o0 o0 o0 o o0 0 0 |-3 -2 1 -3
Fs b\ 0 0 0 0o 0 0 0 0 0 3 2 -2 4
A o 0 0 0 0 0 0 0 0 |-1 1 -2 1
Fy b o o o o0 o0 o0 0 0 0 |2 -2 3 -1
Fy i) o 0 0 0 0 0 ©0O 0 0 0 0 0 0
Foh!l o o o o o o 0o o0 0 0 0 0 0
bl 0 0 0o 0o o o o 0o 0 0o 0 0 0
e b2 0 0 0 o 0 0 0 0 0 0 0 0 0
Fis o 0o o0 0 0 0 0O 0 0 0 0 0 0

FIGURE 6. A: the matrix for Example 2.1.

1019

r+1

Fis
hn

Example 2.1. Let A be as in Figure 6. Applying the sweeping method to A, we obtain the

matrices A!, Az, A3, A4, AS, A6, A7 and A3 given by Figures 7-14.
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2 3 1) 5) 6) 7) 8 9) 10) 11 (12 13)
O S N S S B T ST R
ho 0.0 0 0 0 0 0O 0 O 0O 0 0 0 0
Rl 0 o 0 |2 3 2 1 0o o 0o 0o 0 0 0

A1 0o o o o0-0 o0 0 0 0|0 1 =3 1| o0
Ao o o o 00 o0 o0 o0 |1 0o 2 0| o0
R 10 o o 0o 0o 00 0 0 |-3 -2 1 -3 0
A1 o 0o o 0o 0 0 00 0 |3 2 -2 4| o0
Rl o o 0o o 0o 0o 0o 00 |-1 1 -2 1| 0
K210 o o o o o o o o {2 -2 3 - o
(10)

W29 o o o o o o 0o 0 0 00 0 0 0
(1)

%10 0o 0o o o o0 0 0 0O 0 00 0 0

FIGURE 7. Al: marking primary pivots.

As is easily perceived, the computation of the family of matrices produced by the
sweeping method is laborious. Hence, we will illustrate several of our results in this paper
using this one example.

3. Properties of A"
The propositions in this section describe basic properties of the A”’s produced by the
sweeping method and will be used in the proof of the main theorems. More specifically,
our attention will be directed towards characterizing properties associated with the primary
and change-of-basis pivots which are essential in determining the spectral sequence.

It is easy to see that all the A”’s are upper triangular and that A" o A" =0, since they
are obtained recursively from the initial connection matrix A via changes of basis over Q.

It is also straightforward to see that if Alrc,-,,- is a primary pivot, then there can be no linear
combination of columns to the left of the jth column which, added to the jth column,
would zero that entry while maintaining all entries AZ:,,- equal to zero for s > i. This is
because there are three kinds of columns to the left of the jth column. The primary pivot
is either above the ith row or below it, or the column does have not a primary pivot in A”.
In the latter case, the column has all entries below the rth diagonal equal to zero. This is
also true when the primary pivot is above the ith row, since all entries below it are zero.
Hence, these three types of columns cannot contribute to a linear combination that aims to
zero the entry AZW.



h() 0
(2)
hy”q 0
(3)
hp”y 0
KD o
(5)
hy 0
(6)
hy, 0
(7)
hy, 0
A® | o
(9)
hy, 0
(10)
hpi | 0O
| o
(12)
hy 0
(13)
hk+1 0
hn 0
‘71(11)‘3 =ho
2).3 2
ﬂl(c—)l = hl(c—)‘l
3).3 3)
Ul(c—l = hl(c—l
U’(:;),a _ hff)
o7 — 24 _3h®
5@ _ j©
‘71(:)‘3 _ h/g)
U’(Cs).s _ hfcs)
0}(69),3 _ hﬁco)
(10,3, (10)
Opp1” = gy
11).3 11 10
‘71(<+i = hgw; + hgwi
12),3 12
‘71(e+1)' = hgwi
13).3 13
”I(c+1)' = ’LLQ

0

0

Spectral sequences in Conley’s theory

0

0"

1021

(2 3 4 5 6 7 8) 9 10 11 12) 13
T Y S S S N I Y Y S Y S B S B T B 1 S
o 0o o0 ©0 0O 0 0 0 0 0 0
l2 3 2 1 0o o o 0o 0o 0 0
@[3 1 0o 2 1] o o o 0o o0
o o0~0 o0 o0 0|0 1 -3 1| 0
0O 0 00 0 0 |1 o 2 ol o
o o o0 o 0 0 [ =3 -2 1 -3 o0
o 0 o0 0 00 |3 2 -2 4| 0
o o o0 0 o0 0°f-1 1 -2 1| o0
o 0o o o o o (@[3 3 -1 o
o 0o o0 O0O 0 0 0O 00 0 0
o 0 0 0 0 0 0 0 0- 0 0
o 0 0 0 0 0 0 0 0 0 0
o 0 0 0 0 0 0 0 0o 0 0
o 0o o ©0 0O 0 0 0 0 0 0
FIGURE 8. AZ: marking primary and change-of-basis pivots.
J((]1),3» 01(927).]3 U}(Cz)i J,(€4),3 01(65),3 UI(CG).S U](C?)TB UI(CS)..’S J’(CQ),ZS ](Cl+(i£,3 ](€l+lid )(leis )(61;323 0_5114)3
o 0 0 0 0 O 0O 0 0O 0 0 0 0
0o o0 [20-0 2 1 o o o 0 0 0 0
o o |@ o[ o 2 1 0o 0o 0 0 0
0 0 0 0 070 0 0 [32 52 0 1| 0
o 0 0 0 0 00 0 |12 12 1 0/ 0
0o 0 0 0 0 0 00 |3 -5 1 3|0
O 0 0 0 0 0 0 013 5 -2 4] 0
o 0 0 0 0 0 0 0 |-1-0 -2 1|0
o 0 o 0o 0o o0 0 0 ]|® o[ -1] o0
o 0 0 0 0 0 0 0 0 0 00 0
o o 0o 0O O O O O 0O 0 0 00
o 0o o o0 0 0 0 0 0 0 ©0 0 0
o 0 o ©0 0 0O 0O 0 0 0 0 0 0
o 0 0o 0 0 0O O 0 0 0 0 0 0

o3 B

o O O O O O o o o o o o o o©o

FIGURE 9. A3: change of basis and marking pivots.
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FIGURE 11. A3 for Example 2.1.

In order to simplify notation, reference to the index k of the matrix A} will be omitted
whenever this is unlikely to cause confusion.

PROPOSITION 3.1. If the entry Arp—r+1,p+1 has been identified by the sweeping method
as a primary pivot or a change-of-basis pivot, then Ag,p—H =0foralls>p—r+1.

Proof. By the sweeping method, Af p+1 cannot be a primary pivot forall s > p —r 4 1.
Since non-zero entries below the rth diagonal of A" which are not primary pivots occur

only in columns above a primary pivot, we have that A{ il = Oforalls >p—r+1. O
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FIGURE 13. A7 for Example 2.1.

Proposition 3.2 asserts that we cannot have more than one primary pivot in a fixed row
or column. Moreover, if there is a primary pivot in row i, then there is no primary pivot in
column i.

PROPOSITION 3.2. Let {A"} be the family of matrices that results from applying the
sweeping method to a connection matrix A. Given any two primary pivots A’ and AL

km(
we have that {i, j} N {m, £} =0

Proof. The only non-trivial case that needs to be considered is where k = k + 1, and we
have to prove that j 7 m in this case. Suppose that there exists a primary pivot in the jth
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FIGURE 14. A8 for Example 2.1.

column and another primary pivot in the jth row of A’ i.e. A’ and A
pivots. Therefore, A}, ke = =0forall s >i and A} =0 for all s > j.

Let cr(j) g Uk(’)]r and o0

k+1
respectlvely.

Since A"o A" =0, V= {O’k(l)lr, (r k(i)lr} cannot be an interval because
A’ (V1)? #0. Hence there must exist a(m associated to the jrth column of A", such
that G(JZ)r;A P.r ;éOand Ak+1 # 0. Note that j, < j, since a(mr;éa(])r
and all entries below a pnmary pivot are zero.

The entry Ai,j cannot be a primary pivot, since the ith row already has a primary
B2

ki1, are primary

k+1g.
be chains associated to the jth, ith and £th columns of A",

pivot. Thus, the primary pivot of the j>th column must be below the entry A} e i.e. there
)

(2)

exists oy associated to the izth row of A", with i > i, such that Aj_ ; is a primary
12:J2

pivot. Therefore, AZS h 0 for all s > i>. See Figure 15.

Once again, since A" o A” =0 and A" (V3)2 #0 for V, = {0‘(12) " ak(jz) " k(?lr} it
(J3).r

follows that V; cannot be an interval, i.e. there exists oy, in the j3th column of A", with
j3 < Jj, such that o\ # g \P" AL A0and AL, 0.

(13) r + U(/) r. (Jz)

We must show that o By the constructlon of o we have that

# 0 where ip > i. Thus, 1f j3 were equal to j, then we would have the entry
AZ;_ # 0 lying below the primary pivot Aﬁi‘j; this contradicts the fact that AZW_ =0 for
all s > 1.

Upon repeating the above steps and always using the fact that A" o A" =0, we
eventually run out of rows or columns to continue the above arguments; see Figure 16.
If there are no more Ay columns, we will have an interval V with A(V)?2 # 0, which
contradicts the fact that A" o A" =0. On the other hand, if there are no more hj_;
columns, we will have a non-zero entry in A” below the rth auxiliary diagonal which
is neither a primary pivot nor an entry above a primary pivot; this contradicts the fact that
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FIGURE 15. Impossibility of primary pivots occurring simultaneously in the jth row and the jth column.
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FIGURE 16. Construction of a finite sequence of singularities to ensure that there are no intervals A" (V) in A"
with A7 (V)2 =0.

the only non-zero entries in A” below the rth auxiliary diagonal are primary pivots and
entries above primary pivots. O

4. The modules E), of the spectral sequence
In this section, we show how the Z-modules E;, are determined when we apply the
sweeping method to a matrix A. The primary and change-of-basis pivots of A" produced



1026 O. Cornea et al

by the sweeping method play an important role in determining the generators of Z’ , hence
the necessity of proving that the pivots are always integers.
Recall that
ro__ or r—1 r—1
EP - ZP/(Zp—l + 8Zp-i—r—l)’

where
Z; ={ceF,C|dceF,_,C}.

Each hj column of the connection matrix A represents the connections of an elementary
chain Ay of Cy to an elementary chain Ax_1 of Cx_1.

The Z-module Z;,k_p ={ce FpCy|dc€ Fy_,Cr_1} is generated by k-chains
contained in F, with boundaries in Fj_,. In the matrix A, this corresponds to all /
columns to the left of the (p + 1)st column, or linear combinations thereof, such that their
boundaries (non-zero entries) are above the (p — r + 1)st row7.

Similarly, in the matrix A,

Z;:II,kf(pfl) ={ceFp_1Cr|dce€ Fp_,Cr_1}

corresponds to all i; columns to the left of the pth column, or linear combinations thereof,
such that their boundaries are above the (p — r + 1)st row.
Finally,
-1
32;+r7],(k+1)7(p+r7]) =0d{c€ Fpyr—1Cky1 | dc € FpCy)

. . . r—1 . . .
is the set of all the boundaries of elements in Z ptr—1, (k1) —(p4r—1) which, in the matrix A,

corresponds to all 4 columns to the left of the (p + 1)st column (or, equivalently, all &y
rows above the (p + 1)st row) that are boundaries of h;y; columns to the left of the
(p + r)th column.

The index-k singularity in F), \ F,_1 corresponds to the k-chain associated to the
(p + D)st column of A. Hence we denote this singularity by h,(('7 +),

The next proposition establishes a formula for Z ; k—p-

PROPOSITION 4.1.

— Z[M(p+l),ro_k(l7+1)»r’ M(p),r—lo_k(l))qr—l’ o M(K),r—p—l—&-f(o,k(l()»f—P—H‘KL

-
p.k—p

where K is the first column in A associated to a k-chain, and u'-¢ =0 whenever the
primary pivot of the jth column is below the (p — r + 1)st row and )¢ = 1 otherwise.

Proof. Note that ok(pH_S)’r_g is associated to the (p + 1 — &)th column of the matrix Af.
By definition, p(P*t1=8)-7=§ — | if and only if the primary pivot on the (p 4+ 1 — £)th
column is above therow (p + 1 — &) — (r — &) = p — r + 1. Itis easy to verify that chains
associated to columns with primary pivots below the (p — r + 1)st row do not correspond
to generators of Z/ ;. Consider a k-chain ak(pH_S)’r_g, with&e{0,..., p+1—«},
associated to the (p + 1 — &)th column of A"~¢ such that the primary pivot of the

+ The expressions ‘above the row’ and ‘to the left of the column’ shall include the row or column in question,
whereas the expressions ‘below the row’ and ‘to the right of the column’ do not include the row or column in
question.
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(p + 1 — &)th column of A"~ is above the (p — r + 1)st row. For the latter primary

pivots, we show that O’k(p 17878 i a k-chain which corresponds to a generator of Z;. It
is easy to see that 0,5p+17$)’r7§ is in F,Cy for & > 0. Furthermore, the (r — &)th step

in the sweeping method has zeroed out all change-of-basis pivots below the (r — &)th
auxiliary diagonal. In other words, all non-zero entries of the (p + 1 — &)th column
of A”~¢ are above the (p+1—&) — (r —&) = (p — r + 1)st row. Hence the boundary
of ak(p-H_g)’r_é isin F,_,Cy_1.

We now show that any element in Zj is a linear integer combination of
M(p+1_g),r_gak(p+1—§),r—$ for €=0,...,p+1—«. This is achieved by multiple
induction on p and r.

° Consider Fy_1, where « is the first column of A associated to a k-chain. Let & be

such that the boundary of h,(('{) isin Fe_1—¢Cr \ Fe—1—g-1Ck.

(1) Z,_, is generated by a k-chain in F,_;Cy with boundaries in Fy_1—,Cy—1.
Note that there exists only one chain h,(f) in F,_1Cr. Hence we have the
following possibilities.
(a) If& <r,then 8h* ¢ Fo_j_,Cx_1;thus Z/_, =0,
(b) IfE >r, then dh( € Fe_1_,Ci_y; thus Z7_| = [A{].

(2)  On the other hand, ak('()’r is a k-chain associated to the «th column of A”. Since
there is no change of basis caused by the sweeping method that affects the first

column of Ay, we have that ok('()’r = h,(('(). Furthermore, u(’( )7 =1 if and only

if the boundary of h,(f) = ok('()’r is above the rth auxiliary diagonal. Hence the
following hold.
(a) If& <r,then u®)-" = 0; thus [,u(")*rak('()’r] =0.
(b) If& > r, then u®" = 1; thus [u®" "] = [0 ] = [A{].
Hence Z! | = [,u(")’rcrk('()’r].
° Let the &;th auxiliary diagonal be the first in A that intersects Ag. All the columns
of A corresponding to the chains h,({p H), e, h,(f) have non-zero entries above the
&1th auxiliary diagonal and, thus, above the (p — & + 1)st row of A.

(1) By definition, Zf,l is generated by k-chains contained in F,C; with

boundary in F),_¢ Cy—1. Since the columns of A associated to the chains
h,({pH), e, h,(f) have non-zero entries above the (p — & + 1)st row, this
implies that the boundaries are in F,_¢, Cy_1, that is,
5 =t L

(2) Since non-zero entries in the columns of A associated to the chains
h,(f H), e, h,(c'() are all above the &;th auxiliary diagonal, it follows that
crk(j)’é' =h,((j) for j=«,...p+1 and p P =1 for j=«,...p+1.
Hence,
[M(pﬂ)’&ffk(pﬂ)’&, o M(K),K—p+1+§1Gk(K),K—p+1+51] _ [h]((p+1)’ L hl(cK)]'

Therefore,

Z[il — [M(p-l-l),%’lak(P‘i‘l)fl .. (K),K—p+1+r§1O_k(K)aK—P‘H‘i’El].

s M
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) We assume that the generators of Z;:ll correspond to k-chains associated to

ok(‘"H_S)’r_g, &§=1,..., p+1—«, whenever the primary pivot of the (p + 1 —

&)th column is above the (p — r + 1)st row. If the primary pivot of the (p + 1)st
column is below the (p — r + 1)st row, then Z’ Z; 11, and this is the case when
wP+D-r = 0. Suppose now that the primary pivot of the (p + 1)st column is above
the (p —r + 1)strow. Let

b= b Y bR

be a k-chain corresponding to an element of Z” pk—p We know that by is in F,, and

that its boundary is above the (p — r + 1)st row. If bP*! =0, then b € Z;:ll and
the result follows from the induction hypothesis. So, from now on, suppose that

[7+1 ?é 0.
By the sweeping method, o (p D7 has ciﬂ’r as the minimal leading coefficient. We
will show that since CZI} is the minimal leading coefficient, we have
bp_H:Ol] pi} , (xlEZ.

ptlr

Suppose that bP*1 is not an integer multiple of c, . Let v > 0 be an integer such

that vc? +1 " is the largest multiple of ¢ +i with UCZII " < P! Hence

oL p+1 p+Lr
ve, 1 <b <(U+1)Cp+l ,

ie. 0 <pPtl — ii} < c[fi}’r. It follows that the k-chain by — Uo*k(pﬂ)’r has
p+Lr

. . p+1 _ p+l r p+Lr
leading coefficient b 1 <Cpti p+1

is the minimal leading coefficient. Therefore pPtl = ozlc " for o € Z.
Thus we can rewrite b as

, which contradicts the fact that ¢

hk = (1’+1) r + (bp o Cp+l r)h([’) 4 (bl( o Cp+l r)h(K)
Note that
hk o O_k(p+1) r (bp _ 0616‘£+1’r)h1(<p) . (bK Cp+1 r)h(K) c Fp 1.

(p+1),r

the boundary of b — alalpr) is above the (p —r 4 1)st row. It follows that

bx — ozlak(p—H) " Zr 1 . By the induction hypothesis,

Moreover, since by and o}, have their boundaries above the (p — r + 1)st row,

1), _ =1 o repe1
r)Ic—051(7k(p+)r=otz,u(1’)” lalfp)r B Ao Ny 1+K‘71<(K)r p—l+x

’

that is,

1 — -1
(p+1),r + OZZ,U«(p)’r lo—k(p)'r 44 oy b

—p— —p—1
bk:alak (k),r—p 1+KUk(K),r p +K. O

Note that the matrices A" can have some entries which are not integers. However, the
following proposition shows that pivots in A" are always integers.
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PROPOSITION 4.2. Suppose that Ap 1 p
basis pivot. Then Ap—r+l,p+l is an integer.

| is either a primary pivot or a change-of-

Proof. Since A" | is either a primary pivot or a change-of-basis pivot, we have

p—r+1,p+
A} . =0foralls > p—r+1. Hence g (p+)reZ;and
(p-H)r (p—r+1D,r (K*),r
do = A 1 p 1% RARRR RAVERAIRL. e

where «* is the first column associated to a (k — 1)-chain. It follows that

(p+1),r 41
aak € 3Z; C Z;ir
= Z[M(l’—r+l),r+lO.IEP*I‘+1)J‘+] i M(p—r),ro_,ipfr),r’ o /,L(K)’2r_p+KUk(K)’2r7p+K]_
Thus the coefficient AP r+1, p—HCﬁ :i} " of h(p " in 90 PV has to be a multiple of

the coefficient cg_r—H T of pPD ¢ gl that is,

—r+1 k—1 p—r’
p—r+l,r _ p—r+1,r+1
Ap r+1, p+lcp r+1 _acp—r—i-l ’

where o € Z \ {0}. Hence we have

p —r+1,r+1
AT _ ac p—r+1
p—r+l,p+1 — p—r+1,r
p—r+1
It follows from (6) that A" D—r1, is an integer. O

The next lemma will be used in Theorem 4.4; it detects torsion in the spectral sequence.

LEMMA 4.3. Suppose that E)Zp+r Lt D) —(pbr—1) ¢ Zp 1 k—(p—1) Then
r—1
Zp 1,k—(p— 1)+azp+r 1,(k+1)—(p+r—1)
— Z[EUk(PJrl)J’ M(p),r—lO,k(P)J* N /J/(K),r—[)—1+Ko.k(/€),r*P*1+K]’
where
— (r+p)r=1,ptLr=1 rr—I ®),k—p—1 p+lik—p—1 \k—p—1y 7 p+lr
€=ged{n Coprl Bplirgpr o Corl pH1E }e Cp+1 o

K is the first column associated to a k-chain and k is the first column associated to a
(k + 1)-chain.

Proof. Since 0Z" ", we have that

p+r 1,(k+1)—(p+r— 1)¢—Zp Lk—(p—1)°

r—1
Zp Lk—(p—1) + 8Zp+r Lk+1)—(p+r—1)
is a submodule of
pkep = Z[M(P+1),r0k(17+l),r’ H(P),rflalgl’),r—l, L M(K),rfpf1+){O_k(l(),r—p—l+;(]

but is not a submodule of

r—1
21 k—(p—1)

_ (p).r—=1_(p),r—1
=Z[p" Oy

_ — —1),r—2 —p— —p—1
(p—1),r 201((17 ).r . k), r—p 1+K0_k(l<)sr p +K].

] W
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Then puP+1-" =1 and Z;__ll + 82;;1_1’(](“)_([7“_1) contains an integer multiple of
(p+1),r . r—1 r—1 .
o ,1.e. Zp_l +8Zp+r—l,(k+l)—(p+r—l) is equal to

Z[ZO']((,H_DJ, M(P)yrflo.k(l’)vr—l’ M(P*l),r72ak(ﬂ—1)vr—2’ L M(K),rfpf1+KO,k(K)J’—P—1+K]

for some integer £. We will now find the integer £. We have

-1 _ (p+r),r—1 _(p+r),r—1
zZ, y =2 T o

®),k—p—1_(K),k—p—1
=1, D)= (p4r—1 s 1 Oky1 ]

PRI

where 1 (P+7=8)7=1=¢ — () whenever the primary pivot of the (p 4+ r — &)th column is
below the (p + 1)st row. Hence

r—1
OZ 1))~ (ptr—1)
— Z[M(p—kr),r—lao,k(i‘lw);r—]’ M(p+r—1),r—2ao,]§i']‘r’—1),r—2, . M(?)I—p—laak(i){F—P—l]-
)
For £ =0,..., p+r —« with pPt =8 =1-8 — 1 e have A;;i:f_é =0 for all
i > p+ 1 and hence
(p+r—&),r—1-¢ _ ,r—1-¢ (p+1),r—1-¢ r—1-§& (k),r—1-&
90y 41 = Byt ptr—£%% ot A pr—s%k :

In fact, the boundaries Bo,ffjr_g)’r_l_s with A:;;”ig # 0 forsomei > p + 1 correspond

exactly to those columns which have the primary pivots below the (p + 1)st row, and
therefore p (P17 —8)-r—1-§ —

Hence, for £ =0, ..., p+r — &, when P+t =8.7=1=§ — | we have
—1 (p+r—§&),r—1-¢§
Z;—l + [907. 4 ]
_ or—1 r—1-§ (p+1),r—1-¢ r—1-§ (), r—1-&
B Z;*l + [APJr],PJrr*SO‘k +oot AK,p—&-r—&o'k I ®)
_ —E)r—1— _ _ .
On the other hand, Z;_ll + [aok(ﬁ’ =16y - Z;_ll + 82;+1r_1’(k+1)_(p+r_1) implies

that
-1 (p+r—§),r—1-¢§
Zy7 + oo ]

— [ZEGk(PH)v” M(p),rflok(P)Jfl, M(pfl),rﬂGk(P*l)J*Z, N (K),rfpfl+Kak(/<)»rfp71+lc]'

)

&)

The coefficient of h,(cp D on the set of generators of the Z-module in (8) is
A;:_ll,_j +r_§c§ﬂ’r_l_é. On the other hand, the coefficient of h,(f *D on the set of the

generators of the Z-module in (9) is £¢ 611::11 " Hence

ES _ Ar—l—S p+l,r717§/cp+1,r

p+1,p+r—§cp+1 p+1

Thus we have that
= ng{,u(pJ"r_S)’r_l_Sﬁg}
where £ =0, ..., p+r — K, that is,

— (r+p).r=1 p+Lr=1 ,r—1 (®),k—p—1 ptlk—p—1 k—p—1,, ptLr
t= ng{M Cerl Ap+1,r+p’ cee M Cp+1 Aerl,E }/Cp+l -
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THEOREM 4.4. The matrix A" obtained by applying the sweeping method to A
determines E;,.

Proof. We will prove that

.
P = quk—p
pk=p 7 r—1 r—1

2 k—p—1) T2y 1 )= (ptr—1)

is either zero or a finitely generated module whose generator corresponds to a k-chain
associated to the (p 4 1)st column of A”.

r

Note that Ap—r+1,p+l
determining £ ; k—p-

We now proceed to identify the effect that entries on the rth auxiliary diagonal of A"

have on determining the generators of the Z-modules E,.

is on the rth diagonal and plays a crucial role in

A non-zero entry on the rth auxiliary diagonal can be either a primary pivot, a change-
of-basis pivot or in a column above a primary pivot. A zero entry can be in a column above

a primary pivot, or all entries below it will also be zero.
r

(1) Suppose the entry A Dert 1, pt has been identified by the sweeping method as a
primary pivot. It follows from Proposition 3.1 that A{ 1= Oforalls > p —r+1.
Therefore, the chain associated to the (p + 1)st column in A” corresponds to a
generator of Z;,k_ - This chain is a linear combination over Q of the chains

associated to the /1y columns of A”~! on and to the left of the ( p + 1)st column such
that the coefficient of the (p + 1)st i column is a non-zero integer. By the sweeping
method, this chain is also a linear combination over Z of the hj columns of A to the

left of the (p + 1)st column. This chain is o,” """

(p+1),r
Ok

and, since the coefficient of the

(p + 1)st hy column is a non-zero integer,
of Z,7\ i (p1)

Claim. If A;—r+l,p+1
pivot, then 9Z) 1 1) _(pir—1) S Zp- k- (po1)-
The generators of Z;:Llr_l, (D)= (ptr—1) must correspond to (k + 1)-chains
associated to hg41 columns with the property that their boundaries are above the
(p + 1)st row; consequently, all entries below the (p + 1)st row are zero. Hence the
entries of these sy columns in the (p + 1)st row must, by the sweeping method,
be either a primary pivot or a zero entry. See Figure 17.

By Proposition 3.2, the (p + 1)st row cannot contain a primary pivot since we
have assumed that the (p + 1)st column has a primary pivot. Therefore, the

entries of these hx4 columns in the (p + 1)st row must be zeros. It follows that

is not contained in the generators

has been identified by the sweeping method as a primary

8Z;:_£_ 1+ D)= (pr—1) does not contain in its set of generators a multiple of the
generator ok(p D" The claim is thus verified.
By Proposition 4.1 we have that E/, | = Z[ak(pﬂ)’r].

(2) If the entry A;_r H1ptl is identified by the sweeping method as a change-of-basis
pivot, then the sweeping method guarantees that A::lr o+l = 0. Furthermore,

A" ot =0forall s > p — r + 1 by Proposition 3.1.

S,
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(p-r+1)r (p+Dr (prr-2r _(phr-1)r _(pir)r (phrdl)r
Tk—1 Tk Okt1 Tkt1 Tk+1 Tkt1

(p—r+1).r
k-1

0£f+1).r 0

(p+r—2),r

Tkt1
(p+r—1),r
k+1

(o)
Okt

”l(ci‘lr +1),r
FIGURE 17. BZp+

r—1
=10 —(ptr—1) S Zp—1k—(p—1)°

(p—r+1),r (p+1),r (prr—2)r _(ptr—1)r _(prr)r _(prl)r
Tk-1 Ok Tkt1 Ok+1 Tht1 ki1

(p—r+1),r AT :
Tk-1 By ripl

(p+1),m L
o) T

(p+r—2),r
o r—1

(p+r—1),r
Tkt1

(p+r),r
k41

(p4r+1),r
Okt1

FIGURE 18. 92170 ) any—pir—1) & 25 L o1y

Therefore, as in the previous case, the generator corresponding to the k-chain
associated to the (p + 1)st column (Tk(p D n AT s a generator of Z’

Thus we have to analyze the (p + l)st row. There are two p0551b111tles.

-r’

(a) 8Zp+r 1 D)= (ptr— 1)_Zp Lk—(p— 1),1e.alltheboundariesoftheelements
in ;jrlr_l (Ut 1)—(ptr—1) Ar€ above the pth row. In this case, as before,
. »= =Zc " by Proposition 4.1.
(b) 8Zp+r 1 (k1) — (ptr— 1)§§Zp Lk—(p—1)’ i.e. there exists an element in
r—1

pr—1 (k1) —(p+r—1) whose boundary has a non-zero entry in the (p + 1)st
row, which is then necessarily a primary pivot.



3)

“4)

(&)
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By Proposition 4.1 and Lemma 4.3,

Z
r _ (p+D).r
Ep,k—p_ﬁ[ak ]

If the entry A;_r 1 pt is non-zero but is not a primary pivot or a change-of-basis
pivot, then it must be an entry above a primary pivot. In other words, there exists
s> p—r+lsuchthat A} ., isaprimary pivot. It follows that ak(pH)’r is not in
r r—1 _ 7r r —
Zp’kfp. Thus, Zp_l’k_(p._l) = Zp’kfp and hence Ep,k—p = 0. -
If the entry A” | is a zero entry, we have the following possibilities.

p—r+1,p+
(a) There is a primary pivot below A;_H_l Pl i.e. there exists s > p —r + 1

such that A;y ot is a primary pivot. In this case, the generator corresponding

to the k-chain associated to the (p + 1)st column ok(p D7 s not a generator

-1
of Z;, and hence Z;—l,k—(p—l) = Z;’k_p. It follows that E;’k_p =0.

(b) AT 1l = 0 for all s > p — r + 1. In this case, the generator corresponding to

N
the k-chain associated to the (p + 1)st column crk(p D70 AT is a generator

of Z;’ k—p- Thus we must analyze the (p + 1)st row. We have the following
possibilities.

. r—1 r—1 : .
@) 8Zp+r—1,(k+l)—(p+r—1) - Zp_l’k_(p_l), i.e. all the boundaries of the

elements in Z;jrlr_l Ut D) (ptr—1) AT€ above the pth row. In this case, as
before, E; k—p = Z[ok(pH)’r] by Proposition 4.1.

.. r—1 r—1 . . .
() 0Z, 1 et )—(ptr—1) ¢ Z', "\ k—(p—1)» 1-¢- there exists an element in

Z;:rr—l,(k +1)—(p+r—1) Whose boundary has a non-zero entry in the
(p + 1)st row. By Proposition 4.1 and Lemma 4.3,

r —

Z (D),
I”k‘l’_e_z[akp ", tel.

The entry A;—r+l,p+l is not in AZ. This includes the case where p —r + 1 <0, i.e.
where A;—r+1,p+l is not in the matrix A”.

The analysis for E7, is very similar to that in the previous case, i.e. we have two
possibilities to consider.

(a) There is a primary pivot in the (p + 1)st column on an auxiliary diagonal

7 < r. In this case, the generator corresponding to the k-chain associated to

the (p + 1)st column ak(pH)’r is not a generator of Z7 ;. Hence
r—1 _ gr r _
Zp ik—p-1y = Zph—p and Ep,; ,=0.

(b) All entries of A" in the (p + 1)st column on auxiliary diagonals lower than r
are zero, i.e. the generator corresponding to the k-chain associated to the
(p + Dst column ak(pH)’r in A" is a generator of Z/, , . We then have to
analyze the (p + 1)st row.

. 1 ~1 ..
1 If aZ;JrFL(kH)f(pH?D C Z;—l,k—(p—l)’ then, by Proposition 4.1,

D),
E;,k—p — Z[O’k(p+ ) r].
.. —1 —1 ..
Gi) If 8Z;+r—1,(k+l)—(p+r—l) ¢ Z;—l,k—(p—l)’ then, by Proposition 4.1 and
Lemma 4.3,
L (p+D.r
E;’kipze—z[o'k ] O
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5. The differentials of the spectral sequence
In this section we will show how the sweeping method applied to A induces the
differentials d}, : E}, — E),_, in the spectral sequence. Whenever E), and E),_, are both
non-zero, the entry A;_r 1t in A" will be a primary pivot, a change-of-basis pivot or a
zero with a column of zero entries below it, and it induces d [’, We will denote by « the first
column of a connection matrix associated to a k-chain and by « the first column associated
toa (k + 1)-chain.

In §2 we defined O’k(p FDrH a5 a linear integer combination of hy’s, with cZI}’r being

the smallest leading coefficient. The next proposition shows that ak(p D741 i also a linear
combinationofa,fj)‘g e AS, with j=«,...,p+landé=r—p—14«,...,r such

that j — & = p — r + 1. In each case, the linear combination minimizes u.

PROPOSITION 5.1. Given a change-of-basis pivot A;—r+1 D there exist integers
bpt1, by, ..., b such that the boundary of

1 _ -1 o o
bp+10k(p+ ),r+bpu(l7),r 1Uk(p),r Foe g b 1+,<0k(/<),r p—14x

is above the (p — r)th row. Moreover, the smallest b, 11 which satisfies this is u.

Proof. Since A;_H_l bt is a change-of-basis pivot, Al 1= Oforalls > p —r + 1 and
A;ter’pH = 0. Hence 67T+ ¢ zi¥! ¢ Zt,. By Proposition 4.1,
Z; — Z[M(”“)*’gk(”“)”, M(p)’r_IO,fp)’r_l, L M(K)J‘—[’_1+Ko.k(’()’r—l7—1+’(]‘

In other words,

Uk(p+1),r+1 —b (p+1),rak(p+1),r _i_bpﬂ(p),r—lo_k(P)ar—l

p+1H
—P— Jr—p—1+
+ o+ bK/JL(K)’r p 1+Ko_k(/() r—p K

p+Lr+l1 _ p+L.r

where b1, ..., b, are integers. Since Cpi =ucp, ", we deduce that in this case
bp41 = u. It follows that the integers b1, bp, . . ., by exist and that u is a possible value
for bpy.

Finally, we will show that u is the smallest positive integer for which b, . . ., b, exist,

i.e. that the smallest b1 is u. Suppose that u < u is a positive integer such that there exist
bp, ..., b with

ak(”“)"“ — ﬁﬂ<p+1),r6k(p+1),r + Epu(p),rflo.k(p),r—l
4+ .. +EKM(K)”‘7P71+Ko'k(K)’r_p_l+K'
Then
ak(p+1),r+1 _ EM(p+]),rCZI},rh](CP+l) + (ﬁu(p+]),rcz+l,r _i_EpM(p),r,lcg,r—l)hl(cp)
4ot (ﬁu(p-l-l),rclz(i—i-l,r _i_EpM(p),r—ch;{z,r—l
4o EKM(K)’r_p_1+KC,'§’r_p_l+K)h,(€K),

which contradicts the minimality property of u as defined in (2). Therefore u is the smallest
positive integer such that b, . . . b, exist. O
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The next proposition establishes a formula for the u in Proposition 5.1 in the case where

the entry A;—r+l,p+1 is a change-of-basis pivot. In all other cases, u = 1.
PROPOSITION 5.2. Suppose that A;:—r+l Pt is a change-of-basis pivot and let u =

cpH’rH/cpH’r be the integer defined in (1). If

p+1 p+1
_ (p),r—1 p—r+lr—1 ,r—1
v _gcd{u, Cprtl Ap—r+l,p’ e,
(k),k—p4+r—1 _p—r+lk—p+r—1 ,k—p+r—1 p—r+l,r
M Cp—r—H Ap—r+1,lc }/ p—r+1
— r —
and ) = v/ng{Ap—r—‘rl,p-l—l’ v}, then u = A.

Proof. We know by Proposition 5.1 that u in (1) is the smallest positive integer such that
there exist integers by, . . ., b, with
Gk(p+l),r+l _ uu(p+l),ro.k(l7+1),r + bpM(p),r—lok(p),r—l

4+ ot bKM(K)»rfpflJrKGk(K),r—p—l-&-K‘

Since Arp—r-‘,—],p-‘,—l is a change-of-basis pivot, A§’p+1 =0forall s > p —r + 1 and hence
wPTDr = 1. Calculating the boundary of both sides of the equation gives

30k(p+1)’r+l _ uaa,pr)” + bpu(p),r—lao_k(p),r—l
b b TP TP (10)

r+1

. - . .
Since Ap—r—H pi1 182 change-of-basis pivot, Ap_r+1’p+

, 1 = 0. Hence the coefficient of
h](([i—lr-H) in aUk(p-i—l),r-ﬁ-l

is zero. Moreover,

(p+D,r _ A1 p—r+l.ry (p—r+1)

30y, =B 1 p 1 prt hiZy +o
(p).r—=1 _ Ar—1 p—r+1l,r—1, (p—r+1)

8(Tk - Ap—r+1,pcp—r+1 hk—l +-

(), r—p—l+x _ sr—p—l4+x p—r+l,r—p—Il+«; (p—r+1)
30y, - Ap,r+1’,( Cp—r+tl hkf] +o

Equating the coefficients of h](fi TH) on both sides of equation (10) yields

_ r p—r+1,r (p),r—1 Ar—1 p—r+1,r—1
0= uAp—r+1,p+le—r+1 + b,,/L Ap—r+l,pcp—r—&-1
o (), r—p—1l+x AT—p—l+k p—r+lr—p—Il+«
+ + b"“ Ap—r+1,l( Cp—r—H .

Thus,
p p—r+lLr _ (p),r—1 ar—1 p—r+l,r-1
UD 1 p+1Cprgl = [bpp“ A t1,pCp—rt T
(k),r—p—14x ar—p—l+K _p—r+lr—p—1+4«
+bK/’L ApfrJrl,lc Cp7r+l ]
r _ (p),r—1 pAr—1 p—r+lr=1
uAp—r+l,p+l - [bl’ll“ Ap—r+l,pcp—r—&-l +

(k),r—p—14x ar—p—l+K _p—r+l,r—p—I+x p—r+l,r
+b’<“ Ap—r+1,f< Cp—r+1 ]/Cp—r+1
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It follows from Proposition 5.1, which asserts the minimality property of u, that

r p—r+1l,r
MAp7r+1,p+lcp7r+l
— (p),r—1 Ar—1 p—r+lr—1 (k),r—p—14x ar—p—1l+K _p—r+lr—p—1+4«
_gcd{u AIFrJFMDC‘IFrJrl sy M Ap7r+1,/< Cpril },
that is,
r —
uAp—r—i—l,p—i—l =v.
Hence
r r r
lem{uAl, 1 i1 Ayt =lem{AT L v)
Equivalently,
r _ r
UN, it 1 = lcm{Ap_r_H’p_H, v}.
Upon dividing both sides of the equality by the product A;_r 1+l Vs the equation
becomes .
E _ 1CIn{ApfrJrl,;rH’ v}
= - ,
Ap—r+1,p+1 v
which is equivalent to
u 1
Z = . ,
v ng{Ap—r+],p+1’ v}
that is,
v
u= " =A. O
ng{Ap—r+l,p+l’ v}
LEMMA 5.3. Let E; = Zt[ok(pﬂ)‘r] where
(r+p),r—1,.p+Lr=1 ,r—1 ®),k—p—1,.p+lLk—p—1 \k—p—1
_ ged{u Cpr1’ Bpilrgp oo B Cpti Aptie )
- p+1r ’
Cp+1
and suppose that A;_r 1l is a change-of-basis pivot.
€Y IfA;H_1 A is a change-of-basis pivot, then
(p+1),r+1
o “Z[Ukp ]
pk—p = r (p+1),r+14"
ng{Ap+1,p+r+1’ I}Z[Uk ]
2) IfA;Jr1 Pt is a zero entry with a column of zeros below it, i.e. A, prl = 0 for
s> p+1, then

+1),r+1
1 uZlo"TT
Jk—p — ’
p.k—p tZ[Gk(p+1),r+1]

Similarly, if A;_r 41,p41 s azero entry with a column of zeros below it, then the formulas
above hold for u = 1.

Proof. Since A;_r Hlpl is a change-of-basis pivot or a zero entry with a column of
zeros below it, we have that A::lr +1.p41 = 0 and hence ok(p Dt o Z;H. Therefore,
by Lemma 4.3,

(p+1),r+1
re1_ Loy |
Jh—p ’
p.k—p SZ[ak(p-H),r+1]
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where
_ (p+r+1),r P+1 r (r+p),r—1 17+1 r—1 ,r—1
s = ged{u o1 Dt parsts B Cp1 Bpiirpp -
®),k—p—1 p+lxk—p—1 ,k—p—1 p+1,r+1
K Cp Ap-i—l,? } Cp+1
(p+r+1) r P+1 T AT
— ocd p p+1,p+r+l1
=8 p+1,r ’
Cp+l
(r4+p)r—1 pFLr=1 Ar—1 ®),k—p—1 .p+Lk—p—1  ic=p—I
ng{M p+1 Ap+1 r+p> 0 H Cp+1 Ap+1,? } }
p+Lr
Cp+1
p+1Lr p+1,r+1
X Cp+1 Cp+1
Since A" Dl ptrt is a change-of-basis pivot or a zero entry with a column of zeros below

it, we have that 1 (PT"TD-" = 1. Hence

p+1, rng{Ap+l p+r+1° 1)
p+l1 GPTLrH
p+1

§s=c

, . .
IfA D—rt1,pt1 18 change-of-basis pivot, then
p+Lr
e 1
p+1 r+1 u’
p+1

On the other hand, it is trivial to see that if A" | 1s a zero entry with a column of

p+Lr _ p+l r+1
p+1 p+1

p—r+1,p+
zeros below it, then there is no change of basis and hence ¢ e u=1.0
Remark 5.4. As a direct consequence of the proof of Lemma 5.3, we have that whenever

Ar it pt is a change-of-basis pivot, u < gcd{Ap+l Pl 1} <t.

LEMMA 5.5. Let E}, = Z[o, (P, "1 and suppose that A;7r+1 bt is a change-of-basis
pivot. Then the followmg hold.
(1) IfA;H’pHH is a primary pivot, then

(p+1),r+1
r+1  __ I/LZ[O’ ]
pk=p T
A,'H—l p+r+1

Z[ (p+1D), r+1]

2) IfA;Jrl Pt is a zero entry with a column of zeros below it, then
1 (p+1),r+1
;'5(_[, = uZ[Ukp ].
Similarly, if A;_r 1l is a zero entry with a column of zeros below it, then the formulas
above hold for u = 1.

Proof. Since A’ | is a change-of-basis pivot or a zero with a column of zero entries

p r+1,p+
(p+1),r+1 r+1 r
below it, Ap r+1 1= = 0 and thus o}, € Zp f—p- It follows that prlka(pfl) o
Z;J?(I - Moreover, E}, = Z[a, (PHEDT ] implies that
0Z) 1 et pr—1) € Zp Lk (o1
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(p+r).r (p+r+1).r
Okt1 Ok+1
(p+1),r r T "
O U 'A__p#rlA]Hrr‘ "'4p+1.p+7'+1

r—1

and 0Z"

. r
FIGURE 19. The difference between 9 Z P (kD) —(p4r)°

—1
pAr—1 k1) —(p+r—1)

ie. for all "k(flrr_g)'r_l_‘/é with £=0,..., p+r —Kk, either 3G£iTr_é)’r_l_é €
Z, k- (p-1y and hence A;:»ll,_[irrfé =0 or o771 has a primary pivot

below the (p+ 1)st row and hence u(P*7—87=1=§ —(. The difference between

r—1 . .
07 1 ket 1)—(pr—1y AN OZ 1y 4y IS that the latter includes the boundary of

the (p 4+ r 4+ 1)st column; see Figure 19. But the hypothesis is that the element in the
(p +r + )stcolumn and (p + 1)st row is A;+1,p+r+1' If A;JFLI)HH is a primary pivot,
then

(p+1),r+1
Ertl Zgy |
k—p — ’
pk—p SZ[Uk(p—i-l),r+l]

where
_ (p+r+1),r ptLr o r
§ = ng{M Cpt1 Pp+lptr+lr -

(p+r—&),r—1—-¢ ptlor—1-§ ,r—1-§

H Cpt1 Ap+1,p+r75’ B
(®),k—p—1 p+lik—p—1 ,k—p-1 p+1lr+l

H Cp+1 p+l,P} Cp+1

_ o (pr+l)r prLr oy ptlrtl
=K it Dpitpirir /ot

-
A.17-|-1,P-‘:-r-‘rl

u

r — r
If Ap+1,p+r+l_0’ then aZp+r,(k+1)_(l,+,)§

uZ[ok(pH)'r]. O

r r+1 _
Zp_l’k_(p_l) and, therefore, Ep =

We will use the following result, which follows from elementary algebra.

LEMMA 5.6. Suppose that m represents multiplication by a non-zero integer m, and let
A =v/gcd{m, v}.
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(p+r—1),r (p+1),r (p4r+1),r
Ok-1 Ok Ok+1
(p—r+1),r ar T !
Tk-1 Bty
(p+1)r r
O} Ap+1.p+r+1
(p+r+1).r r
Ok+1
1 3 r
FIGURE 20. Change-of-basis pivot AP—H-I,P-H #0.

(1) If z—"~17,, then

Z Z
Kerm=AZ and Imm=_— = M
M, vZ

2) If 7, LIS Zy andt > A, then

A7 Z ged{m, v}Z
Kerm=— and Imm=—="-—+——,
t7 V4 vZ

THEOREM 5.7. If E}, and E),_, are both non-zero, then the map d,: E},, — E},__ is
induced by 8", i.e. multiplication by the entry A;—r+1,p+1’ whenever this entry is either a

primary pivot, a change-of-basis pivot or a zero with a column of zero entries below it.

Proof. Suppose that E}, and E},_,. are both non-zero. By definition,

,
B Ker d), '
p Imdy,,,

We must show in each of the following cases that

Ker 8;

Imd),., .

_ pr+l
—Ep .

We need to analyze the cases where both E ; and E ;7, are non-zero, because otherwise d;
would be zero. By Theorem 4.4 this we will lead us to consider three main cases for the
entry A;_r 11 namely when it is a primary pivot, a change-of-basis pivot or a zero
with a column of zeros below it.

(1) A;_r H1pl is a primary pivot. In this case we know from Theorem 4.4 that

E;, :Z[ak(pﬂ)’r]. Moreover, E;_, :Z[ok(fiﬂ)’r]. In fact, E;_, cannot be

Zy [ok(f Ir“)’r], because this would imply the existence of a primary pivot in the
(p —r + 1)strow on a diagonal below the rth auxiliary diagonal.
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We have the sequence

r

8
. Z[(_)_k(plrJrl) r] 4 Z[()_I§[7+1),r]

r
6p+r

E,.. S 11)

(a) Suppose E}, . =0.
Since 8’ Z[a(p+1)’r] — Z|o (p_r+1)’r] is multiplication by A;—r+1,p+1 #0,
we have Ker 8}, = 0. Hence Ker &, /Im §}, . = 0.

(b)  Suppose Ep+r # 0. As in the previous case, 5? Z[ (p+D), = Z[ak(fIr—H),r]
is multiplication by A; 1 ptl # 0, hence Ker 8, =0.
Since EJ, . #0, let us consider the three p0551b111t1es for A%y ittt
either a primary pivot, a change-of-basis pivot or a zero entry with a column
of zero entries below it. However, since A;fr 1l is a primary pivot, by
Proposition 3.2 there can be no primary pivot in the (p + 1)st row. Hence
A; 41, ptrq1 CANNOL be a primary pivot or a change-of-basis pivot. Thus,
A1 pirt1 18 azero. It follows that Ker 6, /Im &), , . = 0.

On the other hand, for both of the above cases, because A" p—r 1, pt

pivot we have a,fpﬂ)’rﬂ = ok(pﬂ)’r. Note that its boundary in the (p — r + I)st

row is A;_r 1 pl # 0; hence it does not lie above the (p — r)th row. It follows that

(p+l)’r+] ¢ Z;H and thus Z;H =2 | and E;“ =0.
A; r1p+l is a change-of-basis pivot. See Figure 20. Then there exists a primary
pivot in the (p — r + 1)st row on a diagonal below the rth auxiliary diagonal. It

follows from Theorem 4.4 case (2)(b) that E ; = Zyloy, (p r+h. "1, where

it is

| is a primary

v = ged{u (p)r=1 g :ﬂ e ;__I,H’P, L plRe et
LA S Vi
Let
v
ng{Ap r+1,p+1° v}

By Proposition 5.2, we have A = u.

(a) If A; 1 et #0 is a primary pivot, it follows from Proposition 3.2 that
there is no primary pivot either in the (p + 1)st row and column or in the
(p + r + 1)strow and column on a diagonal below the rth auxiliary diagonal.
Hence, by Theorem 4.4 cases (2)(a) and (1), E), = Z[o;, PO and E7 =

p+r
Z[ok(_’:rr) "]. In this case, we have the sequence

r

s s
-~ Zv[Ulc(plr+1) "<~— Zloy P L Z[ak(-ﬁrr)’r] <~
(12)

Then

Imé), =A"

(p+1),r
Pt p+1, p+r+1Z[ ]

and, by Lemma 5.6,
Ker 8 = AZ[o "],
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Hence

Kerg;; )\’Z[O_(P"Fl)»r] MZ[O_(IH‘I)J']

Im & N (p+1).r r
prr ALy prrp1Zloy n At prrt

Z[ (p+1), r]

On the other hand, since A; IR is a primary pivot, it follows from

Lemma 5.5 that
MZ[O_(p+1),r+]]

Er+l —
p (p+1),r+1
A’1‘7+1 p+r+IZ[ ]
(b) If A; Hlpdr gl = = 0 with a column of zero entries below it, then Im §” = =0.
Hence

Ker 5’ Kers'
=Keré§’ .

Im 8;+r P

i E,= Z[ak(pH)’r]. In this case Lemma 5.6 gives
Ker 8, = 3Z[o """ = uZ[o"* D],

On the other hand, it follows from Lemma 5.5 that

E;‘H = uZ[U,ﬁPH)’rH].

(i)  Ej=2Zlo"""]. We have from Lemma 5.6 that

)\.Z[ (p+]),r] uZ[G,iP+1))r]
Ker &, = PtDory Doy
tZIe " 1 Zle T

On the other hand, it follows from Lemma 5.3 that

E = uZ,[o P,

(o) IfaA’” Dl ptrt # 0 is a change-of-basis pivot, then there exists a primary pivot
in the (p + 1)st row on a diagonal below the rth auxiliary diagonal. It follows

from Theorem 4.4 case (2)(b) that E” pk—p = =7y [akp (pF1). r] where

_ (r+p)r11’+1r1 r—1
t = ged{p Cor1 Aplirgp oo

®),k—p—1 _p+li—p—1 AP 1 p+1r
H Cp+1 p+1K }/ p+1

Let A =t/gcd{A” t}. We have the sequence

p+1,p+r+l1°

8 r
<7 [a,ﬁ"lr“) "<~—12, [0(p+1) " g Epir
(13)
Either E;_H =7 kp+r) "or E[H_r Z [ak(err)’r]. However, we know from

Remark 5.4 and Proposition 5.2 that

ptr ptr

A=u<t and A=Cpirri1] Cptrrtt

<w.
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It follows from Lemma 5.6 that

DY/ LR

r o —————————
KCI‘(S[) - lZ[O‘lip-H)’r]
and
D, (p+1),r
Ims" . — Z[Gk(l’+ )r] _ ng{Arp+1,p+r+1s 1}Z[o, 1
p+r XZ[O_ISP"FI)J] [Z[o‘]((p+l)’r]
Then
Ker 8; B AZ[O}(([J-H)J]
Im 8;7+r ng{A;+l,p+r+1’ t}Z[alng)’r]
On the other hand, since A; A1t is a change-of-basis pivot, by Lemma 5.3
we have that
e uZ[ak(P‘H),r+l]
P +1).r+17°
ng{A;+l,p+r+1’t}Z[U/§p AN

where u = A by Proposition 5.2.

It A; IR is an entry above a primary pivot, then there exists a primary
pivot in the (p + r + 1)st column below A", . . Hence pptr+r —q
aILd ak(flrrﬂ)’r ¢ Z,,,. It follows that E}, =0 and hence Im 4, =0.
Then
Ker &),
—— = Ker 8;.
Imé§), .,
i IE, = Z[ok(pﬂ)’r], we have the sequence
(p—r+1)ry 2 (p+1)r e
< LyloyZ, Tl =—Zlo" ] <=—0<~—"""
(14)
and, by Lemma 5.6,
Ker 8 = AZ[o" "1 = uZ[o "V,
() IE,, ,=Z [ak(pH)’r], we have the sequence
(p=r+ry 0 (1.0
'%Zv[ak,] ’]<7Z[[O‘kp <= 0=<—""
(15)

and, by Lemma 5.6,

MZo P

Kerd =k 1
1Zlo TV

+1),
» =uZ,[Gk(p )r].

On the other hand, we know from Lemma 4.3 that

(p+1),r+1
r+l Zloy ]

k=p = T D
p.k=p SZ[O’k(p+ ).r+ ]
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where
_ (p+r+1),r ptLr \r (r+p),r— 1p+1r L ar—1
s = gedfu Cprt Bpti, p+r+1’u“ o1 Bprlrip
(K)K p—1 P+1K p—1 p+1,r+1
p AP+1K }/ p+1
(p+r+1),r . P+1r r
— ocd K Ap+1 p+r+1
=8 p+1 r ’
Cptl
cd( (r4p)r—1,pTLr=1 \r—1 ®),c—p—1 p+1k p=1 p"— }
gedip pt1 ptlrp 0 B “pt 17
p+1r
[7+l

p+1 r/ p+1,r+1
p+1 p+1 :

Since uPT D" =0, we have s = /u. When El i, =Tiloy (P as in

(11)7
+1),r+1
ril MZ[O'(p )T ]
k— T oD o1
pk=p 120, (p+D), r+1]
When E) ;= Z[JIEPH)’V] as in (i), we take 7 = 0 and obtain
3) A;)—r—i-l,p-l-l =0 with a column of zeros below it. In this case, Ker 8;, = E;.
Moreover, o(p+1)’r = ok(er])’rH and hence u = 1.
(a) If A; 1 ptrtl is an entry above a primary pivot, then, as in (2)(d), we have
uPH D" =0 and EY,,, =0. Hence Im &/, = 0 and thus
Ker 8’
—_— = r.
Imé), ., P

On the other hand, since u P17 +D-" =0, we have Er+1 =BT,
(b) If dA’ 41, p+r41 = 0 with a column of zero entries below it, then Imé),,, =0
an

Ker 8’

Imé),,

— r
b
On the other hand, it follows from Lemmas 5.3 and 5.5 that E, rl = =E,. "
() If A Dl ptrt # 0 is a primary pivot, then there is neither a prlmary pivot
in the (p + 1)st row nor a primary pivot in the (p 4+ r + 1)st column on
a diagonal below the rth auxiliary diagonal. Hence El, = ZIo P and

EV., =Zlo; (PH+D-r1 We have

& 8r+r
E;—r r Z[ak(["i‘l)ﬁr] ! Z[ak(i'l"r"'l)vr] -~ (16)

and therefore
Ker 8; B Z[O,(["'rl)ar]

Z[ (p+1), r]

Imé, ., A’
Pt A prr
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On the other hand, since A; +1ptr is a primary pivot, Lemma 5.5 gives

Z[O_]((p+l),r+l]

r+1
pk=p T Dt
A1!7—&-1,,17+}'+1Z[Uk ]
(d If A; 1t is a change-of-basis pivot, then there is a primary pivot in

the (p + 1)st row on a diagonal below the rth auxiliary diagonal. Hence
El, =Z,[0"""""]. We have

8" BV
r P +1),ry P r
Epfr Zt[O'k(p ) r] Ep+r e (17)
and E7,,, can be either Z[ok(iTrH)’r] or Zy [ak(flrrH)’r]. Let
Cp—i—r—i—l,r
- ! ~ +r+1
A= and =" .
r +r+1,r+1
ged{A 1y prryrs 1) o
Since A; SR is a change-of-basis pivot, by Proposition 5.2 and

Remark 5.4 for (p + r) we have

-~ .
A=u=ged{A, | 1rq WS w.

By Lemma 5.6,
(p+D),r
Im s ged{AL L1 pyr1r 11210y ]
MOpyr = (P+D.r .
tZ]o, ]
Then
Kers, ZIa T
r - +1),rq"
M8, ged(A? |t HZo P
On the other hand, since A; et is a zero entry with only zero entries

below it, we have by Lemma 5.3 that

Z[ak(”“)”“]

r+1 _
pk—p ™ r (p+1).r+17"
ged{A 11 g1 1120y ]
Thus we have seen that, in all cases,
r r
Kerdp T Ker(Sp .
r - “pk—p — r .
Imdj,, Img),,,

6. Spectral sequence analysis for the existence of connecting orbits

In the next theorem, we analyze the non-zero differentials d” in a spectral sequence
associated to a Morse flow ¢. We show that, although we may not always have a connecting
orbit in the flow ¢ associated to d", there is always a path formed by connecting orbits of ¢
which is determined by d".
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THEOREM 6.1. Let (E", d") be a spectral sequence induced by a Morse Conley chain
complex (CA, A) of a flow ¢, where A is a connection matrix over Z. Given a non-

oy , . . . L

zero d" : E,,— Ep—r,q+r—l’ there exists a path of connecting orbits of ¢ joining the

singularity h,((p D yohich generates E Il,!q to the singularity h,g'i —1r+1) which generates
1

Ep—r,q+r—l‘

We adopt a loose definition of a path in a flow.

Definition 6.2. A path associated to d” is a juxtaposition of connecting orbits where the
&

orbits that are represented in the matrices by primary pivots or change-of-basis pivots A7 j

for £ < r may be considered as having reverse orientation.

More precisely, let y; ; be a path between the singularities h,((j ) and h/(fll. If v ;
corresponds to a connecting orbit in the flow, we will say that y; ; is an elementary path
and define the length of y; ; as £(y;,j) = (j — i). However, when y; ; does not correspond
to a connecting orbit in the flow, y; ; can be written as a sequence of elementary paths. The
construction of this sequence is done recursively by defining

Yij =i —vi7 vijl

where j < jandi > i, i.e. h,((j) is associated to a column of A to the left of h,((j) and h,(fll
is associated to a row of A below h](fl I

The negative sign indicates that Yi7 is considered with reverse orientation. If Yi7
is an elementary path, the corresponding connecting orbit is considered to be in reverse
orientation. If Yi7 does not correspond to a connecting orbit, then it is a path

vij=lri; —viz vl

where 7 < jand i> i, and we define
—vij=-"lri; iz vi5l=l-r5 ;5
The length of y; j = vi; —vij vi7l is defined as
i) =€(y; ;) +Eyi7) + L, 7).

In the next lemma we prove that certain columns need not be considered when changing
basis in the sweeping method.

LEMMA 6.3. Let A;_Hl ot be a change-of-basis pivot. In the sweeping method, the
choice of columns associated to Uk(p+1—§),r—§ that will zero out A;_Hl pi1 0 A" need
not take into consideration columns which have non-zero entries above the (p — r)th row.
Proof. We show that if there is a linear combination in the sweeping method that uses
columns with non-zero entries above the (p — r)th row, then there exists another linear
combination that does not use these columns.

We know that

Ei’+l _ Z;—j;(lip
pk=p— zr +09Z" ’

p—1Lk—(p—1) p+r,(k+1)—(p+r)
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where

’

Z;‘f}(l_p — Z[M(pﬂ)‘”]ak(pﬂ)’rﬂ, M(p),ro_k(P)J” . M(K),r7p+l(o_k(’<),r—13+’(]

, —1),r—1 —D,r—1 - r—p+
Z;fl,kprrl _ Z[M(p),er(P) T M(p )7 O_k(ﬂ ).r N M(K),r p+KaI§K) Pty
Moreover, from Proposition 5.1 we have that

O.k(P‘H)J'H — MM(p+l),ro_k(P+1)J + bpu(p),rflo,k(P)J—l

+ -+ bKM(K)J*pflﬂcO_k(K),r—p—l—i-K.

(p+1-8),r—§

Suppose that for some &€{l,2,...,p+1—«}, o is such that
80,5p+17$)’r75 is zero in the (p — r + 1)th row and p(Pt1=8)7=¢ = | that is,
A;_—Sr+1,p+l—$ =0 and A;,_ps-i-l—é' =0 foralls>p+r—1.
In this case, aak(pH_g)’r_s is above the (p — r)th row and hence

(p+1=8),r—=& _ _(p+1-§),r—E6+1
O =0y €Z, 1k—(p-1)

By the formula we have that

+1
E;,k—p
Z[M(p+1),r+10k(p+l),r+l’ o a}ip+17§),r+lff’ L M(K)’r7p+;(ak(l()yf*p+/<]
= ). (p+1—)r+1-¢ e ) —p—TFk
ZIpPro L oy sy O TPty 1+ 3Z;+r,(k+l)—(P+r)
Z[M(p+1),r+lalfp+l)-r+l _ Uk(p+lfé).,r+lféy . ak(pﬂfé),rﬂfév o M(K),r—17+xalik),rfp+l<]
- (p).r (p+1-§).r+1-¢ = p—lic 5 () r = p=1+x
ZipPr o o R 1402, ten-pin)
Z[M(p+1),r+lgk(17+1)~r+1 _ Uk(p+l—é),r—€ L M(x),r—p+xak(lc),r—p+f(]
= (P r—p—1 k), r—p—1+4« .
ZiwP 7o plO Iy 1402 4 erny=(pr)
. 1-8),r—£+1
The last equality above holds because the generator o (PHI=E) =5+ can be replaced b
q y g k p Yy

the generator o7 17575

Consequently, there is no loss of generality in choosing a change of basis that does not
sum the columns which have a zero entry in the (p — r 4 1)st row and zeros below it. O

Let A°=A. We have shown that the sweeping method produces a sequence of
matrices A’ in which the matrix A™t! is obtained from a change of basis of A”; in other
words, there exists a sequence of change-of-basis matrices Mo, . .., M, such that

AT = MIIA M =M M My AM - Mo M,

forr =0,...,m—1.
Foreachr € {0, ..., m — 1}, we define A’ to be the matrix AMy . . . M,_ M,. Hence,
if * is the first ;1 column and ¥ is the last 4;_; column, then we can write

) _ AL ) A (x*)
aU(]) "= Af,jhkfl +---+ AK*,jhkfl

Al

-
whereAsj cZfors=«*, ...,
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PROPOSITION 6.4. KZ] =0forall s > i if and only ing’j =0foralls >1i.

Proof. We know that

and
®),r (k*),r

BO'(j)’r = A%,jo'kfl +---+ AL*,jkal
Suppose that Z;,j =0 forall s > i, that is,
i)or AT () N (k™)
oD =N 4+ A R
Since the coefficient of h,(cszl is always non-zero in ak(i)ir, we have Ag i= O forall s > i,
that is,

(k™). r

9o U — A?,j%(?ir Lt A/:*,jakfl
The proof of the converse is completely analogous. a

r

As a direct consequence of Proposition 6.4, we have that A7,

e —F
ifA, . ,#0and Ay, = Ofor_arlls >p-—r.

It is clear that the square of A" is not necessarily equal to zero; however, it will be used
as an auxiliary matrix to prove the main result in §6.

The proof of Theorem 6.1 is a direct consequence of the following lemma.

is a pivot if and only

LEMMA 6.5. Let A be a connection matrix. Applying the sweeping method to A, let A"
r

be the matrix obtained after the rth diagonal has been swept. If A j—g,; # 0 for some §,
thenthereis apath yj ¢ j =yj-7 j, —Vj-7 j—¢» Vj—¢ j—c), for some ¥ and { less thanr,

in the flow ¢ formed by connecting orbits joining the singularity h,(Cj ) to the singularity
hl((j_IS)'

Proof. We will prove this result by induction on r and &.
(1) Consider the r =1 case. Since ok(j)’l =h,((/), we have Zsl,j = A, for s=

k* ..., K, where «* and ¥ are the first and last columns associated to a (k — 1)-

. .=l . .
chain. Hence non-zero entries A;_; ; for all § represent the existence of connecting

h,(cﬂ —15). For each &, we have a path in the flow ¢ which is a

orbits between h\’ and
connecting orbit.

(2) Let & be the first auxiliary diagonal which intersects A such that A

"¢ #0. Then,

for all r, Ay ;=0 forall s < j —& and A’} , ,=0 for £ < j. Since K::r” =0

for all £ < j, the jth column has not altered via a change of basis, hence A;_ ; =

K}_g,,’- Since ZZ’J- =0 for all s < j — &, we have K;‘—S,j = cj.':?rA;.fs’j for r.
Therefore Aj_¢ ; # 0 and hence there is a connecting orbit in the flow ¢.

(3)  Suppose that the lemma holds for all ' < r and &’ < &, and let K;_gy j # 0. If there

is a connecting orbit between h,(cj ) and h]((]_ 715), then nothing needs to be shown. In

particular, this would be the case when Z}_g’ j # 0, since K}_g’ j

this situation there is a connecting orbit between h,(cj ) and h,({]_ _15). Therefore, let us

=Aj_g,j and in
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suppose that Al =0 and that there are no connecting orbits between h,((J ) and

J=§.J
h(J S) . We will show that if A,

thatjoms h,((]) and h,({J lg).
Since A/ _¢,j #0and A _¢,j =0, there exists an 7 with 7 <r and 7 < § such that
3

Zj—;:,, =0 and A/ —¢j#0,1e.0 k(]) i k(]) ans

The sweeping method asserts that a change of basis will only be prompted in the jth
column of a matrix when a change-of-basis pivot is present in that column, which in
this case will happen precisely when the sweeping method is going through the 7th
auxiliary diagonal of A”.

Hence there exists a change-of-basis pivot in the jth column on the rth auxiliary
diagonal of A”. This change-of-basis pivot is A", and it is on the (j — 7)th row

j—g,; # 0, then there is a “path’ of connecting orbits

J=T.J’
of A”. By Proposition 6.4, AJ —7j#0and Ar has a column of zeros below it,
that is, B o

A __ = rr 2
Bjrj =Cjr Bjrj 70

By Proposition 5.1,
aa,f”f“ — MM(j),FaUk(j)f+bj_lu(j—l)f—laok(j—l),?—l
+ o+ bxli('()’ﬁj”aak('()’?_”", (18)

Upon equating the coefficients of h](cj_ _1?) on both sides of equation (18) (i.e.
restricting to the (j — 7)th row of A), we obtain

K7+ - i—1),F—177—1
0="7"" .:u,u(J)’rAj,ﬁj-i-bjflM(/ »r A7

r.J
+ ..._i_M(j*l)f*{b —{AJ r] ;
+ o+ by M(K)r j-‘rKA; {At/c

We know that if the primary pivot of a ¢/ =¢)"=¢ is below the (j — 7)th row, then
w97 =¢ =0, Hence, u=%)"=¢ =1 only when there is either a primary pivot, a
change-of-basis pivot or a zero entry on the (j — 7)th row of A”~¢ with a column
of zeros below it. However, Lemma 6.3 says that we can assume without loss of
generality that in a change of basis, columns having a zero entry in the (j — 7)th row
and zeros below it need not be considered. Hence n/=)"=¢ = and b;_; # 0 only
when AF.:? . is a change-of-basis pivot or a primary pivot. By Proposition 6.4,
A i—F -t # 0 and it has a column of zeros below it, that is,

—T—¢ _ J-rTr=C \T—¢
Ajrj—c =C7  Bjrjc 70

Upon equating the coefficients of h(] S) on both sides of equation (18) (i.e.
restricting the equation to the (j — & )th row of A), we obtain

——+1 1 1=7—1
N Y YRS

- T—j+K
+M(] ¢).r— Cbl ZAJ —j— ;_+ +bKM(K)r J+KA “tx -
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,;AO and AJ £ =
=1,b;- ¢ #0and A ¢ #0.

° Since Aj—é,j—{ #0issuchthaté — ¢ <& and7 — ¢ < r, it follows from the

induction hypothesis that there is a path y;_¢ ;, of connecting orbits joining
B8 o pU—H)
k k=1

=0, there exists ¢ €{l, j—«} such that

\f‘rY'—‘

. 7
Since /
M(’ 0.or=¢ _

° Since Z;:%j—z #0issuchthat7y — ¢ <& and 7 — ¢ < r, it follows from the
induction hypothesis that there is a path y;_7 ;_, of connecting orbits joining
h —(j—¢ ) oh (/_ —lf ) )

° Since A", j—7j 7 01s such that ¥ < § and 7 < r, it follows from the induction
hypothesis that there is a path y; 7, ; of connecting orbits joining h,((j ) to h,(cj_ _17).

Hence

Vi-t.j = Vj-7js =Vj-Fj-¢s Vi-t.j-t]
is a path joining h\"’ to Y é).

Thus we have shown that A’ # 0 corresponds to a path in the flow ¢. O

J=€.J

Proof of Theorem 6.1. Let d}, # 0. It follows from Theorem 5.7 that every d" #0 is
induced by multiplication by a A por+lptl which is either a primary pivot or a change-of-
basis pivot. By Proposition 6.4, Ap_,+l’p+1 # 0 and all entries in the (p + 1)st column
below the (p — r + 1)st row are zero, that is,

4 p7r+] r

ApfrJrl,pH Cp—r+1 Aﬁa—r-~—l,/7+l #0.
By Lemma 6.5, there is a path in the flow formed by connecting orbits joining the
singularity 4\”*" to the singularity h,(fi R |

Example 6.6. Consider Example 2.1. Note that the entry A§,13 =3 is a primary pivot
in A% whose corresponding original entry in A was equal to zero, i.e. As 13 =0. Hence
there does not necessarily exist a connecting orbit between }1(13l and h,(cs). However, we
will now determine a path of connecting orbits between these two singularities.

Note that

(1314 _ _pO) 4 1 ® 4 40D _ 3,6 )
do ) = —h + Y +an — 30O + hf

(13),5 _ (7) (6) &) “

Ao —h, 4+ h" +h —2h 7,
—4 -5 T

and hence As 3 =0 and A5 3 =170. Thus, consider ¥ =4. We represent the path

schematically by using the matrix-type representation in Figure 21. Computing the entries

within the proof of Lemma 6 5, we get:
—r

e A 71—A13 413—A9137é0
—r—¢
o A 7,;—A13 4,13— 3—A910#0
—F—¢ —4-3
o A i =Ap g3 3—A510750
Hence, by Lemma 6.5, a path between hm1 and h,(j) is ¥5.13 = [19.13, —9.10, ¥5.10]- See

Figure 22.
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(10).1 13)4, (13),5
Okt1 ‘71<s+1 /gl(c+1
4
As 13
A2y
nH -:*._.75,10 0 /-2
Q) e D /14
h(® -:.>_.3 M"-_?’/l
hy 3 1 -1}
B N 1/0
30 o | ¢=8
k Ag 10 @ B 0 AR
Ag 13 g1z
T4
F-C=1

FIGURE 21. Schematic representation of the path ys 3.

The length of ys5 13 is
L(ys,13) = €(y9,13) + €(¥9,10) + £(¥5,10) =4+ 1+ 5=10.

Note that we could choose the path to be composed of connections which correspond
to the entries Z?B #0, K‘;,n #0 and K;H #0, i v 3=y 13 =V Vi b see
Figure 23.

The entries Zg’ 13 and Z;"“ correspond to connecting orbits in ¢, since K;, 13 # 0 and
K;,“ # 0. On the other hand, K;“ =0, i.e. there is not necessarily a connecting orbit

between h,(clg and h/(<5)- However, there is a path y{ |, between h](clJrli and h,(cs) made up of

. . . . =2 -1 —1 .
connecting orbits corresponding to the entries Ag ; # 0, Ag ;o 7# 0 and A5 15 # 0, that is,
/ / / / / /
V513 = 213 =211 9,11, =¥o,10: 51011

See Figure 24.
The length of 5 |5 is

E(Vs/,l_?,) = E(V7/,13) + E(V7/,11) + E(Vg/,u) + E(Vg/,lo) + E(Vs/,l())
=6+4+2+14+5=18.

This shows that the path between two singularities is often not unique. Even for a fixed
length, the path need not be unique.
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9 pit

o

12
9 Iy,

ity

P M5y

L o h

— 8
o 8

Q n7

O Y -3

D hy

I [0} ]’11

FIGURE 22. The path y5 13.

7. Conclusion

This work marks the beginning of a systematic study of the dynamical implications
associated with the algebraic behavior of a spectral sequence. We have shown that as r
increases, the Z-modules E’, undergo a change of generators. In Theorems 4.4 and 5.7,
the sweeping method relates this change in generators of EJ, to a change of basis over Q
of the connection matrix A. As we apply the sweeping method, important entries on
the rth auxiliary diagonal of A’ are singled out in order to determine A"*!. These
entries are the primary and change-of-basis pivots, and it is worth noting that they remain
integers throughout the sweeping process, as shown in Proposition 4.2. The dynamical
interpretation of the intermediate matrices in this process is, as yet, not well understood
since many of the entries are non-integers.

A question that remains unanswered is what the relationship is between the initial
flow associated with A and the flow corresponding to the final matrix obtained from the
sweeping method. Several examples suggest that we may have a continuation.

Another open question is how to interpret the appearance of torsion in the spectral
sequence which may cancel algebraically before stabilization.
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(10),1_(11),2, (11),4 (13),6

Ok+1 k41 /Oky1 k41
4
As 1
6
Ny . Ag s
(4) e . :
h{ - 0 1o 0
5 5,10 .
h;cd) ’ - 0/@ la
¥ -3 —3/s 0
Q) : .
hy, 1 3 z@ -
Ag 10 ‘ Kgu
A® -1 1/0 U
h? @ Lk oo ey
—
_o Az
Ag 1y

FIGURE 23. Schematic representation of the path yS’ 13

In proving the zig-zag theorem, we drew a parallel between ‘long flow lines’ which
connect consecutive singularities Ay € F), and hy | € Fj_, that are far apart and higher-
order non-zero differentials d” in the spectral sequence. These long flow lines are paths
made up of connecting orbits, with some orbits being considered in the time-reversed flow.

In Theorem 6.1 we proved the existence of long flow lines ¢. Some open problems that
remain are to minimize the time spent in the reverse flow and to characterize the connecting
orbits in which time-reversal is allowed.

The difficulty in determining minimal paths lies in the fact that zero entries A; ; may
have connecting orbits joining h,((j ) and h,({ill; this is because each entry is an intersection
number (of attaching and belt spheres). Our interest is to determine, in this context,
minimal paths in the absence of connecting orbits for zero entries.

Let F(y;,;) and R(y;,;) be the sets of all elementary paths which correspond to a flow
line of ¢; and —¢;,, respectively, and which make up y;, ;. Define

= Y, Ly and = Y L)
yEF Wi, j) YER(Yi,j)
Itis clear that £(yi,j) = €7 (vi,j) + £~ (vi.j) and €5 (v j) — € (vij) = j —i.
In the presence of several paths between h,((] ) and h,(fll, we choose one whose £ (y;, ;)

is minimal. We define £;; as the set of all paths between h,((j ) and h,(cil |- Note that a path
¥i,j € L£i;j has minimum length if and only if £™ (y;, ;) is minimal. In fact, y; ; has minimum
lengthin £;;, i.e. £(y;,j) < £(6;;) for all §;; € L;;, if and only if

i)+ () < €7 6;) + €7 (0;) forall§;; € L;. (19)
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14
B

13
Iy

12
i

11
P

10
it

9
hy,

8
hy

hj,

-3 -2 1 -3

FIGURE 24. The path y{ |5.

Upon substituting £ (y; j) =€~ (y;,j) + j — i and £7(6;;) =€~ (6;;) + j — i in (19), we
obtain £7 (y; ;) < £~ (;;) for all 6;; € L;;.

A natural extension of this work is to generalize the sweeping method in Theorems 4.4
and 5.7 to connection matrices associated with more general Morse decompositions.
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