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Abstract

Let f be a primitive positive integral binary quadratic form of discriminant — D, and
let r ;(n) be the number of representations of n by f up to automorphisms of f. In this
rf(n)ﬂ forall B >0
and uniformly in D = o(x). As a consequence, we get more-precise estimates for the

article, we give estimates and asymptotics for the quantity

n<x

number of integers which can be written as the sum of two powerful numbers.
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1. Introduction and statement of results

1.1. Overview of the main questions and results

Let —D < 0 be a fundamental discriminant. Bernays [2, pages 91 —92], generalizing
Landau’s famous result for —D = —4, showed that there are ~ kpx/+/log x distinct
integers < x which are represented by any given binary quadratic form f(y, z) :=
ay® + byz + cz* of discriminant — D, as x — 00; here k, depends only on D and not
on f and is neither very big nor very small. (In fact, kxp = D°D.)

On the other hand, it is easy to show that there are < x/+/D pairs of integers
m, n for which | f(m,n)| < x; and since x/+/D = o(D°Vx/,/logx) whenever
D > (logx)'*¢, we see that Bernays’s asymptotic cannot hold until x is surprisingly
large; that is, x > exp(D'~€). This is quite different from linear forms, in which case
the formula #{n : 0 <a+nD < x} ~ x/D holds once x/D — oo. It is also quite
different from the number of primes represented by f; this count should settle down
to its asymptotic formula once x is larger than some fixed power of D (assuming a
suitable Riemann hypothesis).

Our main concern is to give good estimates for the number of distinct integers at
most x which are represented by f in all ranges of x with a particular focus on the
transitional ranges, where x goes from exp(D¢) to exp(D"), where € > 0 is small and
N is large, determining how this count changes behaviour. Let £ be the class number of
Q(+/—D), and let g be the number of genera. Welet € = ¢_p := L(1, x_p)(¢(D)/D),
and we create a parameter

o log(h/g)
" (log2)(log(£_p log x))

which is suitable for measuring this transition since 1/g = D'/>7°()_ We believe that
estimates for

Ny(x) = #{n <x:n = f(my, my) for some integers m, mz}

should be split into three ranges:

L(1, xp) x

(D) J/l_plogx

an extension of the range of Bernays’s result;

Ny(x) = for0 <« < 1/2, (1.1)

L(1, x_p)  (£_plogx)~'+x(-log2e)

Ny(x) < (D) (1 + (k — 1/2)(1 — k)/Toglog x)

x forl/2 <k <1, (1.2)
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the difficult intermediate range; and

_ X log D
Nf(x)/\\/—ﬁ f0r1§/<<< m,
where estimates can be obtained by elementary counting arguments. We prove these
estimates (in Theorem 6), except when x € [1/2 — ¢, 1/(log?2) + €], and then it is
only the lower bound that yet needs to be established.
The first author studied these questions in [3] in order to deduce that there are

(1.3)

=x/(log x)1=2"")+o() integers at most x which can be written as the sum of two
powerful numbers (n is a powerful number if p? | n whenever a prime p | ). We now
can conjecture that there are

_ x(loglog x)2 -1

such integers and prove the upper bound in this article, failing to obtain the lower
conjectured bound by a power of log log x.

As can be seen from (1.1)—(1.3), we have been able to count accurately the
number of distinct integers represented by f except in the difficult intermediate range.
It is also of interest to understand how many times each of the distinct integers are
actually represented by f. Thus we also focus on establishing sharp bounds and
asymptotics for the quantity

> rpm)? for fixed B > 0,

n<x

where r r(n) is the number of inequivalent representations of integer n by f, uniformly
in D = o(x).* To our surprise, we have been able to obtain precise results in all
interesting ranges when f is a positive integer.

COROLLARY 1
Let B > 1 be an integer, and set K = 2P~ For a given binary quadratic form f, let
u be the smallest positive integer that can be represented by some form in the coset
f&. We have

261 _ 1
—))x (14 0p.,((logx) ™)) (1.4)

u

> ) = (aK(logx)K—‘ +%(1 +

n<x

*The proof of Lemma 3.1 shows that there is no smooth estimate for the above quantity if x < ¢; since the
coefficient ¢ of f can be < D but no larger, the range D = o(x) is the natural one.



XXX

B

dmj5134

June 27, 2006 18:0

4 BLOMER and GRANVILLE

uniformly in x > D(log D)** Ja for any 0 < p < 1/3if B =2,for0 < p < 1/2 if
B =3, and for 0 < p < 1 for all other B, where ax = 0 if B = 1, and otherwise,

Cpp g’ 26-1 1\27'=1
= = L(1, x_ 1—— 1.5
ax = 10 L0 X0 g( p) (1.5)

with

Coy = 1—[ (i (k —;kl)ﬁ><1 ~ l>2ﬁ 1_[ (1 - %)25_]_1. 06

x-p(p)=1 k=0 x-p(p)=—1

The range here is easily extended to x/D — oo at the cost of a weaker error term
(see Theorem 2). Note that Cp g =<y 1. The second main term on the right-hand side
of (1.4) dominates when

(logx)(Qﬁ—Z)/(ﬂ—lHO(l) <D =o(x)

and the first main term dominates in the complementary range. Below we give better
estimates in all ranges (Theorems 1 and 2), and we prove slightly weaker estimates for
arbitrary real 8 > 0 (Theorems 3, 4, and 5). Here we define r f(n)0 =0ifry(n) =0
and r f(n)o = 1 otherwise; that is, the case where 8 = 0 corresponds to estimating
N f (x )

1.2. Statement of the main theorems

It is well known (see, e.g., [6]) that there is a one-to-one correspondence between the
equivalence classes of integral ideals in Q(+/— D) and (proper) equivalence classes of
primitive positive binary quadratic forms of discriminant —D. We denote either set
by &, let i := # & be the class number, and let € be the set of class group characters
x : € = C*. Let & be the subgroup of ambiguous classes of forms (i.e., having order
at most 2) so that & = ¢/ ¢?; that is, & is isomorphic to the group of genera. It is
well known that

Dl/zfg < h <« Dl/ZlogD and g :zw(D)*l < Df. (1.7)

Two representations X, X; are equivalent if Xx; = Ax; for an automorphism A €
SL,(Z) of f; and the number of automorphisms of f equals the number w € {2, 4, 6}
of units in the ring of integers o of Q(+/ — D). Therefore we define r y(n) = #{x € 7% |

f&x) =n}/w.
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THEOREM 1
Let B > 1 be an integer, and let K = 2P~ There exist constants a; depending on f

and f such that

K
X 302 e
S rrnf = 3 allogx)t + 0p (DY RISV (1)
ogx =1

n=<x

uniformly in D < x1/27e for any ¢ > 0. Precisely, ag is given by (1.5) and (1.6),
and

-1 _
a) = —(1 + Zu—l)(l + 0y (D7114EY) (1.9)

for B > 1 and any ¢ > 0, where u is the smallest positive integer that can be
represented by some form in the coset f®&; and if 2/~ < k <2/, then

ap K, DTUTD/EE (1.10)

The Dirichlet series rf(n)ﬂn" can be analytically continued to the region {s €
C\ {1} | Res > 1/2} and has a pole of order K ats = 1.

We also have more-precise estimates for small x, proved via elementary methods,
which work for all 8 > 0.

THEOREM 2

For a given binary quadratic form f, let a be the smallest positive integer that is
represented by f, and let u be the smallest positive integer that can be represented by
some form in the coset f®. For any B > 0, we have

26-1 1\ x
S orpf =m (14 =—"—) == + Es(x, D), (1.11)
n<x u @
where
Vi T (ZFE + 5 0<p=2
Eg(x, D) K€ _ x(log x)@/aCH-DIF 1
\/E‘f‘ (D) DOAI=170) . B>12,

for any real q > 1, where (D) denotes the number of divisors of D. The implied
constants depend at most on B and q.

The proof yields that 7 s(n) = 1 for 7 (1 — 1/u)x/~/D + O(Ex(x, D)) integers n < x;
that r;(n) = 2 for mx/(Q2u+/D) + O(Ex(x, D)) integers, n < x; and that r(n) > 3
for O(E»(x, D)) integers, n < x.
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If f is in an ambiguous class G € &, then u = 1. Thus the constant in front of
the main term of (1.11) shows that ambiguous forms represent fewer small integers
(and with higher multiplicity) than nonambiguous forms.

By (1.7) and the fact that any integer  is represented by no more than t(n) distinct
quadratic forms of discriminant — D, we deduce that for most f, the value of u here
is > D'/>7¢ (and must be <« D'/?).

The bounds on Eg(x, D) when 8 > 2 can be improved with more effort. Our
result yields an asymptotic for

(logx)¥ < D = o(x) (1.12)

with N =24¢if B <2;and N =4 +2(8 —2)2 + 8% le)log2 +eif B > 2
(by taking, e.g., g = 3 + 1/((B — 2)log?2)). Since anx rf(n)ﬂ is increasing in g,
we obtain

D’ = % (log )@ /=0 < D= o) (113)

n<x

from Corollary 1 for any real g > 1.
For arbitrary § > 0, we obtain less-precise results than Theorem 1 in the
following.

THEOREM 3
Fix D. For all real § > 0, we have

S = x(logx)? ',

the implied constants being dependent on B and D.

This result only works as x — co. However, we can show that different forms of the
same discriminant behave similarly for arbitrary x with D = o(x).

THEOREM 4
For any primitive binary quadratic forms f and g of discriminant —D and for any
real constant B > 0, we have

Z rf(n)ﬁ =g Z rg(n)’3

n<x n<x

whenever D = o(x). In fact, the ratio of the two sides of this equation is between
2711=Bl+o() gpg 2N=FBl+o) \where the o(1) term approaches 0 as x /D — oo.
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The constant term 1 + (28! — 1)/u in Theorem 2 ranges between 1 and 2#~!. In this
sense, Theorem 4 cannot be improved, though in view of Theorem 1, we see that the
ratio tends to 1 for all choices of f and g as x gets sufficiently large.

We can obtain the correct order of magnitude in all ranges for all 8 > 0; the
following theorem gives for fixed L > 0 a uniform result in the range D < (log x).
(And Theorem 2 covers the range D > (log x)’.) Define the numbers x| = () and

K2 = k2(B) by
28-1 _

G-z "PE!

K1 =K

and
Ky =281, k=1 ifo<p<l.
Forx, B > 0, let

—1 42871 —Brlog2, 0<k <k,
E(k, B):=1{ —1+«(l —log(2v)), & <k <ka,
—k log?2, K > K.

THEOREM 5

Fix L > 0. If x is chosen so large that when we define k by h/g = (log x)<1°22 we
have k < L (and E(k, B) > —1 — Llog?2), then

X:rf(n)’S = x(log x)E®AFo) (1.14)
n=<x

If we assume that there are no Siegel zeros, that is, that

€o
log D

L(o, xs5) # 0, andforallo > 1 — (1.15)

for all fundamental discriminants § | D, and for a certain constant ¢y > 0, then

1 E(x,B)
3 rmf = %(log log x)O®) (1.16)

n<x

in the same range. Here all implicit and explicit constants depend only on L and .

We failed to obtain an asymptotic in Theorem 5, but we did obtain an estimate that
gives the correct value up to a little noise, (logx)°". In the case where 8 = 0,
which is not covered by Theorem 1, we can do a little better than (1.14), as see in
Theorem 6.
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Bernays’s result (see [2]) can be given more precisely as

X X
Nr(e) = ko J/log x + 0D<(10gx)1/2+5)

for any 8§ < min(1/h, 1/4), where kp = ay,, in (1.5). Thus all but a vanishingly small

proportion of integers which can be represented by some form in a given genus can be

represented by all forms in the genus.* Bernays’s proof only gives a nontrivial estimate

once D « (loglogx)'/>=¢. Here we extend the range in which we have nontrivial

estimates.

THEOREM 6

Keep the notation and assumptions of Theorem 5 but with k now defined by h/g =
(0_plogx)<'°e2 where £_p = L(1, x_p)(¢(D)/ D). Then we obtain the upper bounds
in (1.1)—(1.3) in the ranges stated there. We also get the lower bound in (1.1) for
0 <k <1/2 — ¢, if D is sufficiently large in terms of €.

Note that by Theorem 2, the lower bound in (1.3) holds for « > (1/(log?2)) + e.

Let V(x) be the number of integers at most x which are the sum of two powerful
numbers. We deduce the following.

COROLLARY 2
We have

x(loglog x)* x(loglog x)?" !
— KV L ————
(log x)!1=27"7 x) (log x)!1=27"7

for some A € R.
)~1+2 (log log x)2'~!. At any rate, it is interest-
ing to have a natural example of a sequence which has considerably different additive

behaviour as the squares but does not behave like a typical pseudosquare sequence.
With some extra work, Theorems 1—6 can be extended to nonfundamental dis-

We conjecture that V(x) < x(logx

criminants. Some of our results also hold for real quadratic fields: Theorem 1 with-
out (1.9) and with D replaced by h? in (1.10); Theorem 3; Theorems 4 and 5 if
D = (log x)°W.

To our knowledge, the only (nontrivial) results on estimates/asymptotics of
>~ r7(n)? for generic discriminants D (in particular, with more than one form
per :genus) known so far are Bernays’s result (see [2]), (1.14) for 8 = 0 in [3], and
parts of (1.5) for fixed discriminant and 8 = 2 in [11]. We have seen that the question of

*Bernays proved this for arbitrary discriminants D; for nonfundamental discriminants D, the constant «, is more
complicated.
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obtaining asymptotics for Ny(x) remains open in the intermediate range (see (1.2)),
whereas we have now obtained asymptotics for positive integer moments of 7 ¢(n) in
all ranges (see Corollary 1). Although these results are new, the methods are well
known in principle; the novelty here is that we have succeeded in implementing
these in sufficiently sharp form to obtain asymptotics. More specifically, the proofs of
Theorems 1—4 are elementary and do not use any particularly new ideas, though
we have not seen anything like Theorem 4 elsewhere, and it seems that no one has
previously observed the straightforward Theorem 2. Theorems 5 and 6 are refinements
of [3, Corollaries 1, 1.1] using a somewhat different analysis and the more refined
combinatorics of Lemmata 3.2 and 3.3, which allow us, in the most troublesome
ranges, to avoid certain difficult technicalities.

In many of the classical problems of analytic number theory (e.g., counting
primes) the difficult range is typically when x is close to a certain power of D.
Perhaps so little has been done on this very natural question because the difficult
range occurs here when x is between exp(D'/27°(D) and exp(D'/ 1022+ that is, in
a range that is exponential in certain powers of D. This difference, and the fact that
there are links to questions about the existence of Siegel zeros (see, e.g., [1]), perhaps
deterred previous researchers.

One expects that applications of these results may be found by researchers in-
volved in counting questions to do with binary quadratic forms, which of course appear
in many ways in number theory.

Notation. All implicit and explicit constants depend at most on ¢ and 8, on D in the
proof of Theorem 3, on L in the proofs of Theorems 5 and 6, and on ¢ in the proof
of Theorem 2. The dependence on ¢ in (1.9), (1.10), and the lower bound in (1.1) as
proved in Theorem 6, on p in (1.4), and the constants implied in the o(1)-symbol in
Theorems 4 and 5 are not effective, as they depend on Siegel’s theorem. All other
implicit and explicit constants can in principle be made effective. The letter & denotes
an arbitrarily small real number whose value may change during a calculation. As
usual, let x_p = (—D/.) be the Jacobi-Kronecker symbol.

1.3. A heuristic explanation of the transition

Let r(n) be the total number of representations of an integer n by forms of discriminant
—D. We base our heuristic on a study of integers n which are squarefree and all of
whose prime factors p satisfy (—D/p) = 1. A more accurate analysis would consider
integers n which are allowed a small square factor (for which similar remarks would
apply). If 7(n) # 0 with n squarefree, then (—D/p) = 0 or 1 for every prime p|n, and
so a more accurate analysis would consider n divisible by prime factors of D. (And,
again, similar remarks would apply.)
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Now almost all integers n < x which are squarefree and all of whose prime
factors p satisfy (—D/p) = 1 have ~ (1/2)loglog x prime factors, and usually, those
prime factors come from a wide variety of classes of the class group.

Thus we assume that n = p;p,--- px with p; < p, < --- < p; and each
(—=D/pi) = 1, where k ~ (1/2)loglog x. In this case r(n) = 2¥, and n can only be
represented by those forms in a particular genus (which contains //g forms).

When 2% is significantly smaller than /2 /g, we might expect the 2* representations
to be mostly by distinct forms and that n is represented twice by very few forms.
Thus we might expect N (x) to be more or less the same as the total number of pairs
r, s € Z for which | f(r, s)| < x, up to the obvious automorphisms. To be more precise
about the range, we want 2(1/210gloex — (j /6)1/2 'which corresponds to ¥ > 1 as in
(1.3).

When 2F is significantly larger than /1 / g, then we might expect that n is represented
by almost all of the forms in its genus, and so N(x) should be roughly the same as
N, (x) for any other form g in the same genus as f. The requirement on 2 corresponds
to k < 1/2 as in (1.1). To take this a little further, if the number of representations
of such n are roughly equal for the forms in the genus, and if the number of integers
represented by each genus is about equal, then we would expect that

Do) ~ é(%)ﬁ >,

which leads us to predict the main term of (1.4).
Much of what we discuss here is justified by Lemma 3.3.

2. Preliminaries

We recall the following consequence (see [6, Theorem 7.7]) of the isomorphism
between classes of quadratic forms and ideal classes. Let C; € € be the class of f
in the class group, and let f(C) denote the class of quadratic forms corresponding to
Ced

LEMMA 2.1
There is a one-to-one correspondence between inequivalent solutions to f(x) = n
and integral ideals a in the class Cy corresponding to f with Na = n.

Thus a positive integer n is represented by a form f if and only if there is an ideal a
with Na = n in the class C. In this case, we write n € R(C ). In particular, a prime p
with x_p(p) = 1 has exactly two inequivalent representations in classes C, C~! € €.
(Of course, C and C~! may coincide.) A prime p | D has exactly one representation,
namely, in an ambiguous class. A prime p with x_p(p) = —1 cannot be represented
by a primitive form of discriminant —D.
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We introduce the following notation. For an integer n = ]—[];=1 p,; with not
necessarily distinct primes p;, and for C = (Cy,...,Cy) € ¢* we write n <

C if and only if there is a permutation 7 € &; with p,;; € R(C;). Choose a
fixed set of representatives of the quotient €/®, and for each C € €, let C be this
representative. For C = (Cy, ..., Cy) € ek let 1 < p(C) < k! be the number of
different rearrangements of the k-tuple C=(C,....C),and let 0 < §(C) < k

be the number of nonambiguous entries of C. Finally, for C = (Cy, ..., Cy) € ek,
C ed,let
k
Ne(C) = #{(01,...,6k)e {il}k’C=]_[cj.’-f}. .1
j=1

With this notation, the above discussion yields the following lemma.

LEMMA 2.2
Let

n=[1r7[1a 17"

where x_p(p;) =1, x-p(g;) =0, and x_p(r;) = —1.
(a) The integer n can be represented in some class if and only if all y; are even. If
(ny,ny) =1land C € C, then

rrey(ming) = Z M7 ey (M2).
C1C,=C
(b)  Assume that n consists only of split primes, and assume that n <> C for some
C < ¢k Then there are exactly 2°© p(C) different k-tuples D € ¢* withn < D.
All of these satisfy p(C) = p(D) and 6(C) = §(D).
If n is squarefree, then Nc(C) = r(c)(n) for all C € €.

For x € /@, let

o0

L= Y x(a):ZO(x,n)’

K s
{0}#a integral (Na) n

n=1

say, be the class group L-function of the field K = Q(+/— D). The coefficients o (x, n)
are multiplicative and satisfy

(D +1), () =1,
o, p)= Y. x@=1{x"®), plD, 22)
ey Lm0 X7, () =1,
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By Lemma 2.1 and orthogonality of characters, we have
1
rrm = Zx(cf)o(x, n). (2.3)
xec€

We need bounds and zerofree regions for Lk (s, x). By the convexity principle, we
have

Lg(s, x) < (D'2(1 + |2])),' ot (2.4)

1/2 <o <1+ ¢/2, provided that |s — 1| > 1/8 if x is principal. By [3, (2.8)], we
have

log Lg(o +it, x) < log D + loglog(3 + |t]) 2.5
uniformly in
) 1 1)
l—-¢gmin(—— D ¥)<o <14+ ————— 2.6
l <1Og(D(l +1tD) ) log(D(1 + [2])) 0

for some absolute constants cj, c; > 0, provided that x # yxo if |[f| < 1/8. This
follows essentially from a result of Fogels [8, Lemma 4] and from Carathéodory’s
inequality. In [3, Lemmata 4.1 —4.3], Blomar provides a Siegel-Walfisz theorem for
quadratic fields:

1 (¢ dt
€C) Y 1=— | ——+ 04(&exp(—c3y/logt)) (2.7)
2h J, logt
p=<&,peP
pER(C)
uniformly in
D < (log&)* (2.8)

for any fixed A > 0. Here and henceforth for C € €, let e(C) = 1 if C is ambiguous,
and let e(C) = 1/2 otherwise. If there are no Siegel zeros for real characters x € €,
that is, if we assume (1.15) (cf. [3, Lemma 2.1]), then (2.7) holds uniformly in

D < exp(cg/logé). (2.9)

3. Lemmata

We make precise here a well-known result, counting the number of values of a binary
quadratic form which are at most x. Gauss showed that every binary quadratic form of
negative discriminant is equivalent to a form ax} + bx;x, + cx3, where |b| < a < c.
It is easily deduced that ¢ <« +/D and that ¢ =< D/a. Moreover, a is the smallest
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positive integer represented by the quadratic form, and c is the smallest that is not of
the form au?. Therefore if x < ¢ and am? + bmn + cn® < x, then n = 0, and so the
number of such representations is 2./x/a + O(1). In general, we have the following
result.

LEMMA 3.1
If f(x)= ax12 + bxix; + cx22 is a reduced quadratic form of discriminant — D, then

#{(m,n) € Z*| fom.n) < x} = %Jro(\/g). 3.1)

The implied constant is absolute. Note that \/x]a = o(x /~/D) as x /¢ — o0.

Proof
We need to count the number of integer solutions to (2am + bn)> + Dn? < 4ax. This
implies that |n| < {/4ax/D and that

—+V4ax — Dn? — bn V4ax — Dn? — bn
> <m< > . 3.2)
a a

There are +/4ax — Dn?/a+ O(1) integers m in this range. Summing over the possible
values of n, we see that the O(1)’s add up to O(y/ax/D) = O(y/x/a) since a < ~/D.
The sum of v/4ax — Dn?/a over integers n can be approximated by the corresponding
integral; since the integrand is decreasing from zero to either endpoint, the error in
this approximation is no more than twice the value of the integrand at zero, that is,
O(/x/a). To evaluate the integral, we make the change of variable n = t./4ax/D,
and the main term becomes (4x/ VD) f_ll ~/1 — 12 dt, which yields our result. O

LEMMA 3.2
Let g denote the number of genera of discriminant —D. For fixed B > 0 and C € €,
we have

IA

o5 | 0o |

> Ne(€y = ’

{ 2khk_1, 2k
Ccec*

2Ppk—Bgh=l ok -

3’

with Ne(C) as in (2.1).

Proof
First note that

h

h
hmin((),ﬁ—l)zaf < ( aj>5 < pmax(©.p=1) Zaf (3.3)

j=1 j=1 j=1
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for any sequence (a;) of nonnegative real numbers and any real 8 > 0. Therefore, by

(3.3),
Y Ne©
Cect
k—1
=Y Y (Hen . anen|c=a]c7]
Cecgk-! Cre€ i=1

k—1
N
+#{(01, o) € {1 ‘ c=c'T[cy })

j=1
= Z ZNC(C)ﬂ.
Cect! Cee

For 8 = 0, the lemma is [3, Proposition 5.3]. Now assume that § is a positive integer.
Expanding the Bth power, we see that the right-hand side of the preceding display

equals
k—1 k—1
k—1 o _ _ opj
> #fece|TTep = =TTer)
oije{£1}pxE=D Jj=1 Jj=1

k—1
=2 > #fecee | [ =t1=i=p-1]
j=1

fije{o,z}(ﬂ—l)xw—l)
k—1
—eot Y #{CG(el)k—l ) [Tcr =1,1§i§,3—1}.
7;;€{0,1}(F-Dx (k=D j=1
We bound this term from below and above. Choosing 7;; = 0 for all 7, j, we get
B k1 (<! k—1
> Ne©f z () =em (34)
Ceck 8

since there are /g elements C € ¢2. On the other hand, assuming without loss of
generality that k > 8, the matrices (7;;) = (Ig—1 * ) (where I, is the (n x n)-identity
matrix) give

ho\k=8 2kg\ B~
Yo Ne(© = e @Y (2) > ent ! (5E) (3.5)
8

Cegk

since there are (2¥=#)#~! choices of “x.”
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For the upper bound, we proceed as follows. For a prime p, let r,(T") denote the
IF,-rank of the matrix T = (7;;). We claim that for 0 < pu < min(k — 1, 8 — 1), there
are at most

n
(1‘[(5 _ l‘))zu(ﬂ—l—u)z(k—l)u < 20w
i=1

matrices T € {0, 1}#=D*¢ =D with r,(T) = w. Indeed, we pick u linearly independent
rows and place them in (8 — 1)(8 —2) - - - (8 — ) ways in the matrix 7'. The remaining
B — 1 — u row vectors then lie in the subspace S generated by the first ;« row vectors.
We can pick p-coordinates iy, ...,i, such that the map ¢ : S C F’;‘l — F,
X1, oo X)) = (X, e ey x,‘u) is an isomorphism. Since ¢(S N {0, 1}"_1) C {0, 1}#,
we see that each of the remaining row vectors can only be chosen out of at most
2" possibilities. This proves the claim. Now let ro(T) := min, r,(T). Any finite
abelian group, and in particular, the set of square classes ¢, may be written as [ | ¢ %o
where each ¢ is the power p* of a prime p and €, = Z/p*Z. If ]_[]]:1l C;” = 1 for
C € (€*)*!, then each component must satisfy the same equation, and the number of
solutions within that component is at most (#¢,,)*~!~»(T) by elementary linear algebra
for a given matrix 7. And thus, there are at most

h )k—l—r()(T)

H(#Qq)k—l—fn(T) < (_
q N8

ways to choose C € ¢*~! such that ]_[/j:i C;” = 1for1 <i < B —1, and there are at

most < 2*~Di matrices T with ro(T) = . Since u < B — 1, we obtain, altogether,

k —
> Ne(©)f « (2h)k_1<1 + (Z_g)ﬁ l). (3.6)

h
Cec*

Equations (3.4)—(3.6) prove the lemma for integral 8. The general case is clear for
2% < h/g and follows for 2¥ > h/g from Holder’s inequality; let 8 be an arbitrary real
number that is not an integer, and assume that 2¢ > h/g. Let p := (8 — [B]) ™' > 1,
g :=(1—1/p)~'. Then

> Ne(©)f < ( 3 NC(C)w—[ﬁ]/q)p)”"( 3 NC(C)[ﬂ])l/q

Ceck Cect Cectk
k

= (2h)k*1<2h—g>ﬁ_l.
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Note that (8 — [B1/q)p = 1 + [B] € N. On the other hand, let p := 2 — {8} > 1,
g :=(1—1/p)~'. Then

Z Ne(C)F > (Z NC(C)%““WDM)F( Z NC(C)”W)WM

Ceck Ceck Ceck
2kgy\B-1
= (2h kil(—)
(2h) 7
since B/p + (1 + [B1)/q = [B] € N. This completes the proof. O

LEMMA 3.3
Let A := (log(h/g))/(log?2), k € N,and ¢ > 0. Then

h
Y Ne(€)° < min (2’2 —)
CeC 8
for all C € &, and

h
> Ne(©) > min (24, 2)
Cec 8

for all but <, h* D~ tuples of classes C € € ifk < (1 — 4e)k or k > (1 + 18¢)A.
Remark. 1t would be nice to prove such a result for all k.

Proof
For subsets Ay, ..., Ay C €, let

k
l_[Aj = {a1-~-ak|a1 €A1,...,ak€Ak}.
j=1

For C = (Cy, ..., Cy) € €, we have
k k
D N’ =#]ic;. ;Y =#] J{1. Ch.
Cec j=1 j=l1

Thus the upper bound is immediate. Now let (C) := #[ [{1, C;}. It is not hard to see
(see 3, (5.3)) that
r*(C)

h

}11 Y r(C.C)=2r(C) -

Cec
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for all (C, C) e ¢¥+1. (Here, of course, by slight abuse of notation, (C, C) is formed
by appending C to C.) Hence, given any n > 1, we have at least 2(1 — 1/n) classes
C € ¢ satisfying

r(C,C) > 2r(C) —

C 2 2k
(€ 2r(C)(1 - ”—)

h 2h
Inductively, we see that for k € N, n > 1, n2¥ < 2h, at least h*(1 — 1/n)* tuples of
classes C € * satisfy

k k
n2t\k
#[Tocnz2(1-2-).
H{ 7z 2h
j=1
Applying this result to the group of square classes and observing that each square has
g square roots, we find that at least h1*(1 — 1/n)* tuples of classes C € €* satisfy

#ﬁ{l C2.}>2k<1— 2t )k
P At 2h/g

(as long as n2* < 2h/g). Choosing n = D3/, we see that all but < h* D¢ tuples of
classes C e ¢* satisfy

k
#l_[{l, 3> 2 (3.7)
j=1

if k < (1 —4¢e)x. Now choosing n = 2, we find that for any given C € ¢*, at least //2
tuples of classes (C, C) € gkl satisfy
3 h
F(C?, C?) > min (—r(Cz), —).
2 g

(Here C* means (C2, ..., C?).) Hence, for any C € ¢* and any two positive integers
a < b, at least

b
1 b\ ,p
Dy (1) "
j=a
tuples of classes D € ¢ satisfy

F(C2. D% > min ((;)ar(cz), g)
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Applying this result with a = 7¢A and b = 22¢A to the tuples of classes C found in
(3.7) for k = [(1 — 4e)A], we get (1/2) Zi’.za (%) =1-0(D~¥)forany & > 0, and
so all but < h* D¢ tuples of classes C € & satisfy

k
h
#[ [ chr> =
j=1 &

if k > (1 + 18¢)A. a
4. Proof of Theorem 3

Theorem 3 follows directly from the method in [4]. In view of Bernays’s result (see
[2]), we may assume that 8 > 0. For 8 > 0 and m € N, we define

1 & 27\ |8
yim. §) 'Z%JZ_;PCOS I

Note that

y(L,B)=y@2,B8)=2" > y(m, p) (4.1)

for all m > 3. From [4, pages 143 —144], we conclude that
> lo G mIP ~ e(x. Bx(log x)r XA (42)

n=<x

for some constant c(y, ) > 0. Furthermore, it is shown in [4] that there is a subset
N <€ N such that Re(x(C))o(x, n) is nonnegative for alln € N and all x € €, and

> lo (. mlf ~ ' (x. Bxlog x)r A
n<x
neN
for some constant ¢’(x, g) > 0. By (3.3), (2.3), and the above remarks,
—1 7 B 1
pmax(1.f) DY Rex(Com) <Y rm)f < e ZZ'“(Xv 3

o n<x n<x n<x
XEGneN XeC

By (4.1) and (4.2), we get

Z rf(n)ﬁ = D.B x(log x)2ﬁ71_1.

n<x

This completes the proof of Theorem 3. O
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5. Proof of Theorem 2

To prove Theorem 2, we recall the notion of a primitive ideal. An ideal a C o is called
primitive if it is not divisible by any rational integer other than 1. As before, let ® C &
be the set of ambiguous classes, let 2 be the set of primitive ideals coprime to D, and
let

Xo:={ceG|c#7

for G € &. Note that v € 2 implies that v> € 2, and for two ideals vy, v, € 2 in
the same class, the principal ideal b v, is generated by a rational integer if and only if
v = ).

We start with the following observation. By Lemma 2.1, a pair (x;, X;) € Z* x Z*
of inequivalent solutions to f(x;) = f(x;) = n corresponds to a pair (a, a;) of
different ideals in the class Cy having norm n. These are exactly the pairs of ideals
(be, bt) with Nbc = n, where ¢ € X forsome G € &, and b € X is in the class C¢G.
Let u be the ideal in some class C Gy of the coset C ;& having smallest possible
norm Nu = u. Then u € 2 since we may divide out from u any rational integer and
any ideal dividing D and still have an ideal in a class C ;G with even smaller norm,
contradicting the definition of u. Forn e N, G € &, x € R, let

p1(n, G) :=#{c € Xg : Nc =n}, Ri(x,G):= Y pi(n),

n=<x

pr(n, G):=#beC,GNA:Nb=nbF#u),  Rx.G):=» pn).

n<x
We have the following estimates.

LEMMA 5.1
For all G € &, we have

L xD7 V24 /x forallx,
16
R G < —= Rx,G){=1 forx <
VD N
=0 forx < (E) ,

D
4

with absolute implied constants.
Proof

First, we note that if the vector x € 72 corresponds to the ideal a as in Lemma 2.1, then
for r € Z the vector rx corresponds to (r)a. Each ambiguous class G € & contains a
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form of the shape
fo(x) = axi +cx3,  dac=D,

2 2 1 \? 1 2
fo(X) = axi +axix, +cx; = a(x1 + Exz) + (c — —a)xz,

4
a(4c —a) = D,
or
fo(X) = ax? + bxx —i—axz—(g—i—l—))(x +x)2+(c—l—é)(x —x2)?
G(X) = axj 1X2 2= 5Ty 2 YA 2)",
4a*> —b* = D,

with positive integers b < a < c (see [6, Lemma 3.10]). In the first case, the vectors
(0, %), (¢, 0) correspond to ideals d(x) with N0 | D which are equal to their conjugate,
and so, they are not in X. Therefore

8
Ri(x.G) < #{x €Z2:xixy £0, [l < |5, Il < ,/f} <
a c VD

In the second case, the vectors x with x, = 0 or x, = —2x| correspond to ideals that
are equal to their conjugate. Therefore

1 X 1 \—1/2
Ri(x, G) 5#{)’ € EZ X Z‘yl)’z #0, |yl < = ly2| < ﬁ(c— Za) }

8x
< —.
~D
In the third case, the vectors x with x; = %x;, correspond to ideals that are equal to

their conjugate. Thus

a b\-1/2
Ri(x,G) = #{y ez’ ‘ yiy2 #0, Iyl < \/)_C(— + —)

24
=G0y = 1

This proves the first part of the lemma.

For the second part, we first note that Ry(x, G) <« xD~'/? 4+ \/x by Lemma 3.1.
For the rest, first observe that if tv is a principal ideal with Nt < D/4, then tv is
generated by a rational integer. Therefore an ideal v € C G N different from u with
Nv < (D/4)"* would produce a principal ideal tv = fi*0? with Nt < D/4, and so,
it is generated by a rational integer. However, if v is different from u, then tv is, by the
remarks on 2, not generated by a rational integer. This is a contradiction. Similarly,
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two different ideals vy, v, € C;G N A with Nvy, No, < (D/4)"/? would produce a
principal ideal tv = b;v, with Ntv < D/4, and so, it is generated by a rational integer,
which is impossible by the same reason. This completes the proof of the lemma. O

We can now prove Theorem 2. We deduce from Lemma 5.1 that for large D up to a
small set of exceptions, the set {a € C; | Na = n} consists either of one element or
of two elements {uc, uc} with ¢ € Xg,. To be precise, define A; = A(n) := #{a €
CrlNa=n,aguXg,}and Ay = Ary(n) :=#aec Cy | Na=n,a € uXg,} so that
Ay = 0or Ay > 2; and then,

rin, B) := Ai(n) + 2P Ay(n).

We define B; = {¢ € Gy : ¢ = ¢, Nc < x/u}; note that if ¢y is the ideal in Gy
which divides D, then the elements of B3 are simply ¢y times an integer, and so
|Bs| < +/x/(uNcg). Since ucy € Cy, thus ucy > a by the definition of a (see
Corollary 1); this is < /x/a. By Lemma 3.1,

Sorie By =3 (M) + Aam) + Q5 = D(1Bs] + Y Axm) + OBy

n<x n<x n=x

:#{aeCf:Nafx}—l—(Zﬁ_l—1)#{ceGO:Nc§§}+O< ;—C)

:(1+$)%+0( 5. 5.1)

Now, let us first assume that 8 < 2. A short calculation using the first derivative yields
that () :=rp(n)f —ri(n, B) = (A1 + A2)f — (A, +2P71 Ay) satisfies [£(B)| < £(2)
for0 < B <2and A; € Ny, Ay € Ny \ {1}, as can easily be checked. Therefore

> Iy =i, B

n=<x

<Y rpn? —ri@,2)

n<x

=Y #{(be,b8) : c € Xg. b € C;GNAN {u), Nbe < x}

Ged
=Y Y pik.G) D ;. G)
Ge® k=x I=x/k
< ( pi1k, G) + P(k7G)L+ f)
(%c;j k<<§1/4 l kf;lﬂ 1 (k\/ﬁ k)
< r(D)(ﬂ;gx + ﬁ)
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by Lemma 5.1 and partial summation. Together with (5.1), we arrive at the theorem
in the case where 8 < 2.

If B > 2, we claim that 0 < rf(n)’8 - rf;(n, B) < 3rf(n)’3’2(rf(n)2 - r;?(n, 2));
that is, (A] + A2)f — (A1 + 2071 Ay) < 3(A1 + A)P (A1 + Ar)® — (A + 24y)).
Now if A| + A, > 3, then (A + Ay)? > 3(A; + Ay) > (3/2)(A; + 2A,), and the
result follows. If A; + A, < 2 with A, # 1, then both sides of the inequality equal
zero. Therefore

Dl =i Bl <3 @) () = r(n, 2))

n=<x n<x
<3) D WPk, G) Yt ., 6.
Ge® k<x 1<x/k

By Holder’s inequality and p;(n, G) < t(n), we get
B2 e (p-1/p+p-2) "
>t 2ok, 6 < (Y ik 6) (Y k) e
k<x k<x k<x

X _
. r (1/q)(2F=2a+1_1)
< Py 108 ’

and similarly,

Z ‘L'(k)ﬁ_zpz(k, G) < x/D(1/4)(1—1/q)(10gx)(l/q)(2(ﬂ’2"’“—l)’

k<x

where we used the crude bound ), _ p(n, G) < xD™V 4 which follows from
Lemma 5.1. Collecting these estimates, we find by partial summation that

X(lOg x)(z/q)(zugleqﬂ_l)_,_l

B x
D_rn)f = rjn. ) < T(D) =iy
for any g > 1. This completes the proof of Theorem 2. O
6. Proof of Theorem 4

Theorem 4 follows from Theorem 2 for (logx)Y < D = o(x) with N sufficiently
large (see (1.12)). We now prove it in the complementary range. By Theorem 5, we
know that

> rpm) > x(logx) 2N loe?

n<x
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in this range. Let us first note that if N is a set of integers up to x containing
< x/(log x)® elements for any given B, then

Z ren)f < (Z 1 Z T(n)2ﬂ>l/2 = o(x(log.x)~3-Nloe2),

=N nen "

by the Cauchy-Schwarz inequality; thus their contribution is negligible. We let N be
the set of integers not exceeding x which have all of their prime factors less than
7 = x!/loglogx or which are divisible by the square of a prime greater than z. The
number of integers up to x, all of whose prime factors are < x!/*, is < x /u**°® for
u < log x/(loglog x)? (see [9]); therefore

X X X

#N < T + ; 5 < oy

for any constant B, as desired. It remains to sum over integers n = pm < Xx,
where p > z and P(m), the largest prime factor of m, is < p. This implies that
m < x/p < M := x/z. For sufficiently large x, we have z > D, so p must be split in
Q(+/—D) and hence is represented by classes C p, C ;1, say (which may be the same).
If, as before, C; denotes the class corresponding to f, and f(C) denotes the form
corresponding to C, we get, by (3.3) with 4 = 2 and Lemma 2.2(a),

Do~ = Y Y (e + e cpm)

n=x n=<x m<M z<p<x/m
ngN mP(m)<x P(m)<p

= Y D e, +riciepm)f

m<M z<p=<x/m
mP(m)<x P(m)<p

:22 Z rf(c)(m)ﬂ Z 1.

CeC m=<M z<p<x/m
mP(m)<x P(m)<p
pER(C,C™YH

Since we assumed that D < (log 2)V, the innermost sum above can be evaluated
asymptotically, by (2.7), as

1 x/m dt X
Yoor= o + 0( )
2h Jimax(p(m).z) log t m exp(ce~/log 7)

z<p=x/m
P(m)<p
pER(CfC_])
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Writing

1 x/m dt

— i X et [ S

CeC m<M max(P(m),z) 1081
mP(m)<x

we have that

o rf(C)(m)ﬁ
S orimf =< T+ 0<exp((1ogx)1/%) >y )

n<x CeCm=M

ngN
Finally, using the bound r(m) < t(m) and the fact that 7 < D < (log X)), we find
that the error term in the preceding display is negligible. Since 7 is independent of
the particular form chosen, this implies Theorem 4. ad

7. Proofs of Theorem 1 and Corollary 1
Let us assume that f is a positive integer and write K = 2#~!. Expanding the character
sum (2.3) yields

1
i =g Y ]"[x,(cf)ou,,n) (7.1)
Xlseens XBEC .]_1
Comparing Euler products, we see that for a fixed B-tuple (xi, ..., xg) of characters,
we have
> % =Gsix-x)  |] LK(S, ]_[x,r’) (7.2)
n=1 Te{l}x{£1}p-1 J

Here G is holomorphic in Res > 1/2 + ¢ with G(s) = G(s)H(s), where H is an
Euler product, convergent in Res > 1/2 + ¢, and

o =TT ( - TL

with T running through the elements of ({1} x {£1}#~1)\ {1}#. Thus G(s) # 0, and
for Res > 2/3, we have

a# (log p)*
T log Gs: xl,...,xﬁ)\«M% 0 = ooz D)
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for any integer 1 > 0, which implies that

ar
D™ Loy |57—=G(si x1, -+, xp)| Lo D° (7.3)

dst
for any integer 1 > 0. Thus we see that ) (n)’n=" can be continued holomorphi-
cally to the region {s € C\ {1} | Res > 1/2} and has a pole of order at most K at
s = 1. (We see in a moment that the order of the pole is K.)
Now we use the usual truncated version of Perron’s formula (e.g., [5, page 28]):

s °°

1 v S d, d, 1
Y=t (NE) oy L) g4
27wi Jo_it o ns/ s o n® 14 Tlog(x/n)

n<x
with d, = r¢(n)?, v =1+ (logx)~!, and

T — (V@742 =273 /2F 24

By (7.1) and (7.2), the function )_ r f(n)’sn’” is a linear combination of terms of the
right-hand side of (7.2). We shift the contour to the line Res = 1/2 + ¢, and we pick
up the pole at s = 1, which gives the main term in (1.8). By (2.4), the remaining
integral and the error term in (7.4) are bounded by

v x1+£

x1/2+s(D1/zT)2ﬁ-2+s+T—1/ xa((D1/2T)25"+s)1*U do +
1/2+¢

< x1/2+s(D1/zT)2f’-2+e 4ttt

which gives the error term in (1.8) for the considered range of D.

Now, let us investigate the coefficients of the main term more closely. We start
with the leading coefficient ax . It is easy to see that exactly the g#~! distinct S-tuples
(x1, - - -, xp) with only real characters x; satisfying [ | x; = xo (xo being the principal
character) contribute to the coefficient ax. In fact, to obtain a pole of order K, we
need to have [ | ; X;j = xo for all 7, and so, X,? = xo for each j > 2 (comparing the
two cases, where 7; = 1 foreachi # j)and x; = x2--- xp, so that X12 = Xo; on the
other hand, if these hold, then [, X;’ =I[ %11

For real characters, (2.2) simplifies to

jir=—1 X;Z = xo forall t.
e, ()=t
oGt p") =1 X", p|D.

v+ Dx'e. (52)=1
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Therefore ]_[5.5:1 o(xj,n) = a(]_[f=1 Xjs n)P if all x; are real, and hence, we have to
study the residue of

1

gﬂ 21
5 GG X0s -+ X0)Lk (s, X0)™

h
ats = 1, where Lk (s, xo) = ¢(s)L(s, x_p) and

G(S5X0s -+ s X0) = 1—[ (1_L)zﬂ—l_1n(l_i>zﬁ—l_1

2s s
Kp(p)=—1 p pID p

< 1T (Z(k+1)ﬁ>< _i)z‘*_

S
Ken(p)=1 k=0 p

This gives (1.5) and (1.6).

We proceed to prove (1.10). To this end, let2/~! < k < 2/, and fix k distinct tuples
T € {1} x {£1}~!. We claim that there are at most < h#~1=/*¢ tuples (x1, ..., xp)
such that (7.2) has a pole of order at least k at s = 1. Note that these are the only
terms in (7.2) that contribute to ag . Indeed, writing the group ¢ additively, we have
to solve

Sx=0 (7.5)

for some S € {£1}**# having distinct rows and x € /@ﬂ. Letr,(S) denote the IF ,-rank
of S. From the proof of Lemma 3.2, we know that a subspace of ]F]’f of dimension
d can have at most 2¢ distinct vectors with entries only 1. Therefore the k row
vectors from S generate a subspace of dimension at least j; that is, r,(S) > j for
all p > 2. By elementary linear algebra and the Chinese remainder theorem, we
conclude, as in the proof of Lemma 3.2, that the number of solutions to (7.4) is
bounded by hP~1=/ (the 2-part of €). From (1.7) and the theorem on fi-
nite abelian groups, we conclude that the 2-part of ¢« h®, which establishes
the claim. Now we obtain (1.10) by using (1.7) and (7.3) and observing that
dw,L(s X—D)ls=1, deK(s ls=1 Kpu,e D for any ¢ > 0, so that the holomorphic
partat s = 1 in (7.2) is harmless.

Equation (1.9) can be obtained by selecting x = exp((log D)?), say. For given
¢ > 0, we choose ¢ in the error term of (1.11) sufficiently large, so that Eg(x, D) <
xD73/4+¢ and Zf:z ar(log x)* < (log x)>D~'*¢ by (1.10). Equating (1.8) and (1.11)
now gives

xlogx s 2671 — 1y «x x
ax+0(5ir) + 06 = (1+ = —) 7=+ 0(57=)

for some § > 0, and we obtain (1.9). This completes the proof of Theorem 1. O
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Finally, let us prove the corollary. This follows immediately from Lemma 3.1 for
B = 1. The statement follows from Theorem 2 if x < exp(D®) for sufficiently small
¢s. It follows from Theorem 1 (using (1.8) and (1.10)) if x > exp(D<¢) for sufficiently
large c6. So, let us now assume that x = exp(D¢) for some constant ¢s < ¢ < cg. We
want to show that the terms with 2 < k < K — 1 in (1.8) save some power of log x
compared to the terms k = 1 and k = K, namely,

K-1

D' " ar(logx)* < (logx + D~V (log x)X)
k=2

(log )7

with p as in Corollary 1. There is nothing to show for § = 2, so let us assume that
B > 2.Since p < 1, we can, by (1.10), ignore the terms K /2 < k < K — 1, and using
the bound (1.10), this reduces to showing

e 2i—j/2 c 2P —(B=1)/2)\ y—co+0(e)

Z “pir T Z D < (D + D ) D .

j=1 j=1

Since the left-hand side is bounded by <« D?~1/2 4 D27 ~(B=2)/2) the statement can
be checked by a simple calculation. Let us finally note that the error in (1.9) can be
absorbed into the error term in (1.4). Indeed, this is clear for D'/4 > (log x)°. If D'/ <
(log x)”, then a simple calculation shows that a; = O(ag (log x)X~'(log x)~#*+¢). This
completes the proof of Corollary 1.

8. Proof of Theorem 5

8.1. The generating function

The proof of (1.14) uses ideas from the article [3], which considers the case where
B = 0. It ultimately relies on the fact that, roughly speaking, numbers with many
prime factors can be represented by many classes. This idea has been used in many
articles on quadratic forms (see, e.g., [10], which is in a slightly different setting) and
was made more precise, on average, in Lemma 3.2. We now define some Dirichlet
series. Let

" {exp((log x)) Pnconditionally, ®.1)
exp(c7(loglogx)?)  if we assume (1.15),
and let
P=Py={p|x-n(p)=1p> 0}
With L as in Theorem 5, we may, by (1.7), always assume that
D < (log x)*1os2+1, (8.2)
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Define (for Res > 1) a modified L-function:

Lits. 0.0 = [T exp (X2).

S
PeP pl(p) p

Then we define

PC,Q(S) = % ZX(C)logZK(s, 0,x)= % ZX(C)Z Z X(]:)

xe€ xe€ PeP pl(p) p
=Y L#plipec=e0) Y -
24~ p° p’
peP PER(C)
peP
1
=: —log¢(s)+T(s, C), (8.3)

2h

where €(C) was defined at the end of Section 2. For k € N, let

k [’
Aca(s) = % > N ©F[[Peos) =) “Cr%(") (8.4)
L C=(C).....Creek v=1 n=1
say, with Nc(C) asin (2.1). If n =[] pj’ is the canonical prime factorization, then the
series (1/k!) ]_[ﬁzl Pc, o(s) for some C € ¢* counts a number n <> C (cf. Section 2
for the notation) with multiplicity 27%©) p(C)~' [](e;!)~'. Thus Lemma 2.2(b) implies
that ac x(n) = rf(c)(n)ﬁ if all p; € IP, n is squarefree and Q(n) = k, and we always
have

2B+1

Y2
acx(n) <

- ]_[jej!

since max{Nc(C)? | C € ¢¥} < 2% Let us define

< (exp@h)”"” < t(m)?' 12 < ()

T(m)mxOF=Dp . o) (m)P

Be(s):== Y — . (8.5)
plm=pgP

If we write n = Im, where [ contains only prime factors from P and m contains only

prime factors not in P, then

rrom)f < T(mym>0-A=h Z 7 renDPr picn)m)P,
C1Cr=C

by (3.3) and Lemma 2.2(a), since m is represented by at most 7(m) classes. For k = 0,
let us set Ag o(s) = 1if C = 1 is the principal class and set Ag o(s) = 0 otherwise,
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and

Z Z A 1 (9)Be-ic(s) = Z bc, K(n)

k=0 Cec¢ n=1

for K € N. Then b¢ x(n) > r f(c)(n)ﬂ if n is not divisible by the square of a prime
p € P and Q(n) < K. Furthermore, 0 < aci(n) < bc x(n) < ht(n)®, where
cg =21 4 B+ max(0, B — 1) + 1 for all n € N. Now let x be sufficiently large,

vi=1+ (logx)*l, T := exp(cy/logx), (8.6)

for a sufficiently small constant cg. Perron’s formula (see (7.4)) gives
v+ T

1 s
;rf(ﬂ)ﬁ 27i ), ir AC,k(S)x? ds + 0(%)

+0(Z 3 r(n)z/”') 8.7)

p>0n<x,p?n
for any £ > 0, and

v+iT K

1
;rf(n)ﬁ < 5= - gcchc «($)Be- 'C(S)—ds + O(ﬁ)

+o(3 Y wwf)+o( Y wwf) 8:8)

>0 n<x,p?|n n=<x,Qn)=K

for any K > 0. The second error term in (8.7) and (8.8) is < x(logx)?VQ~!
the third term error term in (8.8) can be estimated by

PBIRTOGED DIRTOEED SISO D DINEES Seiti

n=<x n=<x n=<x n=<x n=<x
Qn)=K Qn)=K T(n)=S Qn)=K
T(n)<S§

)2’5“—1

x(logx)>  x(logx
Sﬁ
2K + S

for any S > 0, where we use [7, Corollary 1] in the last step. Choosing
S = (logx)? " 'tLle2  and K = (34 (B2 + 1)L 1log2) loglog x,

we can bound the third error term in (8.8) by O(x(log x)~£1°22=1) 'which is acceptable
since E(k, B) > —1 — Llog2, by hypothesis. By the choices of 7" and Q in (8.6) and
(8.1), all error terms in (8.7) and (8.8) are admissible.
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8.2. Useful estimates
We want to shift the contour in (8.7) and (8.8). Let us write

w :=1— (logx)~"?, r= M(logx)™! (8.9)

for a sufficiently large constant M. Define the path I' = I'; T, [y T4’y I T by

MM=W—iT,w—iTl, T;=[w—iT,wl, Tj=[w, —rl
Ty={re" | —m <t <m}, (8.10)
Iy =[-rwl, Tf=[ww+iTl, TI{=w+il,v+iTl.

By (2.6) and (8.2), the functions P¢ ¢(s) extend holomorphically to I".

LEMMA 8.1
For k, K <« loglogx, the integral over Ffz contributes an error of at most
x exp(—(log x)'/3) to (8.7) and (8.8).

Proof

Let us first observe that Lg (s, Q, x) = Lx(s, x)H(s), where H(s) is holomorphic in
Res > 1/2 and satisfies H(s) < (log Q)* if Rs > 1 — (log Q)~'. Thus we obtain, by
2.5)fors €T,

log Lx(o +it, Q, x) < loglog Q + log D + loglog(3 + |t]). (8.11)
By (8.1)—(8.3), we conclude that P¢ o(s) < loglogx on Ffz, so that
Aci(s) < (croh loglog x)* < exp(ci1(loglog x)?) (8.12)

on Ffz for k <« loglog x. Furthermore, we observe that

Zch(s)lf Z Tm)’ (P rrcym)t!

m(f
CeC m:p|lm=pgP
2B+1
<[ (1+ =) < tog 0y (8.13)
p
p=Q
on I', by (8.1) and (8.5). The lemma now follows easily from (8.12) and (8.13).
For the remaining parts of the integral, we need the following lemma. a
LEMMA 8.2

On F;F4F+, we have T(s,C) = T(1,C) + O((ogx)~'3/h) with T(1,C) <
loglog Q/ h.
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Proof
For any p > 0, the Dirichlet series for T (s, C) converges (conditionally) at s = 1,
and

T(M)(S, C)=¢€(C) Z M — iﬁlog;(s) — Z tﬂ(m),

PeR(C) p’ 2h ds* m$
peP

m=1

say. Choosing A = (2L1log2 + 1)/¢ in (2.8) and observing (8.1) and (8.2), we con-
clude for £ > Q, from (2.7)—(2.9) by partial summation,

0 -1
qu(m) <<%/2 (log y)*~ dy+0(%)+0<e><p<— %/@))

m<& m y

Since the right-hand side is independent of £, we get

logl log O
T(l,C)<<°gT°gQ and T<ﬂ>(1,C)<<%

for u > 1. Since |s — 1| < (logx)~"/? on F;FJ‘;, we can apply Taylor’s formula

about s = 1 up to degree g := [2(log2)L] + 1 to estimate 7' (s, C). We use the trivial
estimation

Ho

T 1 d#O 1: (S, QvX)
tog Li(s, €. 10| + | 7o log =2 5

TW(s, C)| < max
| (5,0 = max | e

< (logx)®
on I'y I'4,IF, which follows easily from (2.6), (8.2), (8.11), and Cauchy’s integral
formula (see, e.g., [3, (2.9)]). This gives
(logx)*  (logx)* < (logx)~'/3
hy/logx  (logx)ro/2 h

Hence the lemma is concluded. O

T, C)—T(1,0)K

8.3. The upper bound
By (8.3), (8.4), Lemma 3.2, and the two preceding lemmata, we have

log2
Acx(s) K ot o

7 (log|¢ (s) 4 c13loglog Q)k, k < logh/g
k
& 57— (log|g ()] + c13loglog Q).  k > lol(g)gég
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on Iy F4F§r, so that by (8.8) and (8.13) up to an admissible error,

> rem)f

n=<x

11
«log0r™ [ wo( 3 i doelc(o) + sloglog O

- +
| VRO k=<(logh/g)/(log2)

| 2—Dkgh-l X
+ Y g (leglt@l + enloglog 0)') Ids|

hB
(logh/g)/(log2)<k<K

lo ‘12 X loglog x + c13loglo K
« 1020 (/ix”ldalJr )g 3 (log log 13 loglog Q)
1—‘3

|
§ logx 73y g ayog) k!
g’ (2/~!(loglog x + c13 log log Q)
R k! )
(logh/g)/(log2)<k<K

1 Cl4 1 1 k
< x(log Q) ((logx)"l"gz i (e og ogx)
g log X k<k loglog x k

+ (log x)~A<loe2 max (
k loglog x<k<K

e2f~! loglogx)k>
k 9

where we use Stirling’s formula and the definition of « in Theorem 5 together with
(1.7) and (8.1). Since

<eloglogx)k log x, Kk>1,
max (————
k<« loglog x k (logx)'((lilogk), Kk <1,
and
2P~ loglog x \ ¥ (logx)*"", Kk <2671
Kloglo%?cékf[(( k ) (logx);((1+(ﬁ—1)log2—log/()’ K= 2;3—1’

the upper bound of (1.14) and (1.16) follows after a short calculation.

8.4. The lower bound
By (8.7) and Lemma 8.1 we have, for any loglogx <« k « loglogx up to an
admissible error,

1
S = 5o Soweer? (

n=x Cec* -

N 0</~(10gX)

; it
t,.re
e'x

-
1 +ret

/g

dt

k
[]Pc.o1 +re"
v=l1

1/2

k
x_tl_[|PCu,Q(1 - t)|a't)).
v=1

(8.14)
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By (8.3) and Lemma 8.2 there are some real numbers a, = 2hT (1, C,), independent
of ¢, such that |a,| < cy3loglog Q. Since ¢(1 4+ 5) = 1/s 4+ O(1), we get

1

L it - 1 |
[T Peot +rey =] <1°g FTHTON 0<W>)’

v=1 v=1
the O-constants being absolute. Since r =< (log x)~!, the right-hand side has absolute
value

k

1_[ (log% +a, + 0((10g10gx)_1)) = 1_[ <<10g% + av>(l + O((log logx)_z)))

v=1 v=1
and argument
t ul t
tan ( ——— 4+ 0((l -3 ):— (— O ((log 1 -2 )
arc an( oz (/) +av+ ((logx)~'7?) Z oz 1/r+av+ ((loglogx)~?)

v=1

For brevity we write B := Z§=1 (1/log(1/r)+ a,). Note that B < 1 for loglogx <«
k < loglogx. This gives

k k
[P0l +rey = @) (1 +0 (@)) I1 (log % + av) exp(—itB).

v=1 v=1

Clearly, (1 + re'")™' = 1 + O(r). Thus the first integral in (8.14) equals

1 roe 1 -~ B
(1 + 0<10glogx>) B 1:[1 (1og - —l—au) fﬂ exp(it(1 — B) + r(log x)e™") dt.

This last integral can be interpreted as the contour integral

1 B—1
%[6%‘3 ds >p (r log)c)B_l (8.15)
i

over the circle {r(logx)e’’ | —m <t < m}. Recalling that r = M(logx)~!, we see
that the first integral in (8.14) is bounded below by

k

ME 1
>>Wn<log;+av). (8.16)

v=1
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To estimate the error term in (8.14), we note that

k k k

1 1
[P0l 1 2h*’<||(1 - V)<2h*’<||(1 - )
v:1| ..o )| < (2h) 1l Ogt—i-a < (2h) 1l Ogr—i-a

on Ff and that fr (log.x)71/2 x~'dt < e M(logx)~!. Selecting M sufficiently large, we
see that the error term is dominated by (8.16), and by Lemma 8.2, we obtain

> ) > W Z Ne(C)P(loglog x — c13 log log O)F

n=<x

forloglog x « k < loglogx. Using Lemma 3.2 and Stirling’s formula, we obtain the
lower bound by exactly the same calculation that led to the upper bound in Section 8.3.
This completes the proofs of (1.14), (1.16), and Theorem 5. |

9. Proofs of Theorem 6 and Corollary 2
The proof of Theorem 6 is a variant of the proof of Theorem 5; here we use Lemma 3.3
instead of Lemma 3.2, and we also use slightly different generating Dirichlet series.

9.1. The upper bound

Let M = {mm, : my powerful, m, | D}. First, let us observe that we can write
each positive integer n as n = Im with (I, Dm) = 1, u?*(I) = 1 and m € M. From
Lemma 2.2 we conclude, similarly as in the proof of Theorem 5 (cf. (8.4)), that the
coefficients a,, say, of the Dirichlet series

ZZ > Nc<C>°HPc > mi
CE¢k<K " Ceek meR(C~1Co)NM

satisfy

SazY o’ +o( Y 1) ©.1)

n<x n<x n<x,Q2(n)>K

for any K € N, Cy € €. (Note that we have now chosen Q = 1.) Clearly,
1 1 0(1)
2D SRS (RS ((R)
Ce€ meR(C)NM pID ptD
O(1—o]lo 1
<<]_[<( )( Ol —ollog p) gp))) <<]_[(1+—) 9.2)
p oD 4

p|D

on I'. As in (8.8), we see that the error term in (9.1) is admissible if K >
(L + 3)loglogx, say. By Theorem 4, (9.1) also holds—up to a constant—for the
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coefficients of

Z(ZZ ZNC(C)OI_[P01(S) 3 mi)

Cer CeCk<K ~ cegt meR(C~1Co)NM
1
ST PP I | EAE) Dl oS
k<K ' Cee Ceck CeC meR(C)NM

Thus by Lemma 3.3, (9.1) holds, a fortiori, for the coefficients of

;%mln( )(ZPCI(S)) Z Z %

Ce€ meR(C)NM
1 2k 1
= Hm <h )( log Lk(s, 1, XO)) Z Z ol 9.3)
k<K CeC meR(C)NM

Let us now apply Perron’s formula (see (7.4)) to the series (9.3) with the contour given
by (8.6), (8.9), and (8.10). As in Lemma 8.1, we see that (8.12) holds for (9.3) on
Ffz, so this part of the path is negligible. To estimate the contribution of I'y F4F§L ,
we proceed exactly as in Section 8.3. Up to an admissible error, we have, with the
definition A := log(h/g)/(log?2) as in Lemma 3.3,

11
x“(Zm(long(s L xol)*
11/1
+ 2 gy (3 leelLats 1) )|ds|.

o) < —— ¢(D)

- +
n<x [y Taly

Note that

Lk(s, 1, xo0) ¢(D)

=1 L(1, x_ =/
) ls=1< L(1, x-p)

with the notation as in Theorem 6, so that log I:K(s, 1, x0) < loglogx +1log?¢+ O(1)
on I'; T4I'7 . By Stirling’s formula,

s e [ o

and
. k=<1,
;;w -U {(eU)K“ romin (1 i) x> 1

forany U > 1, « > 0, which gives the upper bounds in (1.1), (1.2), and (1.3).
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9.2. The lower bound

Fix a small number ¢ > 0 as in Theorem 6, and assume that x < 1/2 — ¢. Let
us define K = [(1/2 — &?)loglogx, loglogx] NN, and Q = exp(D®") with &* =
min((e/18)/(6c14 + 1), £2/4). Note that with this choice, we are still able to apply
Lemma 8.2. Let Q be the set of squarefree integers whose prime factors p satisfy
X—p(p) # —1 and p < Q, and for m € Q, let r*(m) be the number of classes
C € € which can represent m. As in Sections 8.1 and 9.1 (cf. (8.4)), we see that the
coefficients of

3paY IR et

keX Cee meR(CC-HNM

with § = 0 minorize rf(c)(n)o for any C € €. Using Theorem 4 as before, we find
that the coefficients a,, say, of

WIS WY CPCID I

Cec kefK " Cecek Cee meR(CC-HNQ
0
=Y Y Y Nel©) H Po.o® Y -
keﬂ( CGQ:]‘ Cec meQ

satisfy

Zan < %Z Z 1 K er(cn)(n)o 9.4)

n<x Ce€ n=x n<x
neR(C)

for any Cy € €. Now let us apply Lemma 3.3 with & = ¢/18. Then all k € X satisfy
N2 1 1
1+ 188)(5 - 8>(loglogx +logt) < (1+ 8)(5 — s)(l + 58) loglogx <k,
so that we can decompose ck=¢ 1 U G, such that

Y Ne(€)* > min (zk h) = g

Cec

for all C € C; and #C, < h* D¢, Therefore the coefficients of the series

3 > 11 oY

k69< " Ceekv=1 meQ
- Z > l_[ Pe,.o(s) Z =: Ai(s) — Ax(s), (9.5)
keﬂ( T Celyv=1 meQ
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say, satisfy, a fortiori, (9.4) for all Cy € €. Clearly,
1 1/1 k 1
Ai(s) = Z (5 l0g Li(s. 0. x0)) ZE:Q'"_

by orthogonality. Let us now apply Perron’s formula (see (7.4)) to both terms in (9.5)
with the contour given by (8.6), (8.9), and (8.10). As in Lemma 8.1, we see that (8.12)
holds for (9.5) on l"f/z, so this part of the path is negligible. As in (9.2), we see that

Z—<< I1 (1+ )<<1ogQ
meQ p=<Q

for the considered s, so exactly the same calculation as in Section 8.3 shows that the
contribution of A;(s) is at most

(log Q)+ x < (log Q) /DL, x_p) «x < main term
gDt Jlogx D#/2 g/o(D) /logx D3

The integral over A;(s) can be estimated exactly as in Section 8.4 with

- D¢ 1+ x_
a, := log (res,—1 Lk (s, Q. x0)) + 0(7) =logl — Z 1+ x-0(p) + 0(1).
p=0 p
The estimate (8.15) becomes
(r logx)B 1 ! 1 d ) B_1 1
1_[( + 1+s/(logx)) s> (V ng) H( + p)

peQ peQ

and we arrive as in Section 8.4 at

> )

* ! ! 1+ x-p(p) q
> fogx }:[Q<1 + ;)Z PP < (1oglogx +log ¢ — [g — 0(1)))
! 1+ x-p(p)
=5 ,HQ(I ) (ﬁ(logx)}:[Q< —)> ,

which gives the lower bound in (1.1). For the last step, note that by our choice of Q,
we have
2

—1(1 logx +1 E—E —+0(1)>>(—1——8 )1 log x + 0.(1)
0g10g x (0] 0gl10g x s

which is larger than the lower bound of X for large x.
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9.3. Sums of two powerful numbers

Corollary 2 can be proved as in [3, Section 5] by using our refined estimates (1.16)
and the upper bound in (1.2). The main idea is that a powerful number n can be written
uniquely as n = a*bh* with u?(a) = 1. Thus

V(x)=#{1 <n <x|ajx] + a3x3 represents n for some (a;, @) = 1}.

All results from Section 2 as well as (1.7) also hold for nonfundamental discriminants
Df?, except that numbers m | f° behave differently; a prime p | f cannot be
represented, while [12, main theorem] states that p® can be represented by at most
p@/?1 classes. Thus (1.16) carries over to nonfundamental discriminants, as do (1.1)—
(1.3) since (9.2) remains unchanged.

The lower bound in Corollary 2 follows from (1.16), as in [3, Section 5], by
considering the quadratic forms xl2 + p3x% for primes p = 3 (mod 4) so that L(s, x_4,)
has no Siegel zero and (log x)@”*/)10e2 < p < 2(log x)@"/Ilog2,

Let us now turn toward the upper bound and use the notation from Theorem 6.
Using the trivial bound

Cmin( XX D)
;rf(n) < mln((logx)l/Z—f’@+‘/B’

it is easy to show that the contribution of forms af)cl2 + ag’xz2 withxk <1/2o0rk > 1,
that is, (aja2)® < (log x)'°82*¢ or (a1a;)® > (log x)?'°82+¢ is negligible; in fact, it is
&« x(log x)"°22/3+¢ (cf. [3]). Let us now consider the contribution of the remaining
forms. Since

h_ DY2L(L x-p)

‘1 K10g2=
(€log x) D)

s

we have, by the upper bound in (1.2), that

;rf(”l) < £log x+/loglog x (D) D1/3( gx)

D 1277 nY: x(log x)~2
< (—) L1 ypp X _gfu),;
o(D) (log x)!=27"*(¢(D)D)'/3/loglog x

13 fie(1-log(2'Pk))

ie(1-log(2i)

x(logx)~2"
(log x)'=2""*(z(D)$(D))'/3{/Toglog x

< (14 L(1, x-p))
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if 1/2 < k < 1. Here we used 0 < 27!/3 —2/3 < 1. Thus the contribution of the
remaining forms is at most

©(d)*/? x(logx)~? "t -lox@ i)

(14 L1, x-a)) — ., 9.6)
(log x)log2/3=¢ <d£<:(logx)21°g2/3+s P(d) (logx)l 2 vloglog x
where k = K, refers to the discriminant —4d?>. One can easily see that
_0-1/3y2
_2—]/3 +K(1 _log(21/3K)) < _(K 2 )
for all 1/2 < k < 1; by definition and the class number formula,
. — 3 (logd + O(log L(1, x—a) + log t(d)))
"~ 2log?2 (loglog x 4+ O(log £)) ’
so that
(1 log(d/(log x)°)*
27134 (1-log(2'3k)) (_ g )
(log x) <exp(—(1+o(D) 0% loglogx )’ 9.7)

where = (22/3/3)log?2, provided that logd = loglogx and |log L(1, x_q)| +
log t(d) +log(d /¢(d)) = o(+/Toglog x). We always have 1 < d/¢p(d) < loglogd <
logloglog x. The only way that | log L(1, x_4)| > logloglog x is if we have a Siegel
zero, and this happens for just O(1) values of d in such a range. However, such
terms contribute < 1/d'/? to the sum, so they are negligible. The exceptional d
are those with 7(d) large, which we take to mean greater than (loglog x)*. By the
Cauchy-Schwarz inequality and the known bounds for moments of L(1, x_p),

T(d)?3 2
(Y (+L.xw) W))

7(d)>(log 10gx)A
d=(log x)°"

) (1+ L, x-a)) ) duv(d)*?

- 2
d=(log x)0M" d d=(log x)°M ¢(d)
1:(d)>(loglogx)A
log log x Z dr(d)'3 1
A 2 A=213-1"
(loglogx)t | =, #(d) (loglog x)

We thus get a negligible contribution to the above sum if A is chosen sufficiently large
since =213 4 k(1 — log(2'3k)) < 0.

For the remaining terms d, we split the sum up into dyadic intervals (y, 2y] (with
y a power of 2). By the Polya-Vinogradov and the Cauchy-Schwarz inequalities, we
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have
T(d)? "o (—d/n) T(d?
(1+ LA, x-a)) = ( + 0(1))
)’QiXS:Zy ¢(d) )‘«125:2)' ( ; n ) $(d)
logy yl/2+e
1 (—=d/n)t(d)*? T(d)*? (—d/n)|2\\/2
< + .
2:: »;Zy ¢(d) (}';Qy ¢(d)2 }1;2\1 n—%gv )
+ (log )1, 9.8)

Let us consider the second term of the right-hand side. The first sum inside the
brackets is < y~'(log y)2"'~!. For the second, we expand to get

For the terms where mn is not a square, the final term is < (mn)'/?logy, by the
Polya-Vinogradov inequality, and thus, their total contribution is

1 2
(X L=y

nSyl/Zﬂ

When mn is a square, write @ = (m,n) and m = ar’, n = as?, so that the total

contribution of these terms is

S)’Z ZW

a<y'/?*¢ ys=./(log y)/a

2 1
<Y )ty T
e «/(log)’/a) ogymamyiree @
log lo
<<y g gy.
logy

Finally, let us consider the first term on the right-hand side of (9.8). The con-
tribution of n that are squares is at most < (log y)zm’l. If n is a nonsquare, then
(—=d/n)t(d)**d/¢(d) is the coefficient of L(s, x)*”" A,(s), where A,(s) is absolutely
convergent in Re(s) > 1/2 and x is a nonprincipal character. By the Siegel-Walfisz
theorem, the d-sum is at most exp(—ci5+/Iog y) for some c¢;5 > 0, so that the total
contribution of nonsquare n is negligible. Altogether, we find that (9.8) is bounded
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above by
(log y)*"'~! = (loglog x)*""~". (9.9)

The contribution of the d € (y, 2y] to the sum (9.6) thus depends by (9.7) only on
the value of log(y/(log x)?)?/loglog x and is thus bounded for =< ,/Toglog x values
of y (which are each powers of 2). The contribution of values of y further away from
(log x)? decays rapidly and, in total, does not contribute as much as the values of y
nearby, and thus, we deduce from (9.6) and (9.9) the upper bound

W x(loglog x)
oglog x ,
glo8 (log x)1-27"" /loglog x

21

which is Corollary 2.
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