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LARGE CHARACTER SUMS: PRETENTIOUS CHARACTERS
AND THE POLYA-VINOGRADOV THEOREM

ANDREW GRANVILLE AND K. SOUNDARARAJAN

1. INTRODUCTION

The best bound known for character sums was given independently by G. Pdlya
and I. M. Vinogradov in 1918 (see [4], pp. 135-137). For any nonprincipal Dirichlet
character y (mod ¢q) we let

M(x) = mgX‘ > x(n)

n<x

b

and then the Pélya-Vinogradov inequality reads
(1.1) M(x) < v/qlogg.

There has been no subsequent improvement in this inequality other than in the
implicit constant. Moreover it is believed that (1.1) will be difficult to improve since
it is possible (though highly unlikely) that there is an infinite sequence of primes
q =3 (mod 4) for which (2) =1 for all p < ¢¢, in which case M((;)) > \/qlogg.

The unlikely possibility described above involves a quadratic character, and one
might imagine that there are similar possibilities preventing one from improving
(1.1) for higher-order characters. Surprisingly, one of our main results shows that

we can improve (1.1) for characters of odd, bounded order.

Theorem 1. If x (mod q) is a primitive character of odd order g, then

Sg
M(x) <g v/a(logg)t~ = T,

jus

where 6y =1 — Lsin
™ g

Our proof of Theorem 1 is based on some technical results (described in the
next section) which allow us to characterize characters x for which M () is large.
Our characterization reveals that there is a hidden structure among the characters
having large M (). One example of this structure is the following:

Theorem 2. For 1 < j < g, let x; (mod g;) be primitive characters (not neces-
sarily distinct) with g; < q for all j. We suppose that the product x1---Xg gives
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the principal character. If g is odd, then we have that

1

1
7 .

<<g (logq)?~ 2 + (log ¢)¢

If g is even, then

g—1

M _2(g—1) M (x5 2(g—1)
(X.l]) + (Iqu) = >>g H ( (XJ) ) ]
Vg log gq o1 WVailoga

Roughly speaking, the first part of Theorem 2 tells us that if g is odd and
X1 Xg = 1, then at least one of the M (x;) is small. In particular, taking x; =
=y, = x with k = g — 1, if M(x) is large, then M(x*) is small for small even
integers k. The second part of Theorem 2 tells us that if g is even and M (x1),
. M(xg-1) are all large, then so is M(x1---xg—1) (since X, = x1---xg-1 and
M(xy) = M(X,), by definition). In particular, taking x; = -+ = x = x with
k=g-1,if M( ) is large, then M (x*) is also large for small odd numbers k.
Another consequence of Theorems 1 and 2 is that if ¢ is prime = 3 (mod 4), and
M (x) > y/qlogq for some character x (mod g) of bounded order, then M((;)) >
v/qlog q for the quadratic character (E) One can deduce further results like this
from Theorem 2.
We give yet a third consequence. Suppose that ¢i, g2, g3 are pairwise coprime,
odd, squarefree integers in the interval [Q, 2Q], such that each M ((;.)) > \/gi log g;.

Then we have M((-)) < V@1a2(10g(q1g2))%7, whereas M((qlqzqg)) >
V119243 10g(q1G2q3). Similar results can be proved for products of four or more
characters.

These bounds are larger than the expected maximal order of character sums.
In 1977, H. L. Montgomery and R. C. Vaughan [I2] showed if the Generalized
Riemann Hypothesi (GRH) is true, then

(1.2) M(x) < /qloglogg.

This bound is best possible, up to the evaluation of the constant, in view of R. E.
A. C. Paley’s 1932 result [I3] that there are infinitely many positive integers g such
that

(1.3) M((3)) = (= +o(1)) Valogloga,

where v = 0.5772. .. is the Euler-Mascheroni constant Paley’s result gives large
character sums for a thin class of carefully constructed quadratic characters, and
one may ask if for each large prime ¢ there are characters x (mod ¢) with similarly
large M (x). Our next result shows that there are indeed many such characters x;,
and moreover we can point these character sums in any given direction.

Theorem 3. Let q be a large prime and let 0 € (—m, x| be given. There is an
absolute constant Cy such that for at least ¢'—Co/(oglog 9 characters X (mod q)

'n their results and in ours (when indicated), the Riemann hypothesis for all Dirichlet I-
functions is needed, not merely the Riemann hypothesis for the particular L(s, x).

2 Actually Paley’s method gives the constant “1/2” not “e¥”, but such an improvement ap-
peared subsequently in several places, for example [I].
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with x(—1) = —1 we have

Z x(n) = ew;\/a(log log g + O((loglog q)l/z))

n<lz

for all but o(q) natural numbers x < q.

In view of Theorem 3 it may be surprising that there are analogues of Theorems
1 and 2 which give a sharper upper bound than (1.2) for characters of small odd
order.

Theorem 4. Assume GRH. If x (mod q) is a primitive character of odd order g,
then )
M(x) <4 va(loglogg)'~ 20
(where 6g =1 — £sin 7).
On GRH, we can show that there exist arbitrarily large ¢ and primitive characters
X (mod ¢) of odd order g such that

(1.4) M(x) >4 /q(loglog q)* % o).

We believe that M(y) <, /q(loglogg)'=%+°() for all primitive characters y
(mod g) of odd order g, so that the exponent 1 —4, is “best possible”. Perhaps this
can be achieved by further developing Lemma 4.3. It would also be interesting to
obtain the lower bound (1.4) unconditionally.

Assuming GRH, we will show (just after Theorem 2.5) that for any fixed even
g > 2 there exist arbitrarily large ¢ and primitive characters x (mod ¢) of order g
such that

(1.5) M(x) >4 vqlogloggq.

Therefore (1.2) is best possible (assuming GRH) for all fixed even g, up to the
evaluation of the implicit constant. By suitably modifying the argument given
below, one should be able to obtain (1.5) unconditionally.

Theorem 5. Assume GRH. For1 < j < g, let x; (mod g¢;) be primitive characters
with q; < q for all j. We suppose that the product x1--- x4 gives the principal
character. If g is odd, then we have that
g
My s
1T M) <4 (loglogq)?~ 2 + (loglog q)*
o1 Vi

If g is even, then
M _ 9-1 M. 2(g—1)
e lomlon g (Xlg) + (loglogq)fﬂgiﬂ >y H <71(Xi) ) .
VT log log 4, 14\ UG loglogg

One can make deductions from Theorems 4 and 5 analogous to those conse-
quences we gave after Theorems 1 and 2.

The known estimates for character sums strongly resemble bounds for L(1, x).
Unconditionally it is easy to show that |L(1,x)| < loggq. Assuming GRH, J. E.
Littlewood [11] proved that

(1.6) Lo~ [[ (X7

p

1
7 .

p<log?q
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from which it follows easily that
(1.7) L(1L,)] < (14 0(1))2¢” log log q.

Apart from a factor of 2, the bound (1.7) is best possible, since S. D. Chowla [3]
showed that there exist arbitrarily large ¢ and characters x (mod ¢q) such that

IL(1,x)| = (1 + o(1))e” loglog .

Theorem 6. Assume GRH. If x is a primitive character (mod q), then

> x| < (25 + o) valoglosa

Furthermore,

w<nz<:a:+y X(n)’ = (% * 0(1))‘/§1°g10g q.

Regarding the second part of Theorem 6 we record that with minor modifications
to the proof of Theorem 3 we may prove that for any angle 6 € (—m, 7| and any
large prime ¢ there are at least ¢'~2/(°81089)” characters x (mod ¢) with y(—1) = 1
such that

o 2e7
1.8 n) ~ e = /gloglog q.
(1.8) > xn) m/g\/é glogq

q/3<n<2q/3

If ¢ = 3 (mod 4) is a prime, then the condition y(—1) = 1 is equivalent to x
having odd order. Thus (1.8) shows that there are characters of odd order for
which M(x) > /qloglogq, and so there is no improvement of (1.2) which holds
for all odd order characters.

Theorem 6 places the situation for large character sums on the same footing as
bounds for L(1,x): the conditional O-results for character sums differ from Paley’s
Q result by only a factor of 2. Moreover the maximal size of character sums in an
interval [z, 2 + y] is also determined up to a factor of 2. It is believed that the Q
result represents the true extreme values of L(1,x) (see [§] for arguments in the
case when y is quadratic). Similarly we believe that (1.3) and (1.8) give the largest
possible character sums.

Conjecture 1. If x is a primitive character (mod q), then

‘ > X(”)‘ < (2 + 0(1))\/6 loglog q

n<x
and

xg;ﬂ, x(n)’ < (% + 0(1))\/2110g10g .

In the final section of this paper we use the improved upper bounds for L(1, x)
given in [J] to obtain a modest improvement over Hildebrand’s results [I0] on the
constant in the Pdlya-Vinogradov inequality.

Theorem 7. Let x be a primitive character (mod q), and set ¢ = 1/4 if q is
cubefree, and ¢ = 1/3 otherwise. If x(—1) =1, then

69 ¢+ o(1)
M < — logg.
00 = -5 3 Valogq
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If x(—=1) = —1, then
c+o(l
M(x) < #ﬂlogq-
In the case x(—1) = 1 our result improves Hildebrand’s estimate by a factor of
%. Hildebrand gives an estimate for a slightly different quantity than M () when

x(—1)=—-1.

2. DETAILED STATEMENT OF RESULTS

If x is a primitive character (mod ¢), then the sum ) _ x(n) has a Fourier
expansion which is given quantitatively as (see Pélya [14])

Sao=5 8 N e) vl )
neZ

n<z
1<|n|<N

Here 7(x) is the usual Gauss sum (see section 4), and e(t) = e2™*. Choosing N = ¢
above and noting that L(1,%) = > ., X(n)/n+ O(1) we obtain that

(2.1) e
S ox(m = T x(-1) L1020 S (o) (1je(s)) 40(va)

All of our work here proceeds from the Fourier expansion (2.1). We wish to
understand when the terms appearing in (2.1) can be large. Littlewood’s result
(1.6) indicates that L(1,%) is large only when Y(p) = 1 for many small primes
p. We will find that the other terms appearing in (2.1) can be large only when
x(p) = &(p) for many small primes p, where £ is a character of small conductor. A.
Hildebrand [10] first realized the possibility of such a result.

To formulate our results precisely we define for two characters x and 1,

22) D(x, vy o= (30 LAWY

p<y p

We think of D(x,v;y) as measuring the distance between the characters x and
(up to some point y). As we will see below (Lemma 3.1) the triangle inequality
holds:

(2.3) D(x1, ¥15y) + D(x2, ¥2:9) = D(xax2, Y123 y).
Note that 0 < D(x,¥;y) < (1+ o(1))y/2loglogy.

Definition. Let x and 1 be two characters and let § > 0. We say that a character
X is (¥, y, )-pretentious if

1 —Re x(p)¥(p)

< Jloglogy.
p

D(x, ¥5y)* =Y

p<y

Our main results, from which Theorems 1 and 2 will follow, are the following
two theorems.
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Theorem 2.1. Of all primitive characters with conductor below (logq)% let €
(mod m) denote that character for which D(x,&;q) is a minimumly Then
van

M(x) < (1- X(—l)f(—l))¢(m) log g exp ( - %D(xf; q)2) +/q(log q) 7.

Thus M(x) < /q(log Q)7 unless £(—1) = —x(—=1) and x is (£, q, 2)-pretentious.

In the opposite direction we will show that if x is close to a character with small
conductor (and opposite parity to x), then M () is large.

Theorem 2.2. Let ¢ (mod £) be a primitive character with ¥(—1) = —x(—1).

Then
vl vl
M(x)+ —=loglogq > —
T Z0
We next turn to results conditional on GRH. Given a real number y > 1 we
let S(y) denote the set of integers all of whose prime factors are below y. We
are motivated by Littlewood’s conditional result (1.6) which shows that L(1,y) is
well approximated by 3°, ¢ s0g2 ) X(1)/n. We will show that the terms in (2.1)
involving e(+nz/q) may also be replaced by sums involving only smooth numbers

n.

log g exp(—D(x, ¥; q)%).

Proposition 2.3. Assume GRH. Let x be a primitive character (mod ¢) and let
«a be a real number. Then

Z @e(na) = Z @e(na) + O(1).
n=a neS(T(fgq)lz)

It follows at once from (1.7), Proposition 2.3 and (2.1) that

q _ q Iyt
Y| =Lrani+ L T (1-3) +ova
n<qa p<(log q)12
< (14e" + 0(1))£ log log g.
™

Thus Proposition 2.3 already gives a refinement of (1.2), and its proof (given in §5)
is simpler than the original proof of (1.2). With Proposition 2.3 in place we can
argue as in Theorems 2.1 and 2.2 and arrive at the following conditional analogues
from which we will deduce Theorems 4 and 5.

Theorem 2.4. Assume GRH. Of all primitive characters with conductor below
(log log q)% let & (mod m) denote that character for which D(x, &;logq) is a mini-
mum. Then

M) < (1= x(-DE(-1) ¥ logloggexp  ~ 3D(v, l0g0)?) + Vallogloga)*.
Thus M(x) < /q(loglog Q)7 unless £(—1) = —x(—1) and x is (€,logq, %)—preten—
tious.

3If there are several characters attaining this minimum, then one can pick £ to be any one of
those characters.
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Theorem 2.5. Assume GRH. Letv (mod £) be a primitive character with y(—1) =
—x(=1). Then

M(x) + % log log log ¢ > % log log g exp(—D(x, ¥;log q)?).

Deduction of (1.5). For a given even integer g > 4 we fix a character v, of order
g. By Paley’s result (1.3) we may find a quadratic character y (mod ¢) such that
M(x) > \/qloglogq. If we assume GRH, then Theorem 2.4 tells us that there
must be a primitive character £ (mod m) with x(—1)¢(-1) = =1, m < 1, and
D(x,&;logq) < 1. Now let us define y, to be the primitive character inducing x4,
and note that x4 will have order g and its conductor will be of size =<, ¢q. Corre-
spondingly let us define £, to be the primitive character inducing {14, and note that
¢, will have conductor <, 1, and moreover &,(—1)x,(—1) = &(—1)x(—1)p(-1)% =
—1, and D(xg,&4;1l0gq) < 14+ D(x,&;logg) < 1. Thus an application of Theorem
2.5 yields M(x4) >4 \/qloglog g, which establishes (1.5). O

Our work also allows us to make the following refined version of Conjecture 1.

Conjecture 2.6. Let x (mod q) be a primitive character. If 1 < x < q/2, then

x| < (€ + o) valoglosa.

n<zx

and equality holds here if and only if x(—=1) = —1, > ¢/(log ¢)°V), and
1_

p<logq p
Furthermore, if 1 <z <x+y <gq, then

2e7
> )< (7 +0(1)) /g loglogg,
w<n<z+ty V3
and equality holds here if and only if x(—1) =1, both |z — q/3| and |x +y — 2¢/3|
are < q/(log )™ where h(q) — oo as ¢ — oo, and

> LU0

p<loggq
p#3

The main purpose of this paper was to improve (1.1) and (1.2) in as many situ-
ations as possible. Of course we believe in the Generalized Riemann Hypothesis so
that (1.2) should hold, and beyond that results such as Theorem 4. In the discussion
after Theorem 4 we explained that for primitive characters y (mod ¢) of odd order
g we expect that the “best possible” result is M (x) <, /@(loglog q)'~%s+°(1) while
for even order g the estimate (1.2) cannot be improved in general. Analogously we
may expect our methods to give unconditionally that M (x) <, /q(log g)* %o
when ¢ is odd, and we do not expect an improvement over (1.1) for even g. Just
after (1.1) we gave an unlikely but possible scenario in which (1.1) could not be
improved for characters of order 2. If we had such examples then, arguing as in
the deduction of (1.5) (after Theorem 2.5), we could create characters of any fixed
even order g for which (1.1) could not be improved.

The exponents in Theorems 1, 2, 4, and 5 can all be improved by refining the
technical Lemmas 3.4 and 4.3. Although we can give some improvements to both
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lemmas, we have refrained from doing so in the interests of a simpler exposition.
We invite the reader to attain our objectives and reap the improved theorems, by
replacing the lower bound given in Lemma 3.4 by the best possible result, and to
replace the exponent ‘1/2’ by ‘1’ in the first part of Lemma 4.3 (perhaps at the cost
of an extra term of smaller order of magnitude).

3. THE DISTANCE BETWEEN CHARACTERS, AND DEDUCTIONS

In this section we gather together information on the distance between characters
defined in (2.2) and show how Theorems 1, 2, 4, and 5 may be deduced from
Theorems 2.1, 2.2, 2.4 and 2.5. Let z and w denote sequences (z(2), 2(3),...) and
(w(2),w(3),...) indexed by the primes, and such that |z(p)| < 1 and |w(p)| < 1 for
all p. For two such sequences we define (generalizing (2.2))

D(z, w;y) = (ZM)?

p
p<y

Given two sequences z; and zy we will denote by z;z, the sequence obtained by
multiplying componentwise: (z1(2)z2(2), 21(3)22(3),...).

Lemma 3.1. With the above notation we have the triangle inequality
D(z1, w1;y) + D(z2, wa; y) > D(z122, wiwz; y).

Proof. Since D(z,w;y) = D(1,Zw; y) we may assume that z; = 1 = z,. Using the
Cauchy-Schwarz inequality we see that (D(1, wy;y) + D(1, wa;y))? is

_ Z (1 — R(;wl(P) + 1- R;wz(l’)) +2D(1, wy;y)D(1, wa; y)

Py
1
> Z;(l —Re wi(p) + 1 — Re wy(p) + 2¢/1 — Re wy(p)y/1 — Re wg(p)>
Py
1
>3 (1= Re wi(p) + 1= Re wy(p) + [lm wi (p)][1m ws(p)])
Py b
1
>3 (1= Re wi(p)ua(p)),
= P
p<y
which proves the lemma. (I

More generally, given a sequence (a(2),a(3),...) of nonnegative real numbers we
could define the distance between z and w as (3_ ., a(p)(1 — Re z(p)w(p)))z. A
simple modification of the proof above shows that this also satisfies the triangle
inequality.

We now turn to estimates on distances between characters. We first record a
consequence of the prime number theorem in arithmetic progressions that we will
find useful below. Suppose a (mod ¢) is a reduced residue class. Then for any x

such that ¢ < (logxz)? (A an arbitrary constant) we have that

1 1
(3.1) ZSTZSQJ 5 =(1+ 0(1))M loglog x.

p=a (mod¥)
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Lemma 3.2. Let x (mod q) be a primitive character of odd order g. Suppose &
(mod m) is a primitive character such that x(—1)¢(—=1) = —1. If m < (logy)4,
then

D(x,&y)* > (85 + o(1)) loglog y.

Proof. Since x has odd order, x(—1) = 1. Thus £(—1) = —1 and £ must have even
order k > 2 say. We have

1 .
D(x, & y)* > E ( E 7) Zgrilgll(l — Re ze(—{/k)).
—kj2<e<k/2 py POV
&(p)=e(t/k)

If ||A|| denotes the distance of A from the nearest integer, then we may check that

5@511(1 —Re ze(—0/k)) =1— cos(%’rﬂﬁg/kﬂ).

An application of (3.1) gives that

>

p<y
£(p)=e(t/k)
Writing g/k = g*/k* in lowest terms (note that k* > 2 is even) we deduce that

1 k _
D(x,&y)* > (1+0(1))Eloglogy o Z (1 — cos Ekf)
—k*/2<0<k* /2

> (1+ 0(1))% loglog y.

"=

sin(m/g)
~ (1 Ok tan(w/(gk*))) loglogy.

Since k* tan(w/(gk*)) > 7/g, the lemma follows. O

Deducing Theorem 1 from Theorem 2.1. Suppose x has odd order g and let £ be the
character with conductor below (log ¢)3 with smallest D(y, &;¢). If x(—1)&(—1) =
1, then Theorem 2.1 gives M(x) < /q(log q)7, which is stronger than Theorem 1.
If x(—1)¢(—1) = —1, then Lemma 3.2 gives that D(x,&;¢)? > (6, + o(1)) loglog g,
and Theorem 1 follows at once from Theorem 2.1. O

Deducing Theorem 4 from Theorem 2.4. This is entirely analogous to the above de-
duction. (|

Lemma 3.3. Let g > 2 be fized. Suppose that for 1 < j < g, x; (mod g;) is a
primitive character. Let y be large, and suppose & (mod mj) are primitive char-
acters with conductors m; < logy. Suppose that x1---Xg4 15 the trivial character,
but & - - &4 is not trivial. Then

g
1
Y D(xj,&3y)° > (5 +0(1)) loglog y.
=1

Proof. We decompose D(x;,&;;9)? as Do(x;,&539)% + Di1(x;,&55y)? where in Dy
we sum over primes p < y dividing the l.c.m. of ¢, ..., g4, and in D; we sum
over all other primes p < y. Then the triangle inequality holds for D, and using
Cauchy-Schwarz we find that

g g —_ PR
S D0 2 (S D) =2 Y AReS &)
=t 905= I <y p

pla1-qq
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Trivially
g _—
11 1—Re& & (p)
> Do(xi&iw)= Y, === Y o(p)
=t <y P9 gy p
plai-gq plar-qy

and so we deduce that

g
1
DG, &) > =D, Egs ).
Jj=1 g

The lemma now follows from (3.1). O

Deducing Theorem 2 from Theorems 2.1 and 2.2. We first consider the case when
g is odd. For each 1 < j < g let &; (mod m;) denote that primitive character with
conductor below (log qj)% for which D(x;,&;;¢;) is a minimum. If for some j we
have x;(—1)§;(—1) = 1, then Theorem 2.1 gives that M(x;) < ,/g;(log q;)7 and
our claimed bound follows. Suppose now that x;(—1)¢;(—1) = —1 for all j. By
Theorem 2.1, and since g; < g, we see that

M(XJ)

1 s
< (logqj)exp( QD(xj,fj;qj)2) + (log g;)*
j

< (log q) exp ( - %D(Xjfj; q)2) (logq)?.

Therefore
f[ M) < (1 ( 1i &iiq )+(1 )97
ogq)lexp | — 5 D(x;j,&55 9 0gq .
sy \/@ 2 = 7957
We know that x1 - - - x4 is the trivial character, and since g is odd, (&1 ---§4)(—1) =
(—1)9 = —1 and so &; - - - &, is not trivial. Lemma 3.1 now gives the bound of the
theorem.

Now we consider the case when ¢ is even. If g = 2, then x; and y2 are com-
plex conjugates and there is nothing to prove. Suppose now that g > 4. If for
any 1 < j < g— 1 we have M(x;) < ,/g;(log q)7, then the bound of the the-
orem holds trivially. Suppose now that for each 1 < j7 < g — 1 we have that
M(x;) > /g;(log q)7. If &; (mod m;) denotes the primitive character with con-
ductor below (log qj)% with minimum D(x;,&;;¢;)?, then by Theorem 2.1 we have
that x,;(—1)¢;(—1) = —1, and that

M(x;) < %(logqj)exp ( ;D(Xj,fj;q]')2)
< %(logq) eXp( ;D(Xjagjﬂ])z)’

so that (for j < g—1)
V@3 logq
D0, &:0)? < 2log (=L 20) + 0(1),
I M (x;)p(m;)
Now note that x, is the primitive character inducing X1 - X4—1 and so we let
denote the primitive character inducing &; - - - §4_1. We note (using the triangle and
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the Cauchy-Schwarz inequalities, as well as an argument as in Lemma 3.3 to handle
the primes dividing ¢; - - - gg—1m1 - - - mg_1) that

g—1
D(xg,%;9)* < (9—1)>_D(xs,&5:9)°,
j=1
and that x4(—1)y(—1) = (—1)9~! = —1. Appealing to Theorem 2.2 we obtain the
theorem. 0

Deducing Theorem 5 from Theorems 2.4 and 2.5. This is entirely analogous to our
deduction above. O

Finally we record a lemma which will be useful later.

Lemma 3.4. Let x (mod q) be a primitive character. Of all primitive characters
with conductor below logy, suppose that; (mod m;) (1 < j < A) give the smallest
distances D(x, ;3 y) arranged in ascending order. Then for each 1 < j < A we have
that

D(x, ¥5;9)* > (1 - % + 0(1)) log log y.

Proof. Notice that

J

> =3 D(x ¢rsy) ZZl—Rex ¥ (p))
p<y k

k=1

(32) z%%%(j—\;wm)\).

By Cauchy-Schwarz we have that

(3:3) (Z}im@)})%(2%)(2%&%@)}2).
p<y k=1 p<y p<y’ k=1
The first term in the RHS above is ~ loglogy. The second term is

Z + ) Velp W )leoglogy,

(X?¢]7

w|>—~

p<y p 1<k, <j
Tkl
by appealing to (3.1). Using these estimates to bound the quantity in (3.3), and
inserting that bound in (3.2) we obtain the lemma. g

4. PRELIMINARY LEMMAS

Here we collect together some lemmas used below. For any character y (mod q)
we recall the Gauss sum

(4.1) )= Y. x(aela/q).
a (mod q)
It is immediate that if (b, q) = 1, then
(4.2) > x(a)e(ab/q) =X (b)T(x).

a (mod q)
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Lemma 4.1. Suppose that x (mod q) is induced by the primitive character X'
(mod ¢'). Then

7(X) = mla/d)x (a/d)7(X)-
If x (mod q) is primitive, then |7(x)| = \/q and (4.2) holds for all integers b.

Proof. Note that

)= >, X@e(/g= Y wdx(@d Y  X(a)e(ad/q).
a (mod q) dl(q/q’) a (mod q/d)
(a,q/q")=1
The inner sum vanishes unless d = ¢/¢’ and the first result follows. The second
statement is well known; see for example [4]. O

Lemma 4.2. Let f be a completely multiplicative function with |f(n)| < 1 for all
n. Suppose |a — b/r| < 1/r? with (b,r) = 1. For any 2 < R <r and any N > Rr
we have

o 3/2
> f(ne(na) < N, yUogh)

=% log N VR
and
3/2
Z f(n)e(na) < loglog N + (log R)*7 log N.
Rr<n<N n \/E

Proof. The first bound follows from Corollary 1 of Montgomery and Vaughan [12].
The second estimate follows easily from the first estimate and partial summation.
O

Lemma 4.3. If f is a multiplicative function with |f(n)| <1 for all n, then

Z@ < 1+log$eXP(_ZW) < HlogweXp(_%D(l’f;x)Q)'

n<zx p<z

Furthermore, if y > 2, then

1
3 f ) « log y exp ( — gD(l,f;y)z)-
n<zx
neS(y)

Proof. For the first assertion see the remark after Proposition 8.1 of [7] and note
that if [2| < 1, then 2— |1+ 2| > 2(1—Re z). To see the second assertion note that
if y <, then

Z f <<1—|—logxexp< ZM— Z 1)

n<z p<y p y<p<lzw p
neS(y)

1 1
< 1+ logyexp < — 5]1))(1, f;y)2) < log y exp ( — ED(l,f;y)Q).
Moreover, if y > x, then log z exp(—3D(1, f;2)?) < logyexp(—3D(1, f;y)?), and

so the second assertion holds in this Case also. O
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We remark that the second assertion of Lemma 4.3 cannot in general be im-
proved. To see this, pick any = < y and take f(p) =1 for p < z and f(p) = —1 for
x < p < y; then it is easy to check that

f(n) _ 'na, £
n%:x n logz 4+ O(1) > logy exp ( - §D(1,f,y)2)-

Lemma 4.4. Let f be a completely multiplicative function with |f(n)| < 1 for all
n. Then for any integer £ > 1 we have

Z@ :H( ) Z f O((loglog(£ + 2))?).
n<z ple n<x
(n,0)=1

Proof. Writing n as uv where u is composed only of primes dividing ¢ and v is
coprime to £ we see that

yin- y My [

< <
ns plu=sple 5 5/,“1
1
STI(-12)7 Moy
ple v<z u u
(0,0)=1 plu = pl|l

The error term is seen to be < (3°,, 10%) [L,,(1 +1/p) < (loglog(¢ +2))*. O

5. PROOF OF PROPOSITION 2.3

We begin by recalling a consequence of GRH. If ¢ (mod m) is a nonprincipal
character, then for all x > 2,

Z Y(n ) < v logzlog(mz).

n<x

This follows from standard arguments: for example, take 7' = z? in (13) on page
120 of [4] and use GRH. It follows from the above and partial summation that

(5.1) Z P(p) < Valog(ma).

p<z

Lemma 5.1. Assume GRH. If x (mod q) is a primitive character and x < /2,
then, uniformly for all 8, we have that

Zx e(pd) <<Jc‘r’/6 log q.

p<lx

Proof. First we show that if (b,r) =1 with r < ¢, then for any = > 2,

(5.2) > x(p)e(bp/r) < V/rzlog(qx).

p<z
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To see this, note that

> xw)elbp/r) = > x(p)e(bp/r) +0(Z 1)

p<z p<z plr
(p,'r‘):l
1
= o) Z (b ZX p) + O(logq).
1 (modr) p<lx

Since r < ¢ and y is primitive we know that x1) is a nonprincipal character
(mod gr). Appealing now to (5.1) and using that |7(¢0)| < +/r from Lemma 4.1
we obtain (5.2).

We now turn to the proof of the lemma. Set R = 22/3 and find r < R such that
0 = b/r + B where (b,r) = 1 and || < 1/(rR). If < ¢*/?, then < ¢ and by
(5.2) we obtain that > _y x(p)e(bp/r) < VTN log(¢N) for all N > 2. By partial
summation we see that

> x(e@d) = > x(p)e(pb/r)e(pB) = / (Zx pb/r)
p<z p<z 2 p<t
and integrating by parts using our bound above, we obtain that

ZX e(pd) < (1+ |B|z)vrzlogq < z°/%logq.
p<z

O

Lemma 5.2. Assume GRH. If x (mod q) is a primitive character and x < @2,

then
Z x(n)e(na) = Z x(n)e(na) + O(xy=%logq).
n<x n<x
neS(y)
Proof. Write n ¢ S(y) as pm where p is the largest prime divisor of n. Thus
x/m >p>yand m < z/y and so (denoting by P(m) the largest prime factor of
m)

> x(me(na) = > x(m) > x(p)e(pma),
n<x m<z/y max(P(m)—1,y)<p<z/m
n¢S(y)

and by Lemma 5.1 this is
< > (x/m)*Clogq < zy~/%logg,
m<z/y

as required. O

Lemma 5.2 and partial summation give that

> T X = X(@)ed) | oy11510g2 ),

n<q n<q
neS(y)

and Proposition 2.3 follows.
We remark that Lemma 5.2 with @ = 0 shows how character sums may be

approximated by character sums involving only smooth numbers. This question is
explored in greater depth in our paper [6].
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6. PROOF OF THEOREMS 2.1, 2.2, 2.4 AND 2.5

The main ideas of our proof work whether or not GRH is assumed, the only
difference being that the relevant parameters need to be chosen differently in each
case. To present this in a unified manner we adopt the following convention. We
set @@ = logq if GRH is assumed, and Q = ¢ if no assumption is being made.
Accordingly we warn the reader that the results in this section must all be read
keeping this convention in mind.

By (2.1), to understand M(x) we must first gain an understanding of
> n<g X(n)e(na)/n where o € [0,1]. If we assume GRH, then Proposition 2.3
shows that we may restrict ourselves to > n<qnes((log g)12) X(n)e(na)/n. Thus,
with our convention, we seek to understand

(6.1) Z x(n) e(na),
n<q
nes(Q?)
since in the unconditional case the criterion n € S(Q'?) is vacuous.

We now define s = (log Q)3 and S = exp((logQ)8). We say that o lies on a
minor arc if there is a rational approximation |o — b/r| < 1/(rS) with (b,r) =1
and s < r < 5. Otherwise we say that « lies on a major arc; in this case there is a
rational approximation |a — b/r| < 1/(rS) with (b,7) =1 and r < s.

Lemma 6.1. With the above conventions, if a lies on a minor arc, then
Z x(n) e(na) < (log Q) oM.

n<q
nes(Q'?)

Proof. Suppose |a —b/r| <1/(rS) where (b,r) =1 and s <r < S.
First we consider the unconditional case. By Lemma 4.2 with R = r we see that

X X X 5
> = + 0 < (logg)s*,
n<q n<r? r2<n<q

which proves the lemma in this case.
Now we consider the case when we assume GRH. By Lemma 4.2 with R = r we

see that
>

r?<n<(log q)'°%
neS((log q)'?)

1 5/2
e(na) < loglog s + logloglog ¢ + % log log q.
s

/>i|
=

Furthermore,
x(n) 1 1 1
| X S| 2 Y oy < sl
n>(log q)'°8* n€S((log ¢)1?)

nes((logq)'?)

and, trivially,

Z X(n)e(na) < logr <logs§.
n§T2 "
neS((log 9)*?)

Combining these estimates we get the lemma in this situation. O
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We now consider (6.1) when « lies on a major arc. Thus we suppose that
o —b/r| < 1/(rS) where (b,r) =1 and r < s, and no such approximation exists
with s <7 < S. Define N = Ny 4/ = min(q, 1/|ra —b|).

Lemma 6.2. With the above conventions, we have

Z @e(na): Z X(n) (nb/r) + O(loglog Q).
neg(gcg”) neyg?gm)

Proof. If N = g, then the lemma follows easily from |e(na)—e(nb/r)| < nla—b/r| <
n/N. Now suppose that S < N = 1/|ra — b] < q. We find an approximation
|l — by /ri| < 1/(r1N) where (by,r71) = 1 and 1 < N. Note that 1/(rry) <
|b/r —bi/r1| <1/(rN)+1/(riN)andsory > N —r >N —s> N/2. We now set
R = (log Q)°® and divide the interval (IV, g into three intervals: I; which contains
the integers in (N, ¢| that are in (N, Rri], Iz which contains the integers in (NN, g]
that are in (Rry,exp((log@)?)], and I3 which contains the integers in (IV, g that
are larger than exp((log Q)?).
Since N/2 < r; < N it follows that

Z X( ) e(na) < log R < loglog Q.
nely n
nes(Q'?)

An application of Lemma 4.2 shows that

Z X(n e(na) < loglog Q.
nels
7LES(Q12)

Finally, since each element of I3 is at least exp((log Q)?) we see that
1
W« b ¥ b <t

nl—l/ log Q@
nels nES (Q1?)
nes(Q'?)

Combining these estimates we obtain that

Z x(n) e(na) = Z X(n) (na)) + O(loglog Q),

n<N
nGS(le) nes(Q'?)

and since |e(na) — e(nb/r)| < nla —b/r| <n/N, the lemma follows. O

6.1. Lower bounds for M(x): Proof of Theorems 2.2 and 2.5. We consider
the quantity (6.1) for ap, y = b/¢ + 1/N where b runs over reduced residue classes
(mod ¢) and 1 < N < ¢g. We multiply this by ¢(b) and sum over all reduced residue
classes b (mod ¢). Thus we arrive at

S o0 Y Mooy =@ Y ),

b (mod ¢) n<gq n<gq
nes(Q'?) nes(Q"?)




PRETENTIOUS CHARACTERS AND THE POLYA-VINOGRADOV THEOREM 373

Exactly as in the proof of Lemma 6.2, set R = (log Q)® and divide the integers in
(N, ¢] into intervals I, I5 and I3. Then we deduce that

> a0 Y W =@ Y T oWiglonq)

b (mod¢) n<q n<N
nes(Q'?) nes(Q'?)

Now consider 25:1 »(b) > n<qap x X (1) Which in magnitude is plainly < ¢(£) M (x).
We see by (2.1), Proposition 2.3 (in the conditional case), and the above remarks
that if £ > 1,

b=1 n<qay, N 2m 1<N n
nes(Q'?)
(6.2a) + O(v/qfloglog Q),
while if £ =1 we have (because of the extra L(1,%) term)
TX

) Y xm ="Mooy Y om0

n<qor, N N<n<gq

nes(Q')

If we assume GRH, then taking N = ¢ in the case £ > 1 and N =1 when £ =1
we obtain easily that the sum over n in (6.2a,b) is > log Q exp(—D(x, ¢; Q)?) and
Theorem 2.5 follows. In the unconditional case we show in the next lemma that a
similar lower bound holds for some 1 < N < g, which proves Theorem 2.2.

Lemma 6.3. Letn (mod r) be a primitive character. Then there exists 1 < N <r
such that

‘ Z ’ + 1> logrexp(—D(n, 1;7)?).
n<N

There also exists 1 < N <1 with
’ Z m‘ + 1> logrexp(—=D(n, 1;7)?).
N<n<lr n

Proof. Set 6 = 1/logr and observe that

1 n ) n n
P [ S = >0 I

n<r n<t n<r

We see easily that L(1+46,7) = >, ., n(n)/n'*t24+0(1), and from the Euler product

that L(1+d,7n) > logrexp(—D(n, 1;7)?). The first part of the lemma follows. The
second part is similar starting from

Z@_/l 1+d Z i dt nEJn)s

n<r t<n<r n<r

It follows that

max
N<r

> Sz I
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6.2. Upper bounds for M(x): Proof of Theorems 2.1 and 2.4. We continue
from Lemma 6.2 our analysis of (6.1) in the case when « lies on a major arc. Of
all characters with conductor below s we let £ (mod m) denote that character for
which D(x, ¥; Q) is a minimum.

Lemma 6.4. We keep the conventions of this section. Suppose (b,r) = 1 with
r<s. Then

S Xy = 0105 @)%,

n<N n
nes(Q?)
unless m|r in which case it equals
b 3 ra X' 6
OO T wom -2oxe) Y s oee))
¢(T) p||r/m n<N n
a>1 nes(Q?)
Proof. Note that
X x(d X b
(6.3) 3 @e(nb/r} = % 3 @e(%)
n<N d|r n<N/d
nes(Q'?) nes(Q'?)
(n,r/d)=1

Since (nb,r/d) =1 we see that

e(%)zqs(rl/d)a > elia) 2 wawew

(mod r/d) 1 (modr/d)
P(a)p(nb)
1
= b
5, %/d)wm ()
Therefore
X(n) ( nb 1 — (xv)(n)

(6.4) AW (22 = —— () (b) St

n;N/d n (r/d) o(r/d) . (n%r/d) n§ZJ\7/d n

n€$(Q12) n€8(Q12)

(n,r/d)=1

By Lemma 4.3 we see that

> T < og@)exp (-~ D0k @)
n<N/d
nes(Q'?)

Using Lemma 3.4 we see that if ¢ is not induced by £, then

D(x, ¥;Q)* > (1 —1/v2+ o(1)) loglog Q,

and further that there are at most 9 characters ¢ (mod r/d) for which D(x, ¢; Q)? <
2 loglog Q. Since |7(¥)| < \/r/d we deduce that the contribution of all characters
not induced by & to (6.4) is

Vr/d 14 50s+o(1)
< o7y (0BT 4 Vi /d(log Q)5
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The contribution of these terms to (6.3) is < (log @)t v+ 1 /7(log Q)3+ «
(log Q)7

We must now handle the contribution to (6.3) from characters ¢ induced by &
(mod m). If m ¢ r, then there are no such characters 1, and the lemma follows in
this case. If m|r, then we have to account for the contribution of the characters
¥ (mod r/d) induced by & (thus d must be a divisor of r/m). By Lemma 4.1 and
(6.4) we see that the contribution of these induced characters to (6.3) is

Y(d) 1 IR A
(6:5) 2. %qﬁ(r/d)g(bﬁ(@u(%)g(%) ZN:/d (Xi(_)'

d|r/m n<
(n,r/d)=1
nes(Q'?)

By Lemma 4.4,

Z x§)(n) _ Z W+O(logd)

n n
n<N/d n<N
(n,r/d)=1 (n,r/d)=1
nesS(Q'?) nes(Q"?)
~ 1 (1_ (XE;(p)) T (XET)l(n) + Ologlog Q).
plr/d n§N2
nes(Q?)

Therefore (6.5) equals, up to an error O(loglog Q),

@ Y, W st ()E() T (1 (O0) g w0,

d|r/m plr/(md) p n<N "
nes(Q'?)
which by a straightforward calculation is
EB)7(E) - Vi (x¢)(n)
(6.6) N I xeH-eoxe) Y ==
p*|r/m n<N
a>1 nes(Q?)

To complete the proof of the lemma, it remains to show that the terms in the
sum in (6.6) may be restricted to n € S(Q?) with an acceptable error, in the case
where GRH is assumed. We must therefore estimate the contribution of terms n
which lie in S(Q'?) but not in S(Q?). We may write such n uniquely as p/ where
p, the largest prime factor of n, lies between max(P(£) — 1, Q%) and min(Q'2, N/¢),
and £ < N/Q? is in S(Q'?). Thus the contribution of these terms is

X¢§) (¢ X¢)(p

(6.7) 3 2() 3 (x) ()
(<N/Q? max(P(£)—1,Q%)<p
Les(Q"?) p<min(Q'*,N/¢)

Using (5.1) and partial summation to handle the primes larger than Q?(logQ)?,
and estimating the smaller primes trivially, we obtain that the sum over primes in
(6.7) above is < (loglog @)/ log Q. Thus the quantity (6.7) is < loglog @, and the
lemma follows. (|
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Combining Lemmas 6.1, 6.2 and 6.4 we arrive at the following:

Lemma 6.5. Keep the conventions of this section. Then

> Yfzn) (e(=na) = x(=1)e(na)) < (log Q)

nesS(Q"?)

unless « lies on a magor arc | — b/r| < 1/(rS) with r <'s, (b,r) =1 and m|r, in
which case it equals, up to an error O((log Q)*?),

(5(_1> — qu(;;))g(b)T(E) H (Y(pa) _ Z(p)y(pa—l)) Z (Y&T)L(n)

p®||r/m n<N
a>1 nes(Q?)
where N = min(q, 1/|ra — b|).

Proof of Theorems 2.1 and 2.4. From Lemma 6.5 we see easily that

n<q
nES(Qw)

Using Lemma 4.3 this is
(1 —x(=1)§(=1))ym
¢(m)

We also note that (using L(1,%) = >_,.,X(n)/n + O(1) and Lemma 4.3 in the
unconditional case, and Littlewood’s (1.6) in the conditional case)

(6.8) < (log Q)7 +

(10g @) exp ( — 5P (. & Q)?).

(69) L(1,X) < (o5 @) exp ( ~ $D(x 1:Q)?).

Using (6.8) and (6.9) in (2.1) (and using Proposition 2.3 in the conditional case)
we immediately obtain Theorems 2.1 and 2.4 in the case when m = 1 and £ is the
trivial character £(n) = 1 for all n. In the case when m > 1 it follows from Lemma
3.4 that D(x, 1; Q)% > (1—-1/v/2+0(1)) loglog Q. Using this in (6.9) we obtain the
bounds claimed in Theorems 2.1 and 2.4. (]

Our development of results in section 2 is designed to dovetail with the easily
understood triangle inequality, and its consequences, as described in section 3.
Our analysis above shows that one can obtain a more precise (though less readily
applicable) evaluation of M () in terms of

ng§Q2)

We describe such a result below, which improves, and was inspired by, Corollary 4
of [10].
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Corollary 6.6. Keep the conventions of this section. Then

M) = 6 YL (0) max{L, 1 - (O} + O(Valos Q)

where
if x(=1)§(=1) =
ey =11 if x(—1)&(— )7,1 and m > 1,
€[1/2,2] ifm=1and x(—1) =

Proof. If m > 1, then L(1,x) = O((log Q)%) by Lemma 3.4, so the result follows
from (2.1) and Lemma 6.5. If m = 1, then (2.1) and Lemma 6.5 yield the result
when y(—1) =1, and when x(—1) = —1 we obtain

M(x) = mgxglgijg L(1,%) — ﬁ ITxeH-xe*h) > xn) }
W né?(é? 2)
+0(//4(log Q)7).

From this we easily obtain the upper bound

M0 < V(1L D)+ M () max{L, 1 - x(2)[}) + O(llog )F),

and the upper bound on €, follows as |L(1,%)| < (1 + o(1))M*(x).
Note that the case N = 0 implies that M (x /i > |L(1,%)| + O((log Q) 7).

™

Furthermore, the choice of N which yields M *( ) together with » = 1 or 2 (the
latter if |1 — x(2)] > 1) implies that M (x /g > M*(x)max{l, |1 — x(2)|} —

IL(1,%)] + O((log Q) 7). Taking the average of these two lower bounds yields the
lower bound on e, . (]

7. PROOF OF THEOREM 6

To prove Theorem 6, we assume GRH and continue the analysis of the previous
section (note that @ = log q). We distinguish two cases: when the nearest character
¢ (mod m) is the trivial character (m = 1 and (n) = 1 for all n), and when m > 1.

We start with the easier second case. By Lemma 3.4 we have that D(x, 1;log q)?
> (1-1/v/2+0(1))logloglog q and therefore, by (6.9), L(1,%X) = o(loglog q). From
this, (2.1), Proposition 2.3, and Lemma 6.5 we obtain that M (x) + o(,/qloglog q)
is

_var®l

- ™ m|r,N<q }W

X" —EEXE*) >
p*|lr/m n<N
a1 neS(log? q)

(x&)(n) ‘

n

By Lemma 4.4 we see that, up to o(ﬂlog log q), the above is

L o) — Ep)R(eY) )
= ™ m\r,?\fﬁq “Em 1 B (Xg)(p)/ 1§V Y ‘
axl veS(log q)

(v,r)=1
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The product above is bounded in magnitude by [, , 2p/(p + 1), and the sum

over v above has size < [, <042 ¢ ptr(1 — 1/p)~t = (2¢7 + 0(1))(¢(r)/r) loglog q. 1t
follows readily that when m > 1,

M(x) < ( 2e7
Since there is no primitive character (mod 2) we have that m > 3 and so the bounds
of Theorem 6 follow.
We now consider the more involved case when m = 1 and £ is the trivial char-
acter. We consider Y (n) where 0 < a3 < ap < 1 and by (2.1) and
Proposition 2.3 this is

+ 0(1)) Vqloglogyg.

a1g<n<asg X

(7.1)
77_2(7;;) Z XE;”‘) (e(fnal)*X(*l)e(TLal)76(—na2)+x(f1)e(na2))+O(\/a).

n<q
neS((log q)*?)
There arise three cases: both «; and as lie on minor arcs, exactly one of a; and
as lies on a major arc, and both a; and as lie on major arcs. In the first case
we obtain from Lemma 6.5 that the above is < ,/g(loglog q)g+o(1). We examine
the third case in detail, and omit the second case which is similar and simpler.
Suppose (for j =1, 2) that |a; — b;/r;| < 1/(r;S) where r; < s, and (b;,r;) = 1.
Set N; = min(g, 1/|rja; —b;|). Using Lemma 6.5 and Lemma 4.4 we see that (7.1)
equals, up to an error O(,/q(loglog q)g“’(l)),

(7.2) —(1—X(—1))L>Q<A1 y Oy X(v))

211 v v
'USNl 'USN2
veS((log 9)°) vES((log q)?)
(v,rira)=1 (v,r17m2)=1

where

]‘ —(.a —(..a—1 Y(p) -1
/\j=¢(rj)p1|1j(x(p)—x(p >>pg2(1——) :

It is easy to see that (7.2) is bounded in magnitude by

NG 1
max(l, el A= dal) DD~

veS((log q)?)
(v,r1r2)=1

1
YD a0 Pl A — 2al) 11 (1— —)(2euo(1))1og1ogq.
™ p

plrira

Thus Theorem 6 would follow if
(7.3) max(|A1], [Aze], A1 = A2[)p(rira)/(r1m2) < 1.

A simple optimization gives that

Ay 22 ¢(rira) < H ‘X Y( 1)‘§iH27p(§1).

r17r2 a”

>< \
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This estimate immediately gives (7.3) in all but the following two cases: one of 71
or ry equals 1, or one of r; or r9 equals 2 and the other equals 3. In the second
case we see that

o0) | WXL 2
6 2-x(2)B-x@B)!~ 3

since this is maximized at ¥(2) = —1 and X(3) = 1 and so (7.3) holds. Finally we

have the case when one of r1 or r is 1 and the other equals r say. Here we must

show that

(7.4) 1 55 T - w6 ]H\ | <.

p*lr

|A1 — Ao

a>1
If 7 = p® is a prime power, then the LHS of (7.4) equals
1 1\ p® —x(p)® ~(n)a—1 1 1 !
—|(1--)" (), Xr) < L ((-Horre v+l ot
p p/ p=X(P) p P P >

and so (7.4) holds. Now suppose that  has at least two distinct prime factors. For
any nonnegative ai,...,ar with £k > 2, we have that

k
(T4ay...a)* < (1+a?)(1+ (ag...ax H1+a

Therefore

‘1_ (b(lﬂpl;lr(y(pa)_ﬂpal) ‘ < (1+ H X" pa 1( (pi)1)>2

a>1 a>1

as desired since z = (1 —X(p))/(p — 1) is a complex number with nonnegative real
part so that 1+ |z|% < |1+ 2|2

8. PALEY’S BOUND IN ALL DIRECTIONS: PROOF OF THEOREM 3

Bateman and Chowla [I] showed that

LS| 3 - T LT (1- 1),

N<g n<N plg

If x(—1) = —1 we deduce that

(8.1) S x(m) = “X (11, ) + O(logloglog )
n<N

for “almost all” N < ¢q. We now show that for most characters yx, L(1,%) may
be approximated by a short Euler product. Throughout this section we let y :=

log g/ loglog g.
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Proposition 8.1. For any large prime q,

L(1,x) :,,Hy (1- %)‘1(1 +o(%)),

for all but at most ¢~/ (4108108 ) characters y (mod q).
Proof. An immediate consequence of Proposition 2.2 of [§] is that

L(1,x) = H (1_%) (1+O<10g110gq>)’

p<(logq)?

3/4

for all but at most ¢%/* characters x (mod ¢). Consider

2k

1 x(p) a(m)ag(n)
M Z ’ Z —‘ o Z mn ’

X (modgq) logg<p<(loggq)? p m=n (mod q)
where ay(n) is the number of ways of writing n = p; ... py where each p; is a prime
in (logq, (log q)3]. We choose k = [log q/(4loglogq)] so that aj(n) = 0 for n > q
and so the congruence m = n (mod ¢) implies that m = n. Since ag(n) < k! it
follows that

Zakg)gsmza’;—@zk!( 3 i)ké( 1 )%'

2
N n log g<p<(log q)* © loglog

We deduce that there are fewer than ¢(q)e~2* characters y with
| > x(p)/pl = e/loglogq.
log g<p<(log q)3

Since Zy<p§10gq % < logloglog ¢/ loglog ¢ trivially, the proposition follows. [

Proposition 8.2. Given a prime q and an angle 6 € (—m, x|, there are at least
g =Co/ (8105 D) characters x (mod ¢q) with x(—1) = —1 such that

Z(—;ﬁ) pl;[y (1 - %)1 = e'(e” loglog q) + O((loglog q)'/?).

Proof of Theorem 3. Theorem 3 follows upon combining (8.1) with Propositions
8.1 and 8.2. O

To prove Proposition 8.2 we require the following consequence of P. Deligne’s
celebrated bound on hyper-Kloosterman sums.

Lemma 8.3. We have

2
5@ )’ > x(@)r(x)"| < 2ng" V2,
4 X (mod q)
x(—1)=-1

Proof. Using the definition of 7() and the orthogonality relation for characters we
see that )
o(q)

x (mod q)

x(=1)=-1
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where

Kl,(b,q) = Z e(%)

T1,..ron (mod q)
1T, =b (modq)

In (7.1.3) of [5] Deligne gives the bound (for (b,q) = 1)
KLy (b, )| < ng™ =172,

from which the lemma follows. O

Proof of Proposition 8.2. Set R := ][, (1— 1/p)~! = ¥ loglog ¢+ O(loglog log q)
and consider for a natural number k,

2 7(x) X(p)\ ;
(8.2) pe) 3 qH(l_T) + Re®

x (mod q) Z\/— <y
x(—1)=-1

2k

Expanding using the binomial theorem this equals

3 <k> <];>R2k_j_£ei0(f—j) 3 d;j(m) de(n)
j m n

0<5,<k m,neS(y)
(53 2 smn(TR2) (Y
¢(a) X (mod q) Wi Wa

x(—1)=-1

Using Lemma 8.3 we see that the terms j # ¢ above contribute an amount
bounded in magnitude by

2k k\ [k o 2k
(8.4) = ( ) ( )R%MRJR‘ = 92k Rk,
\/50<§e:<k J7\E va

Now we focus on the terms j = ¢ in (8.3) which give, by the orthogonality relation
for characters,

2
o (e 3 eonpin
0<j<k J m=+£n (mod q) m "
m,neS(y)

If m = +n (mod ¢) but m # n, then either m or n exceeds ¢/2. Thus such terms
contribute to the sum in (8.5) an amount

d; d; .72\ 1/ loglogq d;
<1 ¥ aq(nm) 3 Jfln)S4R](_) 3 %

meS(y) nZé](/Q) q neS(y)
nesS(y

< CjR2jq—1/ log logq’

for some absolute constant C' > 1. From this and (8.4) we conclude that our
quantity (8.2) is

so 3 (5) e 3 Moo ),

0<j<k M neS(y)
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Note that
d;(n)® - d;(0")? 1z e(0) =%
g | DOE s | e
n€S(y) p<y £{=0 p<y”’ ~1/2
Observe that f_IﬁQ |1 — @|_2jd9 > 1 always, and that if p < j, then it is

p/(25) —2j 1\ —24
[ O P 2 )
p/(24) D J D

for a suitable positive constant c. It follows that if 2 < j <y, then

(8.7) > djf;)Q =TI (- ;1,)7% exp (= L),

nes(y) log j

for some positive constant C.

We now take k = [c'y] for a suitably small constant ¢’ > 0, and consider only
the contribution of j = [k/2] in (8.6). Using (8.7) we deduce easily that the main
term in (8.6) exceeds 2°*RF] (1 — 1/p)~* exp(—Ck/logk) and that the error
term there is substantially smaller. We conclude that

2 7(X) X(p)\ 1 i
x(=1)=-1

2k

Ck
o)

> (2R)2k' exp ( —

for some positive absolute constant C'. From this estimate we deduce that (for some

absolute constant Cp) there are at least ¢'~Co/(loglog 9% characters x (mod ¢) with
x(—1) = —1 such that

’T(X) I1 (1 _ @)_1 4 Re®

> 2R(1 ¢ )

i\/q oty loglog g
Now, if 2] <1 and |1 + z| > 2 — ¢, then we may check easily that z = 1 + O(\/e).
The proposition follows. O

9. THE CONSTANT IN THE POLYA-VINOGRADOV THEOREM:
PROOF OF THEOREM 7

Let ¢ (mod m) denote the primitive character with conductor below (loggq)3
such that D(x, ¢; ¢) is a minimum. We distinguish two cases depending on whether
m>1lorm=1.

We start with the easier first case. By Lemma 3.4 we know that D(x, 1;¢)? >
(1 —1/v/2 + o(1))loglog g, and so by (6.9) we have that L(1,%) = o(logq). Thus
by (2.1) and Lemma 6.5 we deduce that M (x) + o(,/qlogq) is

00 <Y e | TT @00 - e ) X |
T p“q\lg/lm n<N

Observe that X¢ is a nontrivial character to the modulus [g, m] (this denotes the
lL.em. of ¢ and m). Set cg = 1/4 if [q, m] is cubefree and ¢y = 1/3 otherwise, and

note that cg = ¢ unless m is divisible by a prime cube, and in any case ¢y < %c.



PRETENTIOUS CHARACTERS AND THE POLYA-VINOGRADOV THEOREM 383

Burgess’s results on character sums (see [2]) show that > _ (X§)(n) = o(z) if
x > g€, from which it follows by partial summation that

Z@: 3 @Jro(logq)-

n<N n<min(g,N)

Using this and Lemma 4.4 in (9.1) we obtain that M(x) 4 o(,/glogq) is
Vam 1 X — EPxX(P*") (x¢§)(n)
02 <Y e L] Y GO
™  m|r,N<qc ¢ T’ 2l /m 1 — ( ( )/p n<N n
a>1 (n,r)=1

The product above is bounded in magnitude by [[,,/,, 2p/(p + 1), while the
sum is bounded by ~ (¢(r )/r)co logg. Thus (9 2) is bounded in magnitude by

T

p\T/m

(cologq).

If ¢y # ¢, then m must be at least 8 and the above bound beats the estimates
claimed in the theorem. If 1 < m < 8, then ¢y = ¢ and the bound above suffices in
all cases except for m = r = 3 (and { = (3)). In this final case we have that the
quantity in (9.2) is bounded in magnitude by

\/§ YXE)(n
@_maxc ;V(X?L( )"

T 2 N<q

Applying Theorem 1 of [9] we may see that
Lxol=| Y T 4 ogg) < (24 01) 2ctoz)
’ Z =35 3

where the % accounts for the fact that (X¢)(3) = 0. It follows that for N < ¢,

(6]

’ Z X§ ’ < ( +0(1)> min(logN,%(clogq)+log qﬁ)

<@ +o(1))$8 ;(clogq)

which completes the proof of the theorem when m > 1.
Now consider the case m = 1. Here (2.1), Burgess’s estimate, and Lemma 6.5

give that M(x) + o(,/qlogq) is
<V W T - xe) Y )

- noelr) S =

The estimate claimed in the theorem now follows from Lemma 4.4 and (7.4).

max
T r,N<g°
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