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On the Normal Behavior of the Iterates

Of some Arithmetic Functions

P. ERDOS, A. GRANVILLE!, C. POMERANCE?,
AND C. SPIRO

Dedicated to our friend, colleague and teacher, Paul Bateman

Abstract

Let ¢1(n) = ¢(n) where ¢ is Euler’s function, let @a(n) = ¢(p(n)) ,
etc. We prove several theorems about the normal order of i (n) and state
some open problems. In particular, we show that the normal order of
vr(n)/pr+1(n) is ke logloglogn where v is Euler’s constant. We also
show that there is some positive constant ¢ such that for all n, but for a
set of asymptotic density 0 , there is some k with ¢x(n) divisible by every
prime up to (log n)°. With k(n) the first subscript k with ¢r(n) =1, we
show, conditional on a certain form of the Elliott-Halberstam conjecture,
that there is some positive constant o« such that k(n) has normal order
alogn . Let s(n) = o(n) — n where o is the sum of the divisors function,
let so(n) = s(s(n)) , etc. We prove that so(n)/s(n) = s(n)/n+0(1) on a set
of asymptotic density 1 and conjecture the same is true for sg1(n)/sk(n)
for any fixed k .

§1. Introduction

Let ¢(n) = ¢1(n) denote Euler’s phi-function and if ¢g—; (n) has already
been defined, let @i (n) = ¢(pr-1(n)) . If n > 1, then n > o(n) . Thus the
sequence n, ¢1(n), p2(n),-- - is strictly decreasing until it reaches 1 when it
becomes constant. Let k(n) = k be the least number such that r(n) = 1.
Further, let k(1) = 1.
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Note that if n = 27 | then k(n) = j = (logn)/log2. Alsoifn =2-37,
then k(n) = j + 1 = [(logn)/log3] where [z] denotes the least integer
> r . It turns out that these two examples essentially demonstrate the
extreme behavior of k(n) , for as Pillai [14] showed in 1929,

[(logn)/log3] < k(n) < [(log n)/log2] (L1)

for all n . Further, by considering numbers n of the form 243% it is easy to see
that the set of numbers of the form k(n)/logn is dense in [1/log 3,1/log2] .
What is still in doubt about k(n) is its average and normal behavior. We
conjecture that there is some constant a such that k(n) ~ alogn on a set
of asymptotic density 1 . If this is true, then (1.1) immediately would imply
that |

o Z k(n) ~ alogz.

n<z

The function k(n) possesses more algebraic structure than is immediately
apparent from its definition. Shapiro [16] has shown that the function
g(n) := k(n) — 1 is additive and in fact satisfies the stronger relation

g(mn) = g(m) + g(n) + €(m,n)

for all natural numbers m, n where €, n) is 0 unless (m, n) is even in which
case €(mn) = 1.
Let F(n) denote the number of even terms of the sequence

n, ‘P(n)1 902(”), 0

Then F(n) = k(n) for n even and F(n) = k(n) — 1 for n odd. It is not hard
to show (we leave this for the reader) that the function F(n) is completely
additive; that is, F(mn) = F(m) + F(n) for all natural numbers m, n .
Note that F(2) = 1 and for p an odd prime, F(p) = F(p—1) . Soin fact, we
have an alternative definition of F' that does not have anything to do with
iterating the phi-function. Namely, F is the completely additive function
which is defined inductively on the primes as follows:

F()—{l’ if p=2
PP=\Frp-1), ifp>2

Thus our conjectures on the normal and average orders of k(n) can be
equivalently put in terms of the normal and average orders of the func-
tion F(n) . Using this translation of the problem, we are able to prove
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these conjectures conditionally on a certain form of the Elliott-Halberstam
conjecture. This conjecture states that for any A,

max max

i oy ®(&) z
i n(z';k,a) L4 —— (1.2)

< ,
e(k) 4 log? z

k<Q

where 7(z; k, a) denotes the number of primes p < z with p = a (mod k) ,
where 7(z) is the number of primes p < z , and where Q is some function of
the form z1=°() | This conjecture for Q = z/log? = , which was the original
conjecture of Elliott and Halberstam, was recently disproved in [4], while in
[5] the conjecture is disproved for Q = z/exp {c(loglog z)?/logloglogz}
for some positive constant ¢ . But presumably, if Q = z!~<(*) and €(z) tends
to 0 slowly enough, then (1.2) holds. In section 2 below, we show that F'(n)
(and thus k(n)) possesses normal and average order alogn provided (1.2)
holds for Q = z!~(*) with ¢(z) = (loglogz)~2. Further we can weaken
(1.2) by deleting the double max (letting ' = z and a = 1), by restricting
k to integers with at most two prime factors, and taking A =2 .

Short of proving our conjecture on the normal order of k(n) uncondition-
ally, there are still many interesting questions about the normal behavior
of the functions pi(n) . In 1928, Schoenberg [15] showed that n/p(n) has
a distribution function. That is, D,(u), defined as the asymptotic density
of the set of n with n/p(n) < u, exists for every u. In addition, D,(u) is
continuous and strictly increasing on [1,00) , with asymptotic limit 1 .

It turns out that the situation for the higher iterates of ¢ is much simpler.
We show below that the normal order of pr(n)/pr41(n) is

ke logloglogn,

where v is Euler’s constant, for each fixed ¥ > 1 . In fact, this result
continues to hold true if k is allowed to tend to infinity at a modest rate.
(For fixed k , this result was stated without proof in [7].)

As a corollary, we have that the set

{n :n/pr41(n) < ukle*7(logloglog n)* }

has asymptotic density D, (u) for every integer k¥ > 0 and for every real
number u.

It is well known that the maximal order of n/p(n) is €7 loglog n but that
very few integers n have n/op(n) this order of magnitude. We show below
the existence of a positive constant ¢ such that

max ¢x(n)/¢e+1(n) > cloglogn
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holds for a set of n of asymptotic density 1 . In fact a stronger result is
true. We show the existence of a positive constant ¢’ such that the set of
n for which there is a k with i (n) divisible by every prime up to (log n)cl
has asymptotic density 1.

The following two conjectures are perhaps tractable, but so far have
resisted our efforts. We define

®(n)=n H er(n).

E>1

Conjecture 1. For each prime p, let N(z,p) denote the number of n <
with p| ®(n). Then for every ¢ > 0, N(z,p) = o(z) uniformly in the region
p> (logz)'*¢ and N(z,p) ~ ¢ uniformly in the region p < (logz)*~*.

Conjecture 2. For each € > 0, the upper asymptotic density of the set of
n with the property that the largest prime factor of ¢y (n) exceeds n tends
to0 ask — oo .

Concerning Conjecture 1, we show below that for every n , the number
of distinct prime factors of ®(n) is at most [(logn)/log2] . Thus for each
€ > 0 and all £ > zo(¢) , there is no n < z with ®(n) divisible by every
prime p < (log z)'*¢. However, we not only cannot prove the first assertion
in Conjecture 1 for every ¢ > 0, we cannot prove it for any specific choice
of € , even for very large choices. From our theorem mentioned above
on ¢r(n) being divisible by every prime up to (log n)"l, it follows that if
0 <c<c,then N(z,p) ~ z uniformly for p < (logz)®. The second
assertion in Conjecture 1 has both stronger and weaker versions that may
be worth stating. The stronger version is that for each ¢ > 0 , there is a set
Se(z) of integers n < z of cardinality oc(z) such that if n < z, n ¢ Se(z),
then ®(n) is divisible by every prime p < (logz)!~¢ . From the above
mentioned theorem, this is true for all ¢ < 1 — ¢’ . The weaker version is

that
> 1/p=o(1)
p<logn
pl &(n)

on a set of n of asymptotic density 1. Perhaps this is tractable. Note that
from the above comments, we have

Z 1/p—0 asn — oo.
p>logn
pl®(n)

By using sieve methods, we can prove Conjecture 2 for ¢ > 2/3 . We do
not give the proof here.
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The sum of the divisors function o(n) resembles in many ways Euler’s
function ¢(n) . Yet it seems very difficult to prove anything non-trivial
about the sequence of k-fold iterates ox(n) . For example, consider the
following statements:

(i) for every n > 1, op41(n)/or(n) — 1 as k — oo;
(ii) for every n > 1, ox41(n)/or(n) — 0o as k — oo;
(ii1) for every n > 1, or(n)* = 0o as k — oo;
(iv) for every n > 1, there is some k with n|ok(n) ;
(v) for every n, m > 1, there is some k with m|ox(n) ;

(vi) for every n, m > 1, there are some k, £, with ox(m) = o¢(n).

We can neither prove nor disprove any of these statements.

Let s(n) = o(n) — n and let sx(n) be the k-fold iterate of s at n. In [8],
the first author stated the following: For each ¢ > 0 and k , the set of n
with
s(n) _ sj41(n)

n sj(n)

has asymptotic density 1 . This result is “half proved” in [8]. Namely, it is
shown that the set of n with

s(n)

Sj+1(n)> —€ fOl'jzly 21“.’k
sj(n) n

<e for j=1,2,---, k

has asymptotic density 1 . The other half of the statement is claimed, but
no argument is given. The first author now wishes to retract this claim and
state the following as an open problem.

Conjecture 3. For each ¢ > 0 and k, the set of n with

si+1(n) < s(:)-Q-C for j=1,,---, k

sj(n)
has asymptotic density 1.

In section 5 we give a proof of Conjecture 3 in the case k = 1. We

also show that the full Conjecture 3 would be implied by the following
conjecture.

Conjecture 4. If A is a set of natural numbers of positive upper density,
then s(A) = {s(n) : n € A} also has positive upper density.

Note that it is possible for s(A) to have positive density when A has
density 0 . For example, if p # ¢ are primes, then s(pg) = p+ ¢+ L
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While the set of integers of the form pq has asymptotic density 0 , the set
of integers of the form p + ¢ + 1 with p, ¢ distinct primes has asymptotic
density 1/2 . This follows from work on the “exceptional set” in Goldbach’s
conjecture. In fact, a more complicated version of this idea gives that the
set of sx(pq) has lower asymptotic density at least 1/2 for any fixed k. We
show this in section 5.

Suppose for every K there is a number Ck such that for any m there are
at most Cx numbers n < Km with s(n) = m . We are not sure whether
we believe this hypothesis and in fact it may be possible to disprove it. We
note though that it implies Conjecture 4.

In some sense, the paper [8] was motivated by a problem of H. W. Lenstra,
Jr. [12] to show that for each k , there is an n with

n < s(n) < s2(n) < -+ < sg(n). (1.2)

Let a be the asymptotic density of the set of n with n < s(n) . Then
a > 0 and the correct half of [8] shows that for each k, (1.2) holds for a
set of n of asymptotic density. That is, if the first inequality in (1.2) holds,
then almost certainly all of the inequalities in (1.2) hold. Thus (8] provides
a very strong solution to Lenstra’s problem. The third author wishes to
acknowledge a conversation with Lenstra in which the difficulty in the proof
of the other half of [8] was discovered.

In [9], the first and third authors prove a theorem on the normal number
of prime factors of p(n) . Abdelhakim Smati has pointed out to us an
error in the proof of Lemma 2.2 in this paper and another minor error. We
correct these errors below in the last section.

Throughout the paper the letters p, g, r will always denote primes.

§2. The average and normal order of F'(n)

Most of the results in this section are conditional on certain suitably
strong versions of the Elliott-Halberstam conjecture. Before we state our
results we define a few terms.

Definition. We say a positive, continuous function e(z) defined on (1,00)
is acceptable if
(i) e(z) log z is eventually increasing and — oo as * — 00;
(ii) for some 6 > 0, ¢(z)(loglog z)**? is eventually decreasing.
Some examples of acceptable functions are
€(z) = (loglog 3z)~2,
¢(z) = (log z)~/2,
€(z) = exp ((log log 31-)1/2)/log z.
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Consider the two statements:

(=)

2 |r=nl)- ,i,rffl < e(z)n(z), (Ac)
p<pime(s)
m(z:m _W(z) e(2)r(z
m<§;«<x> S Lp(m)l<< (z)7(=). (Be)
Q(m)<2

Here the function (m) counts the total number of prime factors of m with
multiplicity, so that the statement B, implies the statement A..

We now state the principal results of this section. Please note that if ¢(z)
is an acceptable function, then ¢(z)loglogz = o(1) .

Theorem 2.1. If A, holds for some acceptable function €(z) , then there
is some positive constant a such that

% Z F(n) = alogz + O(¢(z) log z loglog z). (2.1)

n<z

Theorem 2.2. If B, holds for some acceptable function ¢(z) and if « is
the constant of Theorem 2.1, then

% E (F(n) — alogn)? < €(z)log? zloglog z.

n<z

In particular, F(n) has normal order alogn.

Corollary 2.3. If¢(z) is an acceptable function of the form (log L
and if B holds, then for each § > 0 , the set of n with

|F(n) — alogn| < (logn)t/2+¢

has asymptotic density 1.

The implied constants in Theorems 2.1, 2.2 depend, respectively, on the
implied constants in A,, B, and on which specific function €(z) is used.
Thus if one had A, with an explicit constant for some explicit e(z) , say
€(z) = (loglog 3z)~2 , then the constant a would be effectively computable.

We begin the proof of Theorem 2.1 with an unconditional result.
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Lemma 2.4. For any function e(z) with z!/2 < z}~<*) < (1 - é)z for z
Iarge and 6 > 0 some constant, we have

LYY T < daogs+EE Y (e 1) - e,
p<z‘ p<z p<$l—c(z)
Proof: From the definition of F we have
Y Fp)=1+ Y Fp)=1+ Y, F(p-1)
p<z 3<p<s 3<p<sz
=1+ Y Y F@=1+ )Y F(g)n(z;¢%1).
3<p<= ¢eip-1 g* <z
Thus F(
p
Y Fp)-n(z)Y —== zl + 22 S 23, (2.3)
p<z p<z
where
Y =1+ Y P,
pe<e
a>2
_ ()
Y,= ¥ @) (s@nn-"2
p(:x:“‘(’)
Y= Y F@)(n@en- T
3 ) H p .
zi=«(=)<p<Lz
We have (using F(p) < logp)
Y. <1+ Y (logp) (ﬂ(z‘;p",l)—Lﬁ))
! a 1/3 (p(p)
p°sz
az2
+ Z (log p) (,,))+ Y. (logp)m(z;p® 1)
1/3 ‘/3<P“S"‘
a>2 a>2
. zz P zlogp z , (2.4)
log®z logz = & = p° log z
iFed

where we used the Bombieri-Vinogradov theorem for the first sum over
p% < z1/3. In addition, we have

22 <L logz Z

pszl—c(:)

1r(z)

z

w(z;p,1) — log 2 (2.5)
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For ) g, we have

23 K logz E n(z;p,1) + n(z) Z l(—)i—g

Sl_‘(")<PSl Il'e("')<PSt
K logz Z w(z;p,1) + n(x)e(z) log z. (2.6)
xl-—:(:)<psz
We estimate the sum on the right of (2.6) using Brun’s method as follows:

E 7(z;p,1) = Z Z 1

zi-e(=)<p<s ri-<(=)<p<e 7<=z
¢=1 (mod p)

< Z Z 1< m z/m

2
wite ptm e P log(z/m)
pm+1 is prime

z 1 e(z)x
L —5— — K g 2.7
log® z m§(z) p(m) log z @7

Putting this estimate in (2.6) and assembling (2.3)-(2.6), we obtain the
lemma.

Corollary 2.5. If ¢(z) is some function that satisfies the hypothesis of
Lemma 2.4 and if A, holds, then

1 F(p)
MZF@) - Z > L €(z)log .
p<=z p<z
Proof of Theorem 2.1: We unconditionally have
1 F(p)
- F(n) = —< 4+ 0(1). 2.8
;T =T P00 (28)

Indeed, using F(p) < logp , we have

SIOEES S WL II ]

n<z n<z pein pe<z
F F
=3 —(fl)+0(1)=zﬁ+0(1).
peLz 4 pe 4

Corollary 2.5 gives a (conditional) connection between 3° ., F(p)/p and
2 p<z F(p). There is another (unconditional) connection which comes from
partial summation. Let

R(z) := % Z F(p).

p<=




174 P. ERDOS, A. GRANVILLE, C. POMERANCE, AND C. SPIRO

Then
Z%"_) = R(z) + /2 —:-R(t) dt. (2.9)

p<=

Assume now that €(z) is an acceptable function and that A, holds. Then
from Corollary 2.5 and (2.9) we have

R(z)logz = R(z) + /2 ) %R(t) dt + O(e(z) log z),

o thee R(z) = ! IlRt dt+0 2.10
@)=z || 1RO +0((2)) (2.10)

using R(z) < 1.
Let

V(z) = — / L Rt) dt
T logz J, t '
Since R(z) is continuous but for a discrete set of jump discontinuities it

follows that V(z) is continuous, differentiable where R(z) is continuous
and satisfies

V(z) = /2 Vi dt. (2.11)
But at points where R(z) is continuous , we have
Vi(z) = :i():)x - :clolgz:c / : lR(t)dt
= ——(R(2) - V() < :l(o’;)x (2.12)

by (2.10).
Note that by the definition of acceptable function, we have

KON
/; Tlogt dt < oo.
Thus by (2.11) and (2.12), we have that
oo
« :=/ V/(t)dt = lim V(z)
2 T+ O

exists and is positive.
We define now

O / T ) g (2.13)

tlogt
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and note that from the definition of acceptable function we have

C(x)z./wwdts‘/w C(t)logtdtzg(x)

tlog®t tlog®t
_/°° e(t)(loglogt)'+* dt</o° e(z)(loglog z)'** it
= J. tlogt(loglogt)t+t =~ = J, tlogt(loglogt)!+?
= %e(z) loglog z (2.14)

for some 6 > 0 and all sufficiently large z. From (2.10)-(2.14), we have
R(z) = a + O((=)).
Putting this estimate and (2.14) into (2.9) gives
Z £(p) = alog z+0(&(x) log z) = alog z+0(¢(z) log 2 log log z). (2.15)
p<r

Thus (2.1) follows from (2.8) and (2.15).

We now turn our attention to the proof of Theorem 2.2. We shall prove
this result by Turan’s method (see Elliott [3], vol. II, p.112). In particular,

let o
B(z) =~ > F(n).

n<z

Thus (2.2) follows directly from (2.1) and the assertion

51;,; (F(n) - E(2))? < €(z)log? zloglog z. (2.16)
But )
% Z:(F(n) ~ E(2))? = % 2(: F(n)? - %}9 2(: F(n) + [—?E(r)”
) o1 ; o - 5(e + (%)

Thus (2.16) follows from (2.1) and the assertion

% Z F(n)? = o?log? z + O(e(2) log? zloglog = ). (2.17)

n<z
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We have thus reduced Theorem 2.2 to proving (2.17) (under the hypothesis
of Theorem 2.2) .
We now turn to the sum in (2.17) . We have

ZF(H)2=Z(ZF(p)) = Y F@F@ Y, 6 1

n<z n<z \ps|n pe,g®<z n<r
ptIn, ¢®|n

=3 rer 2] +2 X For@ [ 2]+ X+ X, @19

p<Lz ez
r<yq
where
2 xr
Z Z F(p) [ max{a, b}]
p%.p <x
a+b>3
F 2
<Ly
< P b<(log z)/ logp
a>2
< z(logz) Z P«a log z
022
and

Z =2 Z F(p)F(q)[

b<:1:
P<
a+b>3
F F
<z Y <P)z B0 <oy L0 < atoge
p*<z p* <z

b22

Further note that removing the brackets on the right of (2.18) introduces
an error of at most O(zlogz) . Thus

;iZ‘;F(n)2 =Z£@i+2 D E—(f;))—qﬂi)-+0(logz). (2.19)
n<z p<z ppq<sqx

We thus will have (2.17) and Theorem 2.2 from (2.14), (2.19) and the
following result.
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Proposition 2.6. Under the hypothesis of Theorem 2.2 we have

2
> F(,I:)_ = %a’*’ log” z + O(¢(z) log” z log log z), (2-20)
p<Lx
> Fp)F(q) _ a 21og? z + O((z) log? z) (2:21)
M<<3' prq
p<¢

where €(z) is defined in (2.13).

Proof: We begin with the proof of (2.21) which is easier and actually used
in the proof of (2.20). First note that from e(z) < &z) for large z (see

(2.14)), we have
% (€(z)logz) = el e(:c)

for large z , so that &(z)log z is eventually mcreasing. Thus from (2.15) we
have

F(p)F(g) _ F(q) F(p)
pDRACTAUIES SR SRl

pe<e Pd p<VE p<gsz/p
p<g
Z (p) (alogf—alogp“FO(E (3) log (E))
p<VrE P d P
+ O (é(p) logp))

= alogz 3 F@) _,, > F(p)logp
p<VE 2 p<VE 2

0 (E(z)log:c E F—@)
p<VE 4
/e
- / IZF(”) dt + 0 (&(z)log? z) . (2.22)

p<t
By (2.15), the integral is

vz V7 g
20/ alogt dt+0 (/ €(t)logt dt)
2 t 2 t
vz dt)

=a’log’\/z + 0 <E(x) logz/ 7
2

= i—a"’ log? z + O (é(z) log? z)
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so (2.22) gives (2.21).
We now turn to the proof of (2.20). By partial summation, we have

s Ee Sy R+ / ) =3 Pt (2.23)

p<z P p<=z 2 p<t

We now expand )., F(p)?. We have

2
YF@’ =1+ Y. Flp-1?=1+ > ( > F(q))
p<z 3<p<z 3<p<z \¢*|p-1
=1+ Y F@)F(@r(=[p"¢'],1)

p®.¢*<x
=1+Y F(p)’n(z;p,1)+2 Y F(p)F(q)m(z;pg,1)
pLz P;(S;v
+ Y FEF(@n(z;[p%q"],1). (2.24)
p:-i.qbbzs:f
We have
Y F(p)*x(z;p,1)
p<z
= 2 7(2) 2 ((zip 1) — T2
—?;,F(p) P‘1+,§F(p) ( (z;p,1) p—l)
F(p)? . ()
=n(z)Y ——4+0]log°z n(z;p,1) = —=
gp—l ( & ,,5,;«:) P P—ll)
2
+0 (log2 r E w(z; p, 1)) +0 (r(z) z lng p)
ei-«(=)<p<e si-e(®)<p<s
z F(p)?
= ———+ 0O (e(z)zlogz), (2.25
logf,,szz ,—+ O (@)zloga) )

using hypothesis A, and (2.7). Next, we have using hypothesis B,

> F(p)F(g)m(z;pq,1)

p9sz
p<g
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F(p)F(q) (q
" o(pe)

=n(z) )

pe<z
p<q

+0

2

log =

(log z

7(z)
v(pg)

Y |r(=z5.pe,1) -

pgSar—<(=)

)

(log p)7(z;pg,1)

2=V <pega

r<¢

2

0 (w(z)

z F(p)F(q) z log plog g
= o 0 1
logz pz<:z e logz - Z p’q + 0 (de)zlogs)
1;I<_q p<<1
+0 |logz E Z log p Z 1
x‘(’) z <“=’;
\ m< PS\/: qpmq-{_—-lpptime
+0 ( z Z log p Z log ¢
log «
\ p<VT ﬁﬁ( S%
z F(p)F(q)
_logzp; o+ O(e(z)zlogz) + 0 log.'z: (Z() >
zﬁ r
p<yq P<VE
F(p)F
= z Z (p)F(g) + O (e(z)zlog z) .
0B % p9sz =
<y
For the last term in (2.24) we have the estimate
<Y logp > ) logg
p*<z r<z g |r—1
a>2 r=1 (mod p*)
= E logp E logr + Z logp Z logr
VT r<e VE<p® <z r<z
a>2 r=1 (mod p*) a>2 r=1 (mod p*®)
1 1
=z E (:)gap+::logx Z Ogap<<:c,
P <VT VE<pt Lz
a>?2 a>2

1‘1-‘(":)(})953

logplog g
pPq

|

Pso(m)

(2.26)
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using the Brun-Titchmarsh inequality. Putting this estimate, (2.25) and
(2.26) into (2.24) we get

log = S EE2=Y £@)F 3 F—(”—I))giq—) +0 (e(x) log” z) . (2.27)

x

p<z p<z pesz
p<g

Now using this estimate with (2.14), (2.21) and (2.23), we get
log = 2_1 27 2 1 2 Z 2
- };;F(p) =z log® z +/2 7 ,;F(p) dt + O(€é(z) log” z),

so that if

Ry(z) == % E F(p)?,

psT
then we have

1
log =

Ra(x) = %az log z + /2 ) %Rz(t) dt+O0(E(z)logz).  (2.28)

Let

1 1
Vz(x) = lOg:‘v/2 ?Rz(t)dt.

As in the proof of Theorem 2.1, we have

Va(z) = / RAOL (2.29)
and ‘
Vi(z) = ﬁ(Rg(z) — Va(2)) = g; 40 (fﬂf_)) '

Thus from (2.29), we have

Vo(z) = -;—a2logz+0 (1+/ @dt) .
2

But for large z

/ C—(t-t-ldtzf(x)logz—/ é(t)logtdt
2 2

= E(:r)logm-{-‘/2 %{E—%tdt

<&z)logz + e(z)log z /x dt

- 2 tlogt

= ¢(z)log z + ¢(z) log z(log log z — log log 2)

L ¢(z)logzloglogx
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by (2.14), so that
Va(z) = %a") log z + O(e(z) log z loglog z).

Thus from (2.28), we get

% Z F(p)? = o®log z + O(e(z) log z loglog x).
p<z

Finally, using this and (2.21) in (2.27) gives (2.20).

REMARKS: With a little more care, the right side of (2.2) can be re-
placed with

&(z)log? = +logz/ E%th .
2

For some choices of acceptable functions e(x), this expression is
O(e(z)log? z), which is smaller than the right side of (2.2) by a loglogz
factor. For example, we would have this for e(z) = (logz)~? for some fixed
5,0<6<1.

For each prime ¢ , define a completely additive function F,(n) by induc-
tively defining its values on the primes as follows:

0, ifp<yq
Fyp)=4¢ 1, ifp=gq
Fyp-1), ifp>gq.

Thus Fy(n) = F(n). The functions Fy(n) have the following connection
with the iterated phi-function:

Fn)=#{i>0: qlp;(n)},

where we interpret po(n) = n. We have already seen this for ¢ = 2 in the
Introduction.

Theorems 2.1 and 2.2 hold for the functions F, for each ¢ with corre-
sponding constants a, (with ay = a ) , except that we are not sure that
ay > 0 for ¢ > 2 . This, in fact, can be proved assuming hypothesis A,
holds for e(z) = (logz)°~! for some ¢ with 0 < ¢ < cjo where ¢;p is the
constant of Theorem 4.5 below. Indeed, if ;(n) is divisible by every prime
up to (logn)1° and if n is large, then ¢;41(n) is divisible by ¢* where

(log n)ere
gciologlogn’
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Thus Theorem 4.5 implies F;(n) > (logn)“°/loglogn on a set of asymp-
totic density 1. However, this is incompatible with (2.1) if a, = 0, €(z) =
(logz)c! .

Let v, (n) denote the exponent on p in the prime factorization of n. Note
that for any natural number m we have

143 mvele—1), if vp(m) >0

WWWW“%@”:{ZWM@-U, if vp(m) = 0.

Let k = k(n) . Then

k
0 = vp(ir(n) = wp(m) + 3 (0 (i) = vp(pi-1 ()
=pm- Y 142 Y w1

i>0 120 ¢[ pi(n)
vp(i(n))>0

= vp(n) — Fp(n) + va(‘l = 1)Fy(n);
q
that is, for every prime p and every natural number n , we have

Fy(n) = vp(n) + ) vp(g = 1) Fy(n), (2.30)
q

where the sum is over all primes ¢ .
We can generate another pretty identity involving the functions Fy via
the elementary relation

_ p
logm — log p(m) = Z logp__ T
plm
We have
— o 5 —_— p
logn =3 _(logi(n) ~loggpina(m) =3 3 log—"7
i20 i20p|i(n)
:Z@wmpr - (2.31)
p p=

Using (2.30) with p = 2 to eliminate F3(n) in (2.31), we have

7
logn = va(n)log2 + F3(n)log3 + Fs(n)logh + F7(n)log 3 +-- (2.32)
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where the general term on the right is Fp(n)log Zp_}fﬁ for p > 3 and where

(p—1)2 is the largest odd divisor of p—1. We can now use (2.30) to eliminate
F3(n) in (2.32) and continuing, if we eliminate all Fj(n) for p < ¢, we obtain
the identity (valid for all n and g¢):

logn = E vp(n)logp + Z Fp(n)log ———-p—l—, (2.33)
p<q p>q (p=1)q

where (p— 1), denotes the largest divisor of p— 1 not divisible by any prime
up to and including g.
Since for every p > 2 we have (p— 1), = 1 for some ¢ < p, a corollary of
(2.33) is the theorem
Fp(n) <logn/logp (2.34)

for all n and all p > 2 . From (2.31), this inequality holds for p = 2 as
well. Note that if n = p* , then F,(n) = k = logn/logp, so (2.34) is best
possible.

Suppose now that A, holds for some acceptable function ¢(z) . Then
each of the numbers a, exists and an immediate corollary of (2.34) is that

ap <1/logp (2.35)

for each p. In particular, limp,_. @, = 0. Further, (2.30) implies that

ap 2 E vp(q — Day

9<po

for any prime pg. Letting pp — 0o, we obtain

a2 Y up(g - ey (2.36)

for every p. The case p = 2 shows that 3 a, converges. Similarly, using
(2.31) and (2.33) we get

p
12> Zaplongf,
P

p
1> E ap lo 2.37
= ! p g (p__ l)q ( )

for every ¢ . Thus if infinitely many p have a;, > 0, we have strict inequality
in (2.35) for every p .

Assume now that 0 < ¢ < ¢1o and that A, holds for e(z) = (logz)°~1.
We’ve seen that this then implies each a, > 0 . Thus (2.36) and Dirichlet’s
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‘theorem on primes in an arithmetic progression imply we have a, > a4 for
all primes p,q with ¢ = 1 (mod p). We conjecture that we have a, >
whenever ¢ > p.

We can prove that we have equality in the first statement in (2.37) as
follows. By (2.34), we have

Z Fp(n) Iog Z log(ﬁ{)(gpp— 1) — 0 as pg — 0o0. (2.38)
p>po

log n

But for any po , we have by (2.31)

E logn Z Fy(n)log —— [z] P log > Fp(n) log ==

P>po
= Z ap log Tt o(l)+ Z ]0 Z Fp(n) log
p<Ppo &M p>ro

as ¢ — oo. But from (2.38) we can make the last expression as small as we
please uniformly for every « by taking po large enough. Thus

p
1:Zaplog—_—_—1
e 4

We conjecture we also have equality in (2.36) and in the second statement
of (2.37).

§3. Results on the sum of the reciprocals of primes

From a theorem of Landau (for example, see Davenport [2], p. 94) there
is a positive constant ¢y with the following property. Let £(co) denote the
set of natural numbers n for which there is a real primitive character x mod
n for which L(s, x) has a real root 8 > 1 —co/logn. Then 1 ¢ E(co) and
for any z there is at most one member n of £(co) between x and z?

Lemma 3.1. There are positive absolute constants c1 < l,e9 > 1 such
that if n > 1 is a natural number with n not divisible by any member of

- €(co) , then
Z/

pLz
p=1 (mod n)

loglog z — loglogn
S‘,(n)( g log gn)

"Ul*—‘

for all z > n° , where ' signifies that the sum is over primes not in £(co).

Proof: This result follows from the proof of Linnik’s theorem given in
Section 6 of Bombieri [1]. In particular, from this proof, if ¢4 is sufficiently
large, then

Z’ logp > !

- 2¢(n)

p=1 (mod n)




ITERATES OF ARITHMETIC FUNCTIONS 185

for any t > n°/2, Then if z > n?

?

E ' 1>/z L E I log pdt
< P n» t?logt =
p=1 (mod n) p=1 (mod n)

2 2¢>(n) /c,/: tlogt
— 63/2
=3 ( )(log log  — log log(n®/ <))

> ——(loglogz — loglogn
> sa(n)( g log glogn)
for ¢; < (log2)/(2logc,).
Lemma 3.2. Suppose S is a set of primes. For any ¢ , let
' 1 / 1
3D MRS DD Y
pES ¢<=z P.p es 9<z
¢=1 (mod p) p<p’ ¢=1 (mod pp”)

If ¢ < z is prime, let a, denote the number of prime factors of ¢ — 1 that
arein S. If 51 > 0, then

2
E 1 Z ._L
2S5, + S
¢<z
aq>0

Proof: This is just the Cauchy-Schwarz inequality. In fact,

12 1/2
ra ] ra?
s=ra-ynas|yl| (24
¢<z 1 q<r\/_ \/_ qszq 9<=z g
¢>0
1/2
1 1/2
= Z— (2S; + S1)Y?,
quq
>0

since ag = 2(“2") + a,.

Lemma 3.3. Suppose y > 3 and S is a set of primes such that ifp € S

then p < y and p ¢ E(co). There is an absolute positive constant ¢z such
that if x > y°? , then

11 . ¢? (loglogz — loglog y)
— > min : (log logz — loglog y) E
qS;O { 16c3 loglog z P
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where a, is defined in Lemma 3.2.

Proof: The lemma is clearly true if 2 € Sor if S =@, so assume 2 ¢
and § # 0. Using the notation of Lemma 3.2, we have

1
S1 2 -ci(loglogz — loglog y) E !
peS

from Lemma 3.1. Also, using partial summation and the Brun-Titchmarsh
inequality we have for some absolute constant c3 > 1,

1 C3
E - < ——loglogz (3.1)
= 17 p(n)
¢=1 (mod n)

for any natural number n and any =z > 3. Thus

2
1 1
SgSCgIoglogz Z (p—_—i-)—(—p—l_—l)SC;;loglogl‘(Z;) =: é,

p.p'€S pES
p<p’

since 2 ¢ S. Thus from Lemma 3.2, we have

1. S s? (s 1 }
- > > > Sl
§p—sl+252—51+255—““" 25, 31

ag>0

and our conclusion follows.
If k,n are natural numbers, let

' 1

Si(z,n)= Y =
p<z 4

n|ex(p)

where again the dash means that p ¢ £(co).

Theorem 3.4. There are absolute constants 0 < c4, ¢5, c¢ < 1 such that
for any A and x > z¢(A) we have

7 . 1 csloglog z k
Si(z,n) > min {c4 log log z, pren) ( k




ITERATES OF ARITHMETIC FUNCTIONS 187

for all n < (log z)* and k < cgloglogz.

Proof: Fix an arbitrary number A and assume n < (logz)t. Ify >
exp ((log z)!/3), then by partial summation and the Siegel-Walfisz theorem,
provided z > zo(A), we have

exp((logx)lla) 1

1
Si(y,n 2/ — ldt > ——loglogz. (3.2)
A0 exp((logz)*/6) t? ,,Z‘: Te(n)

p=1 (mod n)

By letting ¥y = z in (3.2) we have the theorem for k = 1.

Suppose now k = 2 . Let S be the set of primes p < exp((log £)'/3) for
which p =1 (mod n) and p ¢ £(co). Then in the notation of Lemma 3.2,
we have

Si(z,n) > Z =
q<:c
ag>0
From Lemma 3.3 and (3.2) with y = exp((log z)'/3) we have
Sy(x,n) > min{ loglog z,

36cs e )(loglogr)2}

which gives the theorem for k =2 .
Now let k=3 . Let

S (exp((log :c)"/3),n) fori=1, 2, 3.

Then from Lemma 3.3 we have

S5 > min { T log log:c (log log z)S{} ,

2
/ 3 1

S3 > min {1 4e3 loglog z, 12(log log z)Sz}
ct

: 2 cf 201
me{M loglog z ,1152 ———(loglog z)*, 144(loglogx) S}

Since S} > mpl;)- log log = by (3.2), we have our theorem for k = 3.
Suppose now k > 4 . Let

Yj = exp ((log z)%+31*;35) forj=0,1, ---, &—=3.
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If c6 is sufficiently small, then k < cgloglogz implies that y; > y;2, for
j=1, .-+, k—3. Note that

. log log z
3(k—3) &8

loglog y; — loglogy;_; =
Thus from Lemma 3.3 we have for j =1, .-, k-3

i 2loglogz  c;loglogz
' (yiom) > 1 1 ! (i : .
S]+1(y]’n) = mln{96cs(k__3)27 12(k—3) S](yJ l,n)} (3 3)

The min is the first term if and only if

c

8¢:3(k1— 3) (34)

S;(yj—l;") Z

We shall choose cg so small that we also have ¢s < ¢1/12. Then k-3 <
(c1/12)loglog z, so that

c?loglogz S 1
9663(k - 3)2 - 863(1&! - 3) ’

(3.5)

Thus if 0 < j < k — 3 and the min in (3.3) is the first term, then (3.5)

implies that
c1

i . —_—
Sj+1(y.7)n) 2 803(1‘7 _ 3)

and so (3.4) implies the same is true when j is replaced with j + 1 ; ie,
the min in (3.3) is again the first term. Thus by iterating (3.3), we have

) 2loglogz ciloglogz\ %3
' _ > 1 1 / (3.

Note that from (3.2) we have

Si(yﬂ’n) 2

1
loglog z. 3.7
To(n) 108108 (3.7)

Note also that yg_3 = exp((log £)?/3). Thus from Lemma 3.3, we have
Sy _1:=S5}_4 (exp((log z)3/%), n) >

2
min {486(;c3 log log z, -;—jz(log log )5} _2(ye-3, n)} ,
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o

57663

Si(z,n) > min{ loglog z, ;—;(log log x)Sf,_l} .

Thus from (3.6) and (3.7)

c? 3(loglogz)? [ c1loglogz ¥ 2 loglog z
! > = 1 1
S-12 "“‘“{480c3 loglog =, 3 0aca(k — 3)2° ( 12(k — 3) ) o(n) [

so that
ot

A3
/ > . 1
Si(z,n) > min {__57663 loglog z, 115203

¢ loglog x) =1 loglogz
12(k — 3) 28¢(n)

Thus our theorem holds with

ci(loglog z)3
55296ca(k — 3)

(log log )?,

2

4
. c1 4
=m = 1
ca "{576c3’ 55296c3cg}’ ¢ = c1/15

if £ > zo.

Theorem 3.5. If ¢ is the constant in (3.1), we have

Z 1< %(203 log log z)*

n<r
plex(n)

for every odd prime p , for every k > 0 and for all z with loglogz > 2/cs.
(We define ¢o(n) = n.)

Proof: The theorem holds for k = 0 since po(n) = n . Suppose k > 0
and the theorem holds for k. If p|pr41(n) then either p? | pr(n) or there
is some prime ¢ | pr(n) with ¢ =1 (mod p). Thus

2 1s Y o1+ X )1

n<z n<z g=1 {mod p) n<z
Plerti(n) P2 | k(n) 7] px(n)

1 1
< 2(2c3loglogz)* | = + -
< 2(2¢3 loglog z) " Z q

¢<z
¢=1 (mod p)
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by the induction hypothesis, the fact that p? |p(n) implies plpi(n) and
the observation that if n < z and ¢|¢i(n), then ¢ < z. Using (3.1) to
estimate the remaining sum we have

1 1
> < o
1 < 2{2c3loglogz) (p + - 73 log log x)

n<z
Plergr(n)

IA

f—)(?ca log log z)¥ (1 + gc:; log log z)

—:;(2C3 loglog z)*+1.

IN

REMARK: If we let Si(z, p) denote the sum of 1/q for primes ¢ < z with
p|¢k(q), then by essentially the same proof we have

Su(z,p) < - (2esloglog 2

for the same set of p, k,  as in Theorem 3.5. Although this result will not
be of use to us it is interesting to compare it with Theorem 3.4 in the case
n=p.

§4. More on the iterated phi-function

Using the constants c3, cs of the preceding section, let

ar(z) = (csk~!loglogz)¥, Bi(z) = (2c3loglog z)E.

Let

filmz)= > L > L

p<(loglog)* P p>(ogloga)* P
Pl or(n) plek(n)

Thus if n < z, fi(n, ) measures in some sense how far ¢ x(n)/pr+1(n) is
from
II a-yp™
p<(loglog z)*

Theorem 4.1. There is an absolute constant ¢7 such that

i‘ Z fr(n,z) < c7(log k)/(logloglog = — log k)

n<z
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forallz > z¢, 1 <k <loglogz.
Proof: We have ai(z) < (loglogz)F < fi(z) for all k > 1, = > 3. Thus

IALEEIED DI DR TIND DINEID DI

n<z <(loglog z)* n<z log log z)¥ <
LR plex(n) S Pl':p:(c")
1 1 1
D DI DI E D DD D8 £ D DRSS DS
p<an(®) P <o an(z)<p<huz) P gz ppu()? nse
pl ex(n) plex(n) v
=851+ 52+ S3, say. . (4.1)

If p| pr(n) , then n is not divisible by any prime ¢ with plpi(q) . Thus
by Brun’s method (see Halberstam-Richert [11] ) we have

Z 1<z H (1——%)<<zexp - Z !

n<z i<e <z !
p!wk(") plex(q) plex(e)

< zexp (—Si(2,p))

uniformly for all z, p, k, where S;(z,p) is defined in section 3. Let

ay(z) = ar(z)/(cqloglog z).

Thus by Theorem 3.4, there is an absolute constant cg such that

—ax(z)/(p=1) '
Z 15{ cgzre , ifp>a(zy+1 (4.2)

n<z cgz(logz)™*, if p<og(z) +1
pl ¢ox(n)

for all z > x4, p < (logz)?, k < cgloglogz.

The theorem holds trivially if k£ >> loglog #, so assume k/loglogz <
min{les,ce}. Since for any k, ax(z) < (logz)°/¢, (4.2) implies

5122%21

p<ax(z) n<z
pler(n)

<cgalogz)™ Y L )y 1 —au@)e-)
p<al(@)Ht o) (5)<p<an(e) ¥
L z/log ar(z) <€ z/(logloglog z — log k). (4.3)
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Since we are assuming k < %cs loglogz , we have

1
S;<z Y, ==gz(loglogBi(z) - loglog ax(z) + O(1/ log ax()))
ax(2)<p<Br(2)
< z(log k)/(loglog log z ~ log k) (4.4)

uniformly in k.
For S3 we use Theorem 3.5 to estimate the inner sum. We have

1
Sz < zf(z) Y, — < z/logPi(z) < z/logloglogz.
> Bk(z)

Assembling this estimate, (4.1), (4.3) and (4.4) we have the theorem.

Theorem 4.2. Let ¢(z) > 0 tend to 0 arbitrarily slowly as ¢ — oo. If
k < (loglog z)(*) | then the normal order of pi(n)/pr41(n) for n < z is
keY logloglogz .

Proof: Let § > 0 be arbitrary. Let = be large and let £ < (loglog x)f(”).
From Theorem 4.1, the average value of fi(n,z) for n < z is O(¢(z)). Thus
if z > 20(6) , fe(n,z) < § for at least (1 — 6)z values of n < z . But

20 (o (57 1 (-
90k+1(n) k p k p
p<(loglogz) p<L(loglogz)

plex(n)

-1
o (-7) |
p>(loglog z)* P
plex(n)

so that

p<(loglog z)*

pe(n)_ _1 n.z
‘°g(w+1(n) o ( p))<<fk( 12

Thus, for at least (1 — )z valuesof n < z

pi(n)

L = (14 O(8))ke" logloglog z.
) ( (6)) gloglog
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Theorem 4.3. Let ¢(z) > 0 tend to 0 arbitrarily slowly as z — co. Then
if k < €(z)logloglog z/loglogloglog z , the normal order of p(n)/pi41(n)
for n < z is kle*¥(logloglog z)* .

Proof: From the proof of Theorem 4.2, the number of n < z for which

pi(n) ., -1 ¢ log j
log <<Pj+1(n) (je" logloglog z) S fogloglogz
fails is O (1—55;;%5“;13—5) uniformly for any j < k. Summing for j =1, .-, k

we have that
‘log (;j’;-((% (kle¥" (log log log z)’“)—l> ‘ < e(z)

but for at most O(e(z)z) integers n < z. Since e(z) — 0, we have our
theorem.

Theorem 4.4. There is an absolute constant cg > 0 such that if 1 < k <

cologlog z , then the number of n < z for which

pr(n)

> k(logloglogz — logk 4.5
P (logloglog g k) (4.5)

fails is O(zk~'(logloglog z — log k)~1). In particular

max _@_(n_;)_ > loglogn

k- pry1(n)
for a set of n of asymptotic density 1.

Proof: Asin (4.3), if ¢ > 0 is small enough, then

DY %= > % Y 1< z/logay(z)

n<z pLak(r) pLax(z) n<z
] ox(n) pl ex(n)

& zk™!(logloglog z — log k)™ !

uniformly for all k < ¢g loglog z. Thus but for at most O(zk~!(loglog log z
— log k)~1) exceptional values of n < z, we have

I (-5)25
pSon(r) 4
pler(n)
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-3

For those values of n we have

er(n) 1\!
er+1(n) = psg:(r) (1 - ;) psj.[z:'[(x)
plex(n)
> %e” log ax(z) — 1
> k(logloglog z — log k)
provided z is sufficiently large and ¢y < %05. This proves the theorem.

Theorem 4.5. There is a positive absolute constant c¢1g such that the set
of natural numbers n, for which there is some k with @y(n) divisible by
every prime up to (logn)®°, has asymptotic density 1 .

Proof: There is a positive absolute constant c¢;; such that if k = [¢y;
loglog z] , then ag(z) > (logz)°*!. Then by (4.2) we have

Z 1 < cgz(logz) ™
n<z
pl ex(n)
for all ¢ > =z, primes p < (logz)/2, k = [c11loglog z]. Let ¢y =
min {c4/2,¢11/2}. Then

E E 1 < cgz(logz)~*/2.

€10 n<lz
p<(log ) P’\osk(")
Thus but for at most csz(logz)~°/2 exceptional integers n < z we have
ploe(n) for every prime p < (logz)® if k = [c1; loglogz] and z > zo.
This proves the theorem.
In contrast to Theorem 4.5 we give the following result. The proof is
not an application of the theorems in section 3, but rather follows from the

easy identity (2.30). Let v(m) denote the number of distinct prime factors
of m .

Theorem 4.6. Let ®(n) = n][;o, ¢x(n). Then for all n, v(®(n)) <
ogn)/log2]. n particular, for all n there is some prime p <
1 /log2 L icul. fc 1l h L }

log nloglogn with pJ &(n).

Proof: For any n > 1 we have, using (2.30) with p = 2 and (1.1),

v@m) =1+ Y 1<14 3 Fy(n) < { ;&f(n), ::3;
>2 2 ’

gl ®(n)
= k(n) < [(logn)/log 2].
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§5. Aliquot sequences

Let s(n) = o(n) — n , where ¢ is the sum of the divisors function. Let
s1(n) = s(n) , s2(n) = s(s1(n)) , etc. What is now known as the Catalan-
Dickson conjecture is that for any n , the “aliquot sequence” n, s;(n),
82(n), - -+ eventually terminates at 0 or is eventually periodic. The least
n for which this conjecture is in doubt is 276. Guy and Selfridge [10]
instead conjecture that for infinitely many n the aliquot sequence beginning
with n tends to co. The function s(n) has been studied since antiquity
when numbers were classified as perfect, abundant or deficient depending
on whether s(n) = n , s(n) > n or s(n) < n , respectively.

As discussed in the Introduction, the first author proved in [8] that for
each ¢ > 0 and k , the set of n for which

s;41(n) _ s(n) .
—‘;T";ZE)-—>—n—-c forj=1, ---, k (6.1)

has asymptotic density 1 . Further, he claimed that similar methods would
show that

ﬁj:.l_(ll_).<s_n).+€ forj:ly vy k
sj(n) n

for a set of n of asymptotic density 1. This claim of a proof is now re-
tracted but we still remain convinced of the truth of this statement; it is
our Conjecture 3 in section 1. We now give a proof of the case k =1 .

Theorem 5.1. For each ¢ > 0, the set of n with

52(") < S(n) ‘ (52)

s(n) n TE
has asymptotic density 1.

Proof: Let 1 > é > 0 be arbitrary. We shall show that for all large «z,
the number of n < z for which (5.2) fails is at most céz for some absolute
constant c.

Let P(n) denote the largest prime factor of n. If n > 0 is sufficiently
small, then the number of n < z for which

P(n) > z", P(n)’|n (56.3)

fails is at most éz for all large = . This result follows from either sieve
methods or work of Dickman and others on the distribution of integers n
with no large prime factors. Fix such a number 7.
Since ), ., 0(n)/n K z, there is a number B so large that the number
of n < z for which
o(n)/n<B (5.4)
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fails is at most &z for all large z. Fix such a number B.
If @ > 0, say that an integer n is a-primitive if s(n)/n > a and if d|n,
d < n, then s(d)/d < « (also called a primitive (1 + a)-abundant number).
Let a be a rational number with 0 < a1 < 1/2, @y < €/4B . Also let ay
be a rational number with 0 < a3 < a17/24. Since ay, ay are rational, it
follows from the proof in [6] for the case a = 1, that

E(l)l/a < 00, z(z)l/a < 00,

where for i =1, 2, Z(") denotes a sum over «;-primitive numbers. Since
a/p(a) is bounded if a is a;-primitive, it follows that there is a number T
so large that

1 2
S P1/a <5, 3 P1/0(a) < 6. (5.5)
a>T a>T

Also assume T is so large that

1 p? 1
T>—+1, —— <14 -y 5.6
ot g <iege 9

If n > 1 is an integer, factor n as nins and s(n) as Ny N where every
prime factor of ny Nj is less than T and every prime factor of ny Ny is at
least 7. It follows from the work in [8] that but for a set of n of asymptotic
density 0 , we have

n; = Nj. (5.7)

The idea of the proof is that but for a set of n of asymptotic density 0, the
number n; is not too large, say n; < (loglogn)'/2/ [1, <z p. For these n,
there is almost certainly a prime g||n with

¢g=-1 (mod n, H p).
p<T

Then but for a set of n of asymptotic density 0 , we have n; HP<T p|a(n).
For these n we have n;[s(n) and ([],<r p,s(n)/n1) =1, 1e. (5.7) holds.
The number of n < z with n, divisible by an a;-primitive number a is

at most . .
SO 2] <oyl s
(a.,H,KT p)=1 ¢ a2T ¢

by (5.5). Thus but for at most §z exceptional values of n < z, we have

o(n2)/n2 <1+ ay. (5.8)
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Suppose now that (5.2) fails for n. By adding 1 to both sides, we get

o(s(n) | oln)
s(n) 2=, te

so that from (5.7) and (5.4)

o(N2) § o(N2)/Ny _ o(s(n))/s(n)

Ny = o(n3)/na ~  o(n)/n
€ €
> JO— — .
> 14 oo 2 14 2 L dan

Factor N, as N3 N4 where every prime in N3 also divides n and (Ny,n) = 1.
If N3 = I—[piﬁ", where p; > T are distinct primes and each §; > 1, then

0(N3)= pi —pi” < i
N3 pi—1 pi—1

<( Pi P )U(nz)
B pi—1 pi+1l) n

since each p; |na . Then from (5.6) and (5.8) we have

a(N3) p? o(nz2) 1
e <(sz_1 < (1+3em) 0 +m) <142m.

p2T

Thus
o(Ns) _ o(N2)/N2 144y

Ny - O'(Na)/Na 14+ 20
so s(n) is divisible by an «; -primitive number a; not divisible by any prime
below 7" and with (a;,n)=1.

We now show that any a;-primitive number a; which is not divisible by

any primes below T must have an ay-primitive divisor a; with a; < a;'/ 2
Indeed, let the distinct prime factors of a; be ¢qq, -+, ¢, Where

>14m,

T<q1 < <gr
Let ao = 192 - - q[ye/2)- Then
a0 < (q1---q)™A < a]l?,

so it is sufficient to show ¢(ag)/ag > 1+ a2, for this will guarantee it having
an ag-primitive divisor as.
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Note that
[nt/2) 2 nt/3,
since if not, we have t < 6/7, which implies by (5.6)

ola) _y7_%

1 <
+ o < o —1

i<t B

( )6/” < (14 ag)®"

(1+a214") M1t %al,

a contradiction. Thus from (5.6),

"(‘10) H q:+1 H g p?—1

i<[%] &

nt/2)/¢ .
, G 1
> (E ‘Ii_l) (1+2a2)

=
> (14 ay)"3 (1 + %az)

4 /3 -1
(1+2-’-7‘-'-2-> <1+%a2) > 1+ as.

We have seen above, but for O(éz) integers n < z, if n < z does not
satisfy (5.2), then s(n) is divisible by an a;-primitive number a; with
(a1,n) = 1 and a; not divisible by any prime below T and further that
(5.3) holds. Thus such an n must have s(n) divisible by an a,-primitive
number a; with (az,n) = 1, with a; not divisible by any prime below T
and with

a; < a'l’/2 < s(n)"? < g¥/3

for z large. For such an n, we factor it as mp where p = P(n). From (5.3),
m < z'7" p/m. Consider the as-primitive number a; just discovered
dividing s(n). We have s(n) = p(o(m) — m) + o(m) , so that

p(e(m) —m) = —o(m) (mod ay). (5.9

Since (ag, pm) = 1 we have (az,0(m)) = 1 so that there is a certain residue
class ¢(m,a3) mod a; such that if p, m, a, satisfy (5.9), then p = ¢(m, a2)
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mod a;. Thus but for O(é6z) integers, the number of n < z which do not
satisfy (5.2) is at most

DD DI D!

zIn/3>a;>T m<zi-n p<x/m
p=c(m,a) (mod az)

< Z(z) z

230/3>a,>T m<al=n p(az)mlog(z/asm)

z
£ - — < bz,

" g elas)

where we used the Brun-Titchmarsh theorem for the first inequality and
(5.5) for the last.

Theorem 5.2. Conjecture 4 implies Conjecture 3.

Proof: Let k be a natural number. Let T = T'(n) tend to infinity very
slowly, say T'(n) is the 3k-fold iterated logarithm. For j = 1, .-, k, factor
sj(n) = mjn; where every prime factor of m; is less than T' and every
prime factor of n; is at least T. We analogously factor n = mgno. In the
same way as (5.7) is established, the set of n for which

mg=my=---=mMg (510)

fails has asymptotic density 0 . Indeed, this is essentially established in [8].
By a simple averaging argument one can show that the set of n for which

1 1

p—1 Gl
pin
p2T

fails has asymptotic density 0 . Indeed, the average value of the sum is
~ (TlogT)~1. But

0’(710) 1 1
| 14— e
og == < log I&(%—p_l) <3
;’ZT p2T

Thus, but for a set of n of asymptotic density 0 , we have

o(nj)/nj < €T forj=0,1, -, k, (5.11)
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using Conjecture 4 in the form: if A has an asymptotic density 0, then
s~ 1(A) has asymptotic density 0.
By the same argument involved with (5.4), we have that the set of n for

which (mo)
o{mo
SN 5.12
o <logT (5.12)
fails has asymptotic density 0 . Then from (5.10) and (5.11), for j < k we
have

sj+1(n) _ s(n) _ o(mo) (‘7("1‘) _ 0(710))

sj(n) n mo n; ng
< (log T)(e*T —1) « (log T)/T = o(1),

which gives Conjecture 3.

REMARK. Note that (5.10), the case j = 0 of (5.11) (which does not
require Conjecture 4) and (5.12) immediately give

s(n) _ sjp1(n) _ o(mo) (0("0) _ 0("5))

n si(n) — mg Ny nj

< (log T)(eYT — 1) = o(1).
That is, (5.1) holds for all n, but for a set of asymptotic density 0, the
principal result of [8].
Theorem 5.3. Let Si(z) denote the number of odd numbers m < z not
in the range of the function s. There is a positive number &y such that

Sk(z) € gl—%

uniformly for all natural numbers k and z > 0 .

Proof: Let E(z,y) denote the number of odd integers n < z with r(n) < y,
where r(n) is the number of representations of n in the form 1+ p-q where
p < q are primes. Since

s(pg) =1+p+g,
it follows that for any y > 0
Si(z) < E(z,y). (5.13)
We now prove that for any natural number k£ and any y > 0,

Sea(e) < ) 4 bGa,) (5.14)
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Let S; denote the set of odd numbers not in the range of s;. Suppose
n € Si41. Consider the r(n) representations

n=1+pi+qi7 i=11 MY r(n)

where p; < ¢; are primes. Then all of the numbers p;¢; are in S, for if
Pig; = sx(m) for some m, then n = sp4,(m) , contradicting n € Sp4. Note
that the integers p;g; are distinct and each p;g; < n®. Moreover if P}, q; are
associated with n’ and n # »’, then p;¢; # pjq; . Thus

Sk41(2) = #{n < 2:n € Suy1,r(n) <y} + #{n < 251 € Seys,r(n) > y)
<#{n<ze: rin)<y}+yt-#F{m<2®: me Si}
= E(z,y) + vy~ ' Se(2?),

which is (5.14).
Next we show there is some §; > 0, B > 0 such that

E(z,y) < Bylog®« (5.15)

for all z > 2, y > z1~%. This result follows from the proof in Montgomery
and Vaughan {13]. To see this, let Eo(z,y) denote the number of odd
numbers n with £/2 < n < z and r(n) < y. Then from the proof in [13],
we have

Eo(z,2'" 30 log™3z) < 2" P log®* &

uniformly for 6 < 6, for some 6y > 0. Let z = £3¢/2 _ Then for i such that
2 <z,

i z ; 2-ig
Eo |27z, <E |27z, ——g——
° ( ’ zlog32> =70 ( ’ 2"zlog3(2“z))

27

(2-72)473

log®(27%z) < 9i/3 2 _ log® .

< 2473

Let j be such that 2/ < z < 2/*+!. Then

J
X : T . T
E|z, =E [2-G+Dg )+E E (2"'::, )
( zloga:z) ( N zlog’x e o zlogd

=0

j
~(+1) i13_2_1og®
<27V x+zo2’ Z4/310g T
=

< z log® z.
z
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Thus letting y = zz~ ! log™3 z, we have (5.15) for y > z!=3%/2Jog® z. Let-
ting 6, = 560/4, we have (5.15) for y > z1~%1.
Suppose we know that for some specific k > 1, there is some constant
C(k) > B with
Sk(z) < C(k)z'~*1 log™ z (5.16)

for all z > e. Then letting y = 21%(C(k)/B)"/?2'~% and using (5.14) and
(5.15) we have
Sk+1(z) < C(k + 1)z' =% log* z,

where
C(k+1) :=2%°(C(k)B)"/2. (5.17)
Since we have (5.16) for k = 1 and C(1) = B by (5.13) and (5.15), we thus

have it for all k& where C(k) is inductively defined by (5.17). Note that
C(k) < 2%°B for all k. In addition, since §; = 58/4, we have our theorem.

§6. Corrections for an earlier paper

In [9], the first and third authors considered the normal number of
prime factors of (n) . The principal result is that this normal order is
1(loglog n)? and there is a Gaussian distribution with standard deviation
:/L—g(log logn)3/2. It has been pointed out to us by Abdelhakim Smati that
there is an error in the proof of Lemma 2.2 of this paper. We now give a
(hopefully) correct proof of this result.

Let Qy(n) denote the number of prime factors p < y of n counted with
multiplicity. Lemma 2.1 of [9] gives the average order for Q,(p — 1) for p

prime:
Sy p-1=TE8 o (L) (6.)

= log 2 logz

uniformly for 3 < y < z. Lemma 2.2 estimates the square rmean.

“Lemma 2.2”. If3<y<z, then

2 1
ZQy(P— 1)? = z(loglogy) +0 (:z:log og y)
log z log z

p<z
where the implied constant is uniform.

Proof: Let u range over the integers with exactly 2 distinct prime factors,
neither exceeding y. Then

STo,e-12=) Y a2+2) > 1

p<z p<z ¢%lp-1 p<zulp-1
9<y

= S3 + S,
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say. (In [9], the expression for S4 is wrong.)

As in [9], we get
S3=0 (:cloglog y)
log z
using (6.1) and the Brun-Titchmarsh inequality.
For S4, we write
Sq =541+ S42

where in Sy ; neither prime power in u exceeds z'/6 and is Sy 2 at least one
prime power in u exceeds z'/6. We have

L a.b
S41=2 E x(z;¢*r’, 1)
1<qa’rbsxl/8
g<r<y

=2i(z) Y ¢(qtrb)+o( : )

Z
1<q®, rb<z/8 log” =
9.r<y
_ z(log log y)? 40 zloglogy
logz log z

using the Bombieri-Vinogradov theorem and a simple calculation.
For S4 2 we have

zloglogy

S <Y Y- < s

p<z

)

using (6.1). This, together with our estimates for S3 and Ss,; completes
the proof.

A. Smati also points out that the three cases on p. 350 of [9] for p? | p(n),
p > y (where now y = (loglog z)? ) do not exhaust all possibilities. This is
fixed by changing (i) to (i’) p?|n . The number of n < z in this case is at
most 3, 2/p? = o(z/y) = o(z).

We are grateful to A. Smati for pointing these difficulties out to us.
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