THE DISTRIBUTION OF THE ZEROES OF RANDOM
TRIGONOMETRIC POLYNOMIALS

ANDREW GRANVILLE AND IGOR WIGMAN

ABSTRACT. We study the asymptotic distribution of the number Zn of
zeros of random trigonometric polynomials of degree N as N — oo. It is
known that as IV grows to infinity, the expected number of the zeros is
asymptotic to % -N. The asymptotic form of the variance was predicted
by Bogomolny, Bohigas and Leboeuf to be ¢N for some ¢ > 0. We prove
that % converges to the standard Gaussian. In addition, we find
that the analogous result is applicable for the number of zeros in short
intervals.

1. INTRODUCTION

The distribution of zeros of random functions for various ensembles is
one of the most studied problems. Of the most significant and important
among those is the ensemble of random trigonometric polynomials, as the
distribution of it zeros occurs in a wide range of problems in science and
engineering, such as nuclear physics (in particular, random matrix theory),
statistical mechanics, quantum mechanics, theory of noise etc.

1.1. Background. Understanding the distribution of zeros of random func-
tions was first pursued by Littlewood and Offord [LO1], [LO2] and [LO3].
They considered, in particular, the distribution of the number of real roots
of polynomials

(1) PN(LL’) :ao+a1x+...+aNa:N,

of degree N with random coefficients a,, as N — oo. For the coefficients
a, taking each of the values 1, —1 with equal probability 1/2, they showed
that the number Zp, of zeros of Py (z) satisfies

2
(2) Zpy ~—InN
T

for (1 — on—o0o(1))2V of the vectors @ € {£1}". Later, Erdos and Of-
ford [EO] refined their estimate.

Kac [K] proved that the expected number of zeros Zp, of the random
polynomials (1) of degree N, this time a,, being Gaussian i.i.d. with mean
0 and variance 1, is asymptotic to the same expression (2). His result was
generalized by Ibragimov and Maslova [IM1] and [IM2], who treated any
distributions of the coefficients a,,, provided that they belong to the domain
of attraction of the normal law: if each Ea, = 0 then the expectation is

I.W. is supported by a CRM ISM fellowship, Montréal and the Knut and Alice Wal-
lenberg Foundation, grant KAW.2005.0098, Stockholm.
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again asymptotic to (2), though, if Ea,, # 0 one expects half as many zeros
as in the previous case, that is

1
EZpy ~ —InN.

Maslova [M1] also established the only heretofore known asymptotics for
the variance of the number of real zeros Z,

4 2
VarZp, ~ 71_(1 7'[‘) ‘InN
for the ensemble (1) of random functions. In her next paper [M2], she went
further to establish an even more striking result, proving the normal limiting
distribution for Zp,, as N — oo.
The case of random trigonometric polynomials was considered by Dun-

nage [DN]. Let Ty : [0,27] — R be defined by

N
(3) Tn(t) = Z ap, cos nt,
n=1

where a,, are standard Gaussian i.i.d, and Zr, be the number of zeros of
Ty on [0,27]. Dunnage proved that as N — oo, EZp, is asymptotic to

2
V3
and, moreover, that the distribution is concentrated around the expectation

in the same sense as Littlewood and Offord mentioned earlier.
The variance of the zeros for (3) was shown by Farahmand to be

O(N24/13 10g16/13 N)

in [F1] and then O(N?®/2) in [F2]. Either of those estimates imply that the
distribution of Z7, concentrates around the mean.

Qualls [Q] considered a slightly different class of trigonometric polynomi-
als,

EZp, ~ —N,

N
1
Xn(t) = \/—N Z <an sinnt + by, cosnt) .
n=1

Let Zx, be the number of the zeros of Xy on [0,27]. Applying the theory
of stationary processes on X, one finds that

N+1)(2N +1 2

similar to (3). Qualls proved that

Zxy — IEZXN‘ <C- N34

for some C' > 0 with probability 1 — on—o0(1) (improving on earlier work of
Farahmand).
Bogomolny, Bohigas and Leboeuf [BBL]! argued that the variance of Zx,
satisfies
Var(Zx, ) ~ ¢cN,

1We wish to thank Jonathan Keating for pointing out this reference
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as N — oo, where c is a positive constant approximated by
(4) c ~ 0.55826

(this is equivalent to the formula (3.34) in [BBL] and the numeric value of
A =~ 0.44733 immediately afterwards; one should bear in mind that they
normalize the random variable to have unit expectancy).

In this paper we study the distribution of the random variable Zx, in
more detail. We will find the asymptotics of the variance Var(Zx, ) as well
as prove the central limit theorem for the distribution of Zx, (see section
1.2). We guess, but have not proved, that the same result may be true for
Dunnage’s ensemble (3).

The zeros of random complex analytic functions were examined in a se-
ries of papers by Sodin-Tsirelson (see e.g. [ST]), and Shiffman-Zelditch (see
e.g. [SZ)).

1.2. Statement of results. Let Xy : [0,27] — R be Qualls’ ensemble

N
1
(5) Xn(t) = — Z ap sinnt + by, cos nt,
N n=1

where a,, and b,, are standard Gaussian i.i.d.
As usual, given a random variable Y, we define E(Y") to be the expectation
of Y. For example, for any fized t € [0,27] and N, one has

E(Xy(t)?) = 1.

Note that X and its derivatives have at most 2NV zeros, fact that we will
find useful later. Above we noted Qualls’ result that

(6) E(ZXN) =2 >‘27

where

1 & 2N +1)(N +1)
NZ_: 6 '

We prove the central limit theorem for Zx:

Theorem 1.1. There exists a constant ¢ > 0 such that the distribution of
Zxy —EZx,
VeN
converges weakly to the standard Gaussian N(0,1). The variance is asymp-
totic to
(7) Var(Zx, ) ~ ¢cN,
as N — oo, as predicted by Bogomolny-Bohigas-Leboeuf.

We can compute the value of the constant ¢ in Theorem 1.1 as

4 n 2
c=—co+ —
3 0 \/37

with

(V1 — R*? 4 R*arcsin R*) — 1

- [
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where we denote

) g(@) = sizx
and
(10) R (z) = g”(fﬂi(l —g(z)%) + g(:v)g’(fv)Q‘

s(1—9(2)?) — ¢'(2)?
More generally, for 0 < a < b < 27 one defines Zx, (a, b) to be the number
of zeros of X on the subinterval [a,b] C [0,27]. It is easy to generalize the
computation of the expectation (6) for this case as

EZx,(a,b) = \/f -(b—a)

A priori, it seems that the behaviour of the number of zeros of Xy in
short intervals [an,by], shrinking as N — oo, should be more erratic than
on the full interval. Surprisingly, just as in the previous case, we are able
to find a precise asymptotics for the variance VarZy(ay,by), and prove a
central limit theorem, provided that [ay,by] does not shrink too rapidly.
We have the following Theorem:

Theorem 1.2. Let 0 < ay < by < 27 be any sequences of numbers with

N - (by —an) — co. Then as N — oo,

(by — an)
27

where ¢ is the same constant as in Theorem 1.1. Moreover,

Zxy(an,by) —EZx,(an,bn)

(bn—an)
N27raN N

Var(ZXN(aN,bN)) ~ C- N,

c
converges weakly to the standard Gaussian N(0,1).

The proof of Theorem 1.2 is identical to the proof of Theorem 1.1, and in
this paper we will give only the proof of Theorem 1.1.

The multi-dimensional analogue of (5) (for dimension d > 2), was con-
sidered by Rudnick and Wigman [RW]. For example, for d = 2, they study
the zero set of

(11) X, (%) = Z ay cos(2m (&, X)) + by sin(27 (7, ),

IX|2=n

forn € Z, T = (w1, 32) € T2 = R2/Z2, and X = (M, A2) € Z2. This is
the ensemble of random eigenfunctions of the Laplacian on the torus, with
eigenvalue
FE = —47r2n,
and we denote its multiplicity by N. The zero set of (11) is a random
curve C'x on the torus, called the nodal line, and one is interested in the
distribution of its length L, . The authors compute the expectation EL¢
of the length of C'x to be
E

EL =a-VFE and VarL = Oy_ (
)
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for some constant a > 0.

1.3. Plan of the paper. To prove the central limit theorem we will first
need to establish the asymptotic form (7) for the variance. This is done
throughout sections 2 and 3: in section 2 we develop an integral formula for
the second moment of the number of zeros, and in section 3 we exploit it to
study the asymptotics of the variance.

Sections 4 and 5 are dedicated to the proof of the main statement of
Theorem 1.1, that is the central limit theorem. While the proof is contained
in section 4, a certain result, required by the proof, is proven throughout
section 5.

1.4. On the proof of Theorem 1.1. As an initial step for the central limit
theorem, we will have to find the asymptotics (7) for the variance. This is
done throughout sections 2 and 3.

While computing the asymptotic of the variance of Zx, , we determined
that the covariance function ry of Xy has a scaling limit ro(z) = Si%,
which proved useful for the purpose of computing the asympotics. Rather
than scaling 75, one might consider scaling X .

We realize, that the above should mean, that the distribution of Zx,
is intimately related to the distribution of the number Zy of the zeros on
(roughly) [0, N] of a certain Gaussian stationary process Y (x), defined on
the real line R, with covariance function r = 7, (see section 4.1). Intuitively,
this should follow, for example, from the approach of [GS], see e.g. Theorem
9.2.2, page 450. Unfortunately, this approach seems to be difficult to make
rigorous, due to the different scales of the processes involved.

The latter problem of the distribution of the number of the zeros (and
various other functionals) on growing intervals is a classical problem in the
theory of stochastic processes. Malevich [ML] and subsequently Cuzick [CZ]
prove the central limit theorem for Zx, provided that r lies in some (rather
wide) class of functions, which include 7. Their result was generalized in
a series of papers by Slud (see e.g. [SL]), and the two-dimensional case was
treated by Kratz and Leon [KL].

We modify the proof of Malevich-Cuzick to suit our case. There are
several marked differences between our case and theirs. In their work, one
has to deal with growing sums of identically distributed (but by no means
independent) random variables (which will be referred to as a linear system);
to prove the central limit theorem one applies a result due to Diananda [DN].
In our case, we deal with triangular systems (to be defined), applying a
theorem of Berk [BR]. For more details about the proof, see section 4.3.

1.5. Acknowledgements. The second author wishes to thank Zeev Rud-
nick for suggesting the problem as well as his help and support while con-
ducting the research. In addition, he wishes to thank Mikhail Sodin, Ildar A.
Ibragimov, Par Kurlberg and losif Polterovich for many fruitful discussions.
We are grateful to Phil Sosoe for conducting some empirical experiments
available in the longer version of this paper. The authors wish to thank
the anonymous referees for many useful comments and suggestions how to
improve the paper.
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2. A FORMULA FOR THE SECOND MOMENT

Proposition 2.1. We have

27

2(1—
(12) E(ZggN) (Zxy) = / r? 3/2 <‘/ —i—parcsmp)d

0
where
N
(13) )‘2:)\2,N:%Zn2= (N+1)é2N+1)7
_ sin (N + 1/2)t —sint/2
(14) r(t) =rx,(t Z cosnt = [ n(/2)
and
(15) o= py(t) = =)+ ()

Ao(1—72)— ()2

A similar but less explicit formula was obtained by Steinberg et al. [SSWZ].
The rest of this section is dedicated to the proof of this result.

The ensemble Xy is a centered stationary Gaussian process (meaning
that the finite dimensional distributions are Gaussian with zero mean). An
explicit computation with the double angle formula shows that its covariance
function is

TXN(tlatQ) — TXN(tQ - tl)a

with the function on the right side as defined in (14).

Let I be an interval and X : I — R be a mean zero stationary process with
covariance function r. We assume that 7(0) = 1 (i.e. X has unit variance)
and furthermore that the sample functions of X are a.s. sufficiently smooth
(e.g. twice differentiable) so that its sets of zeros is discrete. We have

(16) r(t)] < 1

for every t € I by the Cauchy-Schwartz inequality. We denote Z to be the
number of zeros of X on I; Z is a random variable.

In general, we have the following celebrated Kac-Rice formula (see e.g. [CL])
for the expectation of Z:

E2=ﬂ¢2,

where |I| is the length of I (finite or infinite), and Ag = —r"(0). As men-
tioned earlier, it was exploited by Qualls to compute the expected number
(6) of zeros of trigonometric polynomials.

In this section we find a formula for the second moment EZ% of the
number of zeros of any Gaussian stationary process X on I, assuming that
its covariance function r is smooth. To determine E(Z%), we naturally
encounter the distribution of the random vector

(17) V=Viyp = (X(t), X(t2), X'(tr1), X'(t2)).
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for some fized t1,to € I. As an artifact of the stationarity of X, the dis-
tribution of V' depends only on t := to — t;. The covariance matrix of V
is
1 r(t) 0 ' (t)
_ | @ 1 —r'(t) 0 A B

1) E=20:=1 "0 vy A | T\B o)

r'(t) 0 —r"(t) A2
The random vector V' has a multivariate normal distribution with mean zero

and covariance matrix 3. For ¢ € (0,27), ¥(t) is nonsingular (for Xy see [Q]
and Remark 2.3).

Lemma 2.2. Let X be a Gaussian stationary process, which almost surely
has a continuous sample derivative such that the distribution of V is non-
degenerate for t1 # to. Then

E(Z%) - E(Zx)

(19) // dtidts // 1 lly2|dty,t, (0,0, y1, y2)dt1dla,

[0,27] %[0, 27]
where ¢, 1, (w1, uz, v1,v2) is the probability density function of Vi, 4,.

Remark 2.3. The original formulation of Lemma 2.2 from [CL]| assumes
that the Fourier transform of r has a continuous component, a stronger
condition than stated. However, their proof works just as well in the less
restrictive case as formulated above. Qualls proved that the trigonometric
polynomials (5) satisfy this assumption and thus we may apply Lemma 2.2
to (5). Qualls’ argument can be generalized to higher moments: we use it
to bound the third moment in Proposition A.1.

Remark 2.4. Let vy, 4, be the probability density function of the random
vector (X'(t1), X'(t2)) conditional on X (t1) = X (t2) = 0. Then we have

Vit (Y1, Y2)
SR
(see also (25)). Therefore we may rewrite (19) as
[ X (t) X" (t2)[| X (t1) = X (t2) = 0] dt1dts
// 1—r(ty —t1)? 27

(20) ¢t1,t2 (0707y17y2) =

E(Z%) -
IxI

We use this representation in the proof of Proposition 4.3, as well as its
analogue for the third moment in the proof of Proposition A.1.

We use Lemma 2.2 to derive the following.

Corollary 2.5. Under the assumptions of Lemma 2.2, one has
(21)

—r2) — (¢#1)?
E(Z)ng) ~BZx) = // Az(tl — r)2)3/g ) (M-F parcsin p) dt;r;lt2,

IxI

where 1 = rx(ta —t1), and p = px(ta — t1) with

(1) = O r(1?) + ()
Px No(l—r(?) —r(?
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Proof. Direct matrix multiplication confirms that

w1 _ (A— BC—1BhH! —~A"'B(C - B'A~'B)™!
~\-Cc'B{(A-BC B! (C—-BtA IB)~! ’
so if © is the 2 x 2 “reduced covariance matrix”, that is Q! is the bottom
right corner of ¥~1, then
(22) Q=C-B'A'B.

The matrix 2 is the covariance matrix of the random vector (X'(¢1), X'(t2))
conditioned upon X (¢;) = X (t2) = 0.
Computing (22) explicitly, we have

Q= ,U,Ql,

where

with p given by (15) and
Yol = 1) — ()

23 = > 0.
( ) H 1— 7.2

Since ) is a covariance matrix, we have

(24) lp| <1

by the Cauchy-Schwartz inequality.
The easy to check identity

s_(4A 0 I A°'B
“\B 1) \0o a )
yields

(25) det ¥ = det Adet Q = (1 — 7?)p?(1 — p?).
Using (19) and the explicit form of the Gaussian density ¢4, +,, we obtain
(26)

exp(— yQ Loty dusd

E(Z%) — E(Zx) //dt1dt2 //|y1|y2| 2 y') (g;)?’
— // dt1dt2 / ly1||y2| exp (—,u yQ—lyt> dy1dys
M\/ 1—7r2)( 1 o7

dz1dzo
dtdt 21|22 € —sz
//\/1—r2 =) 1 2/ |21 22] Xp( >( 2’

where y = (y1, y2), making the change of coordinates z = % The inner

//|Z1Hz'2]exp< 5 p)(z1+2pzlzg+22)>d

=4(1 - p?) <1 + \/1/)—7/)2 arcsinp),

integral is

(27)
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computed by Bleher and Di [BD], appendix A. Substituting this in (26) gives
our result.
O

We are finally in the position to prove Proposition 2.1.

Concluding the proof of Proposition 2.1. We use Corollary 2.5 on the trigono-
metric polynomials Xy. The integrand in (21) depends only on t := to — t;
(because of the stationarity of X ), which allows us to convert the double
integral into a simple one. Proposition 2.1 then follows from the periodicity
of the integrand.

O

3. ASYMPTOTICS FOR THE VARIANCE

Formulas (12) and (6) imply the following formula for the variance

(28) Var(Zx) = J+E(Zx),
where
27
_ 2y (42
2 [ (s )

3.1. Evaluating the integral J in (29).
Proposition 3.1.

4co log N 1/13
30 J=—N|1+0 ,
) (o)
where cg is defined by (8).

Our key observation is that rx, has a scaling limit, or, more precisely,
we have

In(z) :==rxy (x) _ e + small error
m x

with m = N + 3 and = € [0, mn] (treating [mm, 2mn] by symmetry), at
least outside a small interval around the origin. It is therefore natural to
change the integration variable in (29) from mt to x, which will recover the
asymptotics for .J being linear with m, and thus also with N (see (48))2

We will argue that it is possible, up to an admissible error, to replace
the f = fy in the resulting integrand by g(x) := Sig””, the latter being
N-independent. The decay at infinity of the new integrand (i.e. with f
replaced by ¢) imply that the integral will converge to a constant intimately
related to (8).

We divide the new domain of integration [0,7m] (which is an artifact
of changing the variable of integration x = mt; we also use the symmetry
around ¢t = 7) into two ranges. Lemma 3.3 will bound the contribution of
a small neighbourhood [0, 4] of the origin. The main contribution to the
integral (48) results from [d, 7m|, where Lemma 3.4 will allow us to replace

fn in the integrand with N-independent g(z) = 1<

T

2In fact, rather than introducing a new parameter m, it is also possible to use x = Nt;
it results in a nastier computation.
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Notation 3.2. In this manuscript we will use the notations A <« B and
A = O(B) interchangeably.

Lemma 3.3. Let

/ o T 2\ _ g/ T 2
(31) M(z) = )\2(1(1 f(f()a;§2)3/f2( ) (v1— R(z)? + R(x) arcsin R(z)),

where

2m

(= _ @) = f@)?) + fla)f ()
om0 =en(3) = B
and
1

(34) Ny = ! +32m.
There exists a universal o9 > 0, such that for any
(35) 0 <4 < do,

we have the following estimate

)
/M(x)d:c — 0(5?),
0

where the constant involved in the “O”-notation is universal.
Proof. First we note that
(36) |R(z)| <1

by the definition (33) of R(z) and (24), so that the definition of M (z) makes
sense.

We have to estimate f(z) and its derivative around the origin. Expanding
f and f’ into Taylor polynomial around x = 0, we have

flx)=1+ am? + byt + O(:U6),

and
f(z) = 2ama + 4bpa® + O(z°).
with
2m +1
= — = 1
fim zm - 00
(2m + 1)(12m? = 7)
bm == =0(1
" 2880m3 ),
and the constants in the ‘O’-notation being universal.
Thus,

1 — f(x)? = —2a2,2% — (2by, + a2)2* + O(2%) > 22,
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and

1
(1= f@)?) a2 = 28

3 (—2ama® — (2b,, + a2)z* + O(z®))
—42%(a?, + dambpna® 4+ O(zh))

64m* + 24m3 — 108m? — 94m — 21
= X
8640m?*

+ 0(2%) < 2%

Now
1< V1 —9y?+yarcsiny < /2
for every y € [—1,1], so combining the last three displayed equations, we
obtain

4
M(z) < el
and the Lemma follows.
O

Lemma 3.4. Let
(37) 6> (m/2)~ 0
and

o0 <x<mm.
Denote

Mi(z) = M(x) — A,
where M (z) is given by (31). Then, for m sufficiently large,

Z ()2 — 3¢ ()2
Ml(x):é- {(1 (19(_)9()@2;:(]/2( ) (\/1— R*(x)* + R*(x) arcsin R*(z)) — 1

1 1
* O<512mx * 58m2>’

where, as usual, g(x) and R* are given by (9) and (10) respectively.

Proof. We will approximate f and its first couple of derivatives by g and its
first couple of derivatives.
For § < z < mm, we have

flz) = <2§;L(1ing(;;)) — 1> le_ -

[P0 0(2) o).

where to justify the second equality, we use the explicit coefficient of the
second summand in the Taylor formula for the sine. For the derivatives
we have, after performing a similar (but longer) computation shown in the
longer version of this paper

(39) Fz) == g'(x) +0(n”;2) +0(1>.

mx

and

(10) @) =o' @)+ O g+ 25 ).

2mx m?
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Next, we apply (38) to obtain

1= @2 = (1= g@?) (1+0( 5 ),

where we used for x > §,

2 i 82
1—g(z)?>1—-g(6)? = % > 52,
Thus
2y—3/2 _ 2\—3/2 1
an - @) =g (140 ) ).
where we used the assumption (37) from 1.

By the above, we have

No(1— f(@)?) = F(2)? = (1 — g(a)?) — o/ (2)? +0( ! )

?2mz

= (A(1 = g(2)*) — ¢'(2) )<1+O<561 )>

(1-g(x)*) —g'(2)* =

(42)

since for = > 6,
(43)

No(1=g(2)*) — g (2)* =

Next, we have

F(@)1 = f(@)) + f(2)f'(2)® = g"(2)(1 — g(2)*) + g(x)g' () + 0<
using (37) again. Therefore,
_9"(@)(A = g(x)*) + g(z)g () 1z
R = S+ O * )

exploiting (37) once more as well as (43).
Note that
9" (@)(1 — g(2)*) + g(x)g'(x)> _ ¢"(x)(1 - g(x)*) + g(x)g'(x)”
Ap(1 —g(x)?) — '(m) 3(1=g(@)?) = g'(2)? + O(;;)
g"(x )( —9(@)*) + 9(2)g'(2)? !
s —sor )

where we use twice (43) as well as (37) again.
All in all we obtain

(44) R(z) = R ( )+0<581x+(54f’ﬂ>,

where R* is defined by (10). It is important to notice that (36) implies
[R(2)] < 1,

| =
Wl =

1

?ma

since for any fized x,
R(z) — R*(x),
as m — oo by (44) and (37).

(1—g(0)*) —g'(6)* > o*.
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Notice that
. 1
(15) @) =0( 5 ).

again by (43). Therefore for z > 1/§* R*(z) is bounded away from 1 so
that for a small € > 0 one has

\/1—(R*+6)2:\/1—R*(x)-\/1—%

=/1—R*(z)- /1 - O(eR*(x = /1 — R*(z) + O(eR*(z) + €°).
It yields

1 1
\/1 - R(x)Q = \/1 - R*(=T>2 + O<512m$2 + 58m2)’

and similarly

1 1
R(z) arcsin R(x) = R*(x) arcsin R*(z) + O (512m:1:2 + 58m2>'

Therefore for z > 1/6%, we have
v 1— R(z)? + R(x) arcsin R(x)

(46) 1— R*(ac)2 + R*(x) arcsin R*(x) + O< 1 * 1 >

2ma2  §8m?2

On the other hand, for § < x < (%4,

v 1— R(x)? + R(x) arcsin R(x)

1 R*($)2 + R*(CU) aTCSinR*(‘T) + O<58:n1’ + 54$7n2>

1 1
1 — R*(2)* + R*(z) arcsin R*(z) + O< + >7

2mz  ®m?2
since the derivative of the function
x+— /1 —22+ zarcsinz,

namely arcsinz, is bounded everywhere in [—1, 1]. Therefore (46) is valid
for x > 4.
Also we have

(47) /1~ R*(2)* + R (x) arcsin R*(z) = 1 + O(R*(1)?) = 1 + 0(5822)

by (45).
Collecting (42) and (41), we have

N1 = F@)?) = PP N g@)?) - (@) |
(- fa)2p (- g(2)?)2 <”O(56mm>>
1301 g(0)?) () | 1 |

=~ +6m+0<56m>-
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Together with (46) it gives

M(1— 2 | |
a( i f= ()9532)3/2 <\/1—7+R arcst(@) — X\,

1/3(1(1_99(3;;)3/2< P (Vi pe e wancsin @)

1 1 1 1 1 1
—~ (1 s - 4
* 6m< +O<(58x2)> 3 6m +O((512mx * 58m2>

1 [(1 — 9(2)*) — 3¢'(z)* <
(1 —g(x)?)3/2

1 1
* O<512mx * 58m2>’

by (47).

3 1 — R*(z)* + R*(z) arcsin R*(m)) — 1]

O

Proof of Proposition 3.1. Noting that the integrand in (29) is symmetric
around t = m, denoting m := N —i—% and changing the variable of integration
mt to x in (29), we find that J is

(48)

J—4m/ [X a-s 2 _3/2 (\/17+R arcsinR(m))XQ}dm,

where f, R and )} are defined in (32), (33) and (34).

We divide the interval into two ranges: I := [0, §] and Iy = [§, mm], for
some parameter 6 = §(m) > 0. On I; we employ Lemma 3.3 to bound (from
above) the total contribution of the integrand, whereas we invoke Lemma
3.4 to asymptotically estimate the integral on I. The constant ¢ has to
satisfy the constraint of Lemma 3.4, namely (37). The constraint of Lemma
3.3, (35), is satisfied for m sufficiently large, provided that § vanishes with
m. To bound the contribution of X, to the integral on I;, we use the trivial
estimate A\, = O(1).

Hence we obtain

(49)
L dm ”m[u ~ g(@)?) - 3¢/(a)?

( 1 — R*(x)* + R*(x) arcsin R*@)) - 1]

3m (1 —g(x)?)%/2
0
logm 1
+O(—5— 52 T 58) + O(om).

Note that for a large x we have

(1 g@P) =392 =140 35).

g = L0 ()
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and the definition (10) implies

. 1
so that

\/1— R*(z)*> + R*(z) arcsin R*(z) = 1 + O(R*(z)) =14 O <$12> .

Plugging the estimates above into the integrand of (49) shows that the
integrand is O(I—E) Hence

g= N i [(1 —9(@)*) — 39'(@)* ( 1— R*(2)’ + R*(x) arcsinR*(:z:)) - 1}

e (1— g(x)?)32
logN 1
+ O((sﬁ + g) + O(6N).

We finally obtain the statement (30) of the present proposition upon choos-

ing
5= (logN>1/13.
N

3.2. Concluding the proof of the variance part (7) of Theorem 1.1.

0

Proof. Proposition 2.1 together with Proposition 3.1 and (28) imply

460 2
Var(ZX) = J—l-E(Zx) ~ 37TN+ \/§N = cN.

It then remains to show that ¢ > 0. As mentioned earlier, Bogomolny-
Bohigas-Lebeouf [BBL] estimated ¢ ~ 0.55826 and it is possible to use nu-
merical methods to rigorously obtain ¢ > 0 (see the longer version of the
present paper).

There exists a more systematic approach though. One can construct a
Gaussian process Yoo(z) on R with the covariance function ro(z) = %
(see section 4.1). In this case, we denote again

1
)\2700 = _7'/0/0(0> = g

For T > 0, let Zoo(T) be the number of the zeros of Y, on [0,T].
By the general theory of stochastic processes developed in [CL], one has

T
EZoo(T) = = Ag.00.
T

Using the same method we used to compute the variance of Xy, it is not

difficult to see that
VarZ(T) ~ T,

where c is the same constant as in Theorem 1.1, provided that ¢ > 0. It was
proved by Slud [SL], that it is indeed the case for a wide class of covariance
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functions r(z) which contains our case r = ro. Moreover, Slud (following
Malevich [ML] and Cuzick [CZ]), established the central limit theorem for
Zoo(T) —EZ (T)
VT ‘

4. PROOF OF THEOREM 1.1

In this section we pursue the proof of the central limit theorem. The
main probabilistic tool we use is a result of Berk [BR], which establishes a
central limit theorem for a triangular system of random variables defined
below. We start however with a general remark about the zeros.

4.1. A general remark about the distribution of the zeros. Let
Y5 : R — R be a Gaussian stationary process with the covariance function
Too(Z) = % Such a process exists®, since ro, has a nonnegative Fourier
transform on R (this is related to Bochner’s theorem, see e.g. [CL], page
126). Moreover, we may assume with no loss of generality that Y is almost
surely everywhere differentiable.

To define all the processes on the same space, we will assume that Yy are
defined on R by periodicity. We have the convergence ry, (z) — ry, (),
as N — oo. This implies the convergence of all the finite-dimensional dis-
tributions of Y to the finite-dimensional distributions of Y,,. By theorem
9.2.2 [GS]%, for any continuous functional ¢ : C([a,b]) — R, the distribution
of ¢(Yn) converges to the distribution of ¢(Ys). Thus one could model a
“generic” statistic of X by the corresponding statistic of Y, on intervals,
growing linearly with .

The convergence ry — 7o, suggests that the distribution of the number
of zeros of X on the fixed interval [0, 27] is intimately related to the distri-
bution of the number of zeros of the fixed process Y., on growing intervals.
The particular case of the latter problem when the process is Gaussian sta-
tionary (which is the case in this paper), has been studied extensively over
the past decades.

4.2. Triangular systems of random variables. Let £ = {I;;} be a (finite
or infinite) sequence of random variables (which we will refer as a linear
system), K its length (K = oo if £ is infinite), and M > 1 an integer. We
say that £ is M-dependent, if for every 4,5 > 1 with i —j > M, {l;, : k < i}
and {l; : k > j} are independent. For example, a 0-dependent linear system
L is independent.

One is usually interested in the distribution of the sums

N
Sy = sz
k=1

30ne may construct Y. using its spectral representation. Alternatively, one may use
the Paley-Wiener construction Y (z) = > an%.
nez
4One may easily check the additional Lipshitz-like condition required by that theorem
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as N — oo, that is if K = co. In this situation one employs a special version
of the CLT due to Diananda [DN]. For a process X (¢) on R we denote Zx (T)
to be the number of zeros of X on [0, 7). Cuzick [CZ] employed Diananda’s
result to prove the central limit theorem for Zx(T') as T — oo for a wide
class of stationary processes X. A more basic version of this theorem was
applied earlier by Malevich [ML] to obtain a similar, but more restrictive
result.

Diananda’s result applies to finite sums of random variables of linear
systems. The situation in our hands is somewhat different, namely, of a so-
called triangular system (or array) of random variables. A triangular system
of random variables is the correspondence K(N) : N — N U {oco}, together
with a linear system

Ly={2npr: 1<k < K(N)}

for each N € N. We will use the notation Z = {zn i} to denote a triangular
system.

Let M = M(N) be sequence of integers. We say that Z is M-dependent,
if £y is M(N)-dependent for every N.

Given a triangular system Z, we are usually interested in the asymptotic

distribution of the sums
K(N)

Sy = Z ZN ks
k=1
as N — oo. Note that here, unlike the linear systems, both the number of
the summands of Sy and the summands themselves depend on N. We have
the following theorem due to Berk [BR], which establishes the asymptotic
normality of Sy for M-dependent triangular systems:

Theorem 4.1 (Berk [BR]). Let Z = {zy; : 1 < k < K(N)} be a M-
dependent triangular system of mean zero random variables. Assume fur-
thermore, that

(1) For some 6 > 0, E|lzn;|>T0 < Ay, where A1 > 0 is a universal
constant.
(2) For every N and 1 <i< j < K(N), one has

Var(zMiH + ...+ ZN’J') < (] — Z)AQ

for some universal constant As > 0.
(3) The limit
. Var(zN,l + ~-+ZN,K)
lim
N—oo K
exists and is nonzero. Denote the limit v > 0.

(4) We have
M= 0<K2<{i2>.

ZN1t+ ...+ 2N K

VUK

Then

converges weakly to N(0,1).
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Note that condition 4 requires, in particular, that as N — oo, one has
K — oo. Berk’s result was recently generalized by Romano and Wolf [RWL)].

4.3. Plan of the proof of Theorem 1.1. We define the scaled processes

X

Yn(z) = Xy <m>,

on [0,27m|, where we reuse the notation m = N + 1/2 from the proof of
Proposition 3.1. Let us denote their covariance function

x
(o) = rvy(o) = rxy () = ),
with fy defined by (32). It is obvious that
ZXN = ZYN7
the number of zeros of Yy (x) on
Iy :=[0,27m).

It will be sometimes more convenient for us to work with Yy (x) and ry(z)
being defined (by periodicity) on

Iy :=[—7m, mm)]

rather than on I};.

We are interested in the number Zy,, of zeros of Y on intervals I, whose
length grows linearly with V. Divide Iy into (roughly) N subintervals I j
of equal length with disjoint interiors (so that the probability of having a
zero on an overlap is 0), and represent Zy,, almost surely, as a sum of
random variables Zy 1, the number of zeros of Y on Iy ;. The stationarity
of Yy implies that for a fixed N, Zy , are identically distributed (but by no
means independent).

We, therefore, obtain a triangular system

Z={Zny=Zni—EZni}

of mean zero random variables with growing rows. Just as Zy, the ran-
dom variables Z N,k are identically distributed. We will easily show that Z
satisfies the conditions 2-3 of Theorem 4.1. Moreover, we will see later that
condition 1 holds with § = 1 (see Proposition A.1; here we deal with a more
complicated case of mollified random variables defined below; an easier ver-
sion of the same argument applies in case of Z , however it does not give the
CLT due to the lack of independence).

The main obstacle to this approach is that the random variables Zy
are not independent (and thus neither are ZN,k)- In fact, we may give an
explicit expression for

COU(ZN’kl, ZNka)

in terms of an integral, which involves ry and its derivatives. The station-
arity of Yy implies that Cov(Zn k,, Zn k,) depends on the difference ky — &
only (that is, the discrete process Zy  with IV fixed is stationary, provided
that the continuous process Yy is).

To overcome this obstacle, we notice that 7y (z) and its couple of deriva-
tives are small outside a short interval around the origin, and, moreover,
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their L? mass is concentrated around the origin. This means that the de-
pendencies between the values and the derivatives of Yy (z) on Iy, and
those on I 1, are “small” for |k; — k| sufficiently large. Thus the system Z
is “almost M-independent”, provided that M = M(N) is large enough (it
is sufficient to take any sequence M (V) growing to infinity; see Proposition
4.3).

One may then hope to exchange the process Yy (and thus the system Z~)
with a process Y (resp. ZM) where M = M(N) is a growing parameter,
so that the distributions of the number of zeros Zy = Zy,, and Z¥ = Zym

of Yy and Y]G/I respectively, are asymptotically equivalent, and the above
properties of the original system stay unimpaired. In addition, we require
ZM to be M-dependent (or, rather, const - M-dependent). To prove the
asymptotic equivalence of Zy and Z ]]{,/[ we will evaluate the variance of the
difference Var(Zy — Z) (see Proposition 4.3).

To define Y, we introduce a function rf\v/[ = ry - Sy, where |Sy| <
1 is a sufficiently smooth function supported on [—const - M, const - M]
approximating the unity near the origin with a positive Fourier transform
on the circle In. We require that T]\N4 (and a couple of its derivatives)
preserve 100% of the L? mass of ry (resp. a couple of its derivatives) (see
Lemma 5.1). We then construct Y ¥ with covariance function r& using
some Fourier analysis on Iy. It is important to observe that the covariance
function being supported essentially at [—M, M| means that ZM g (roughly)
M-independent, in the periodic sense.

To get rid of the long-range dependencies, which occur as a result of
the periodicity of Y, we prove the central limit theorem for positive and
negative zeros separately (see the proof of Proposition 4.4). Namely we
define ZM+ (vesp. Z™:7) to be the number of zeros z of Y with 2 > 0

(resp. z < 0), and
ZM — ZM,—I— +ZM,—

almost surely. We are going to prove the asymptotic normality of the distri-
bution of ZM-+ and similarly, of ZM:—. We will prove that this will imply
the asymptotic normality of the sum ZM.

Concerning the choice of M = M(N), on one hand, to well approximate
Yy, M has to grow to infinity with N. On the other hand, condition 4
of theorem 4.1 constrains the growth rate of M from above. The above
considerations leave us a handy margin for M.

4.4. Some conventions. In this section we will use some Fourier analysis
with functions defined on the circle Iy := [—mm, mm]| (or equivalently, I} :=
[0,27m]). We will adapt the following conventions. Let f : Iy — R be a
real-valued function. For n € Z, we define




20 ANDREW GRANVILLE AND IGOR WIGMAN

If f is a real valued even nice function, then

. 1 > ) cos(™)
r(z) =7(0) - Wore + nZ: V27 (n) - .

With the above conventions, if f,g: Iy — R are two functions, then

(f-9)(n) = (f *9)(n),

f

1
Vamm
and

(f *9)(n) = V2rmf(n) - g(n).

For the real valued even functions, the Parseval identity is
1122000 = 11y = FO% + 3 2f(m)2.
n=1

4.5. Proof of Theorem 1.1.

Proof of Theorem 1.1. Let Yy(z) = Xn(;), and for notational convenience,
we assume by periodicity, that Y and its covariance function ry are defined
on Iy := [-7mm,mm]. One may rewrite the definition of Yy using

(50) TN(x)sz(O)-\/;Tm+ZJ§fN(n). ! Cos<na:>,
n=1

as
1

(2mm)1/4 0
+§:21/4\/f’N(n) R ap, COS Do) +bysin [ ~a
— (rm)1/4 m " m ’

where a,, and b, are (0,1) Gaussian i.i.d. One may compute 7y to be

N
Py (n) = {mv’ LsnlsN _ ymm

Yn(z) = /7N (0)
(51)

==X n).
0, otherwise V2N 1§\"|§N( )

It is easy to identify (51) as the spectral form of Yy on the circle, analo-
gous to the well-known spectral theory on the real line (see e.g. [CL], section
7.5). The spectral representation proved itself as extremely useful and pow-
erful while studying various properties of stationary processes.

Let 0 < M < mm be a large parameter and x[_pz,] be the characteristic
function of [—M, M| C I. Define

(=00 ™ (2)

CM7 ’
where (-)* stands for convolving a function [ times to itself, and the universal
constant C' > 0 is chosen so that Sy;(0) = 1. The function Sps : Iy — R is
a piecewise polynomial of degree 7 in %, independent of M. It is a 6-times
continuously differentiable function supported at [-8M, 8M]. For |z| < 2M,
for example,

(52) SM(a:):1+b1<]\$4)2+b2<]\:n4>4+b3<]\3}>6+b4<‘]@|>7

Sy(x) =
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for some constants by, ...,bs € R, which may be easily computed.
We define the mollified covariance function " =74 : Iy — R by

(53) i (@) = (@) - Sy (),

with the Fourier series given by

(54 () = - (i = Su)(m) = g Oncpien = Sh)(m) = 0.
. mm)7/2
(55) Sam) = B (S anan) 0.

One may compute explicitly the Fourier transform of x[_ps s to be

2% n=0

(56) X (n) =4 VvV :
aa 2. \Fsm(WM), n#0

™

The nonnegativity of Sy; allows us to construct a process ij\,/[ () on Iy
with covariance function TyM = 7"5\\,/[ as

- 1
Yzel(x) = T%(O)Wao

(57) 1/4
2 n n
/AM n (v
+ E rN r 1/4<ancos< x)+bn81n< x)),

the RHS being almost surely an absolutely convergent series, uniformly w.r.t.
x.

Remark 4.2. We assume that the a, and b, for n < N in (57) are the
same as in (51), so that Y (z) converges in L? to Yy () (see Lemma 5.5).

Let M = M (N) be any sequence of numbers growing to infinity, satisfying
M _ M
M = o(N'*). Proposition 4.4 then implies that as N — oo, % is
asymptotically normal. Proposition 4.3 states that

Var(Zy' — Zn) = o(Var(Zy)),

so that the distribution of % is asymptotically equivalent to that of
M_ oM
%, which implies the statement of Theorem 1.1.

O

Proposition 4.3. Suppose that as N — oo, we have M — oo. Then one
has

Var(Zy — Z¥) = o(N).

The proof of Proposition 4.3 is given in section 5.
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4.6. Proof of CLT for Z]]\\? . The main result of the present section is
Proposition 4.4, which establishes the central limit theorem for the mollified
random variable ZM.

Proposition 4.4. Suppose that as N — oo, M = o(N'*). Then for

M_ oM
N — o0, the random variables %, weakly converge to the standard

cN
Gaussian N(0,1).

Proof of Proposition 4.4. Recall that Z % is the number of zeros of Y]\]‘/ on
Iy = [-mm,mm]. We are going to prove a central limit theorem for the
number of zeros on Iy, := [0,7m] (denote similarly Iy, := [—7m,0]) only.
We thereby denote ZJZQ,/I’JF (resp. Z]]:,/[’f) the number of zeros of Y on I}
(resp. Iy), and analogously, Z; and Z will denote the number of zeros
of Yy on If\} and I, respectively. This also implies a central limit theorem
for Z]A\;[’_ by the stationarity. The problem is that Z]Z:,/I’Jr and Z]]t,/[’_ are not
independent, so that writing ZM = Z%’Jr + Z%’f a.a. does not imply the
asymptotic normality for the sum. Therefore we will have to come up with
a more gentle argument in the end of this proof.

Let L > 0 be any integer, which we will keep fixed throughout the proof.
We divide I;\; into subintervals

m™m ™m
Ing=|(k—1)- 2 . 20
N,k ( ) LN7 LN
for 1 <k < LN, and denote Z%k the number of zeros of Y]y(:c) on Iy .
Recall that, as a function on [—mm, wm], ri is supported on
(8- M,8- M].

Therefore, if i — j > 8LM, the random variables {ZY, : k < i} are inde-
pendent of {Z¥, : k> j}.
We apply Theorem 4.1 on the M = const- M-dependent triangular system

ZM = {2\ =2\ —EZY) 1<k < K(N)}

with K(N) = NL. Since with probability 1 neither of Y;¥ have zeros on
the overlaps of Iy j, we have

NL
M,+ M+ ~ M
Zyt —EZy _ZZNJ@

k=1

almost surely, so that to finish the proof of this Proposition, it remains to
check that ZM satisfies conditions 1-4 of Theorem 4.1.

Proposition A.1 implies that condition 1 is satisfied with § = 1, provided
that we choose L large enough. Since M ~ const- M and K(N) ~ const-N,
the assumption M = o(N'/4) of the present Proposition is equivalent to
condition 4.

Condition 3 of Theorem 4.1 is equivalent to Var(Z]]t,/[ ~ c1 N for some
c1 > 0. An application of (7) together with Proposition 4.3 and the triangle
inequality, imply that

»+)

Var(Z3) ~ ¢N.
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One may also derive the corresponding result for Z]]t,/[’Jr7 starting from Var(Z3;) ~
SN (the proof follows along the same lines as the proof of (7)) and using
(62) with the triangle inequality.

It then remains to check that ZM satisfies condition 2 of Theorem 4.1.
Using the same approach we used in the course of the proof of (7), one may
find out that

(58)
Var(Z]]\\;{Hl +...+ Z]]{,/{j)
(G—)Tx

+ p(z) arcsin p(z)) — )\S?N/)] dx + (j — z)% A%{N ,

where we use the shortcuts r = 3!, /\M = —7"5\\,/[”(0), and
gy M@0 = r(@)?) + (@) (@)
p(z) = py (z) = Ny(1 = r(2)2) — ' (z)? :
We have

since % < 2 and /\MN, = O(1). It remains therefore to bound the integral
n (58), which we denote J. We write, denoting 7 := (j — i) Tx:

M!

1—

(59) J < (j—i)/[)\ ((1 r e (\/1— 2 4+ parcsin p) — A dz.
/ _

It will suffice then to prove that the latter integral is uniformly bounded.
Let K¥(r) be the integrand. Expanding K4 (x) into Taylor polynomial
around the origin, as we did in the course of the proof of (7) (see the proof
of Lemma 3.3), we find that K2/(z) is uniformly bounded on some fixed
neighbourhood of the origin (say, on [0,c]). We claim, that outside [0, ],
the integrand is rapidly decaying, uniformly with N.

It is easy to see that r(x) being supported at [0, const - M| implies that
K(x) is supported in [0, const - M| as well (note that we exploit here the
fact that by counting only the positive zeros we disregard the dependencies
between zeros near —mm and wm). Moreover, on [¢, const - M|, |[K¥ (z)| <
%2, where the constant involved in the “<”-notation is universal. Therefore
the integral on the RHS of (59) is uniformly bounded, so that J < (j — i),
which verifies condition 2 of Berk’s theorem.

This concludes the proof of the asymptotic normality for Z%”L (and also

Z]A\;[’_). Having that result in our hands, we define the random variables
Z%’Jr and ZAJA\,Jf to be the number of zeros of Yi¥ on [8M, mm — 8M] and
[-7mm + 8M, —8M] respectively. The random variables Z]]Q,/HE are indepen-
dent, since 1}l is supported on [-8M,8M].

In addition, let Z%gr, Z]]:,/[f, Z]]:[/‘IS_ and Z]]:,/[L_ be the number of zeros of
Y ¥ on [0,8M], [rm—8M, wm], [-8M, 0] and [—7m, —mm+8M] respectively.
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We have

VarZy'q, VarZy, VarZy's , VarZy, < M

= O(VarZ%’Jr), O(VarZ%’f), o(VarZ¥)

by condition (2) of Theorem 4.1 (which we validated). Therefore

SMA+ M+ M,+ M,+
4N =4 — Iy —4n)

(60)

and
INT =4y —Zys —Zyg
converge to the Gaussian distribution.
The independence of Z]J:,/[i then implies the asymptotic normality of
Z]]t,/[’Jr + ZA%I’*, and finally we obtain the asymptotic normality of

ZM = (ZMF 4+ 20y 4 Z}fg + Z]]‘V{f + Z]J\fg + ZZJ‘V{’L‘,

again by (60).

5. PROOF OF PROPOSITION 4.3

5.1. Introduction and the basic setting. Recall that we have the pro-
cesses Yy (z) and Y (z), defined on Iy = [—7m, mm] and are interested in
the distribution of Zy and Z J]{,/[ , the number of zeros of Yn and YNM on Iy
respectively. The goal of the present section is to prove the bound

(61) Var(Zy — ZAF) = o(N)

on the variance of the difference. For notational convenience, we will con-
sider only the positive zeros, that is, let Z]J\r, (resp. Z]]\\;[’Jr) be the number of
zeros of Yy (resp. Y!) on I = [0, 7m]. We will prove that

(62) Var(Zi — ZN') = o(N),
and by the stationarity, it will also imply
(63) Var(Zy — Za"") = o(N),

where we denoted the number of negative zeros in an analogous manner.
Finally, (62) together with (63), will imply (61), by the triangle inequality.

Let S > 0 and R > 0 be a couple of large integral parameters. We divide
I]*\', into K = 25m equal subintervals, so that

2mm i 2mm

T = [(’“ DR R

forl1 <k <K.
We then write the LHS of (62) as

K
64)  Var(zf— 2y )= > Cov(Znp — ZN s Zn e — Zi)-
k1,ka=1
We divide the last summation into 3 different ranges. That is, we define

(65) E, = Z )

|k1—k2|<1
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(66) Ey = Z ;

2<|k1—k2|<SR

and
K
(67) Es= > |
|k1—k2|>SR
and prove that for 1 <7 <3
lim — =0
Ngnoo N

5.2. Preliminaries. In addition to the covariance functions r = ry and

rM = r% of Yy and Yjé/[ respectively, defined on I, we introduce the joint
covariance function

M
(68) rM02) = ry(2) = E[Yn(p) YR (y + 2)],

which is a function of x indeed, by stationarity. Similarly to (16), one has
|rM:0| <1 by the Cauchy-Schwartz inequality.
Using the spectral form (51) (resp. (57)) of Y (resp. YY), one may

: . M
compute the Fourier expansion of r N’O to be

(69) :i #(n)iM (n) - V2 s <;x>

N
- 2 e ) e cos ().

. M0 .
In particular, ry ™ is even, and

(70)

1/4
M . . m™m 1 -
TN’O(”) = TN(”)T%(”) = <8) N‘Xlg\mgN(n)‘\/(Xlg\mgN * Sar)(n).

Recall that to determine the second moment IEZ% of a process X, we
naturally encountered the distribution of the random vector (17). Similarly,
to evaluate the covariances in (64), one naturally encounters the distribution
of vectors

/ !
Wi = (Yo' (1), YA (22), YA (21), YR (22))
with probability density ¢73/ 17 (u1,u2,v1,v2) and
!/
Wy = (YN(x1)7 Y]e/[(xﬂv Y]Q(xl)v Y]<\7/1 (xQ))

with probability density <Z>Q;V1’ffo(u1,u2,v1,v2) for some x1,x9 € In. As be-

fore, the distributions ¢ y; and ¢} y7, depend only on z = z3 — 2 by
stationarity, and we will denote ¢, \, = ¢y 37 and ¢F, 1o = Gy a7, accord-
ingly.
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Similarly to the mean zero Gaussian distribution with covariance matrix
(18) of the random vector (17), both W; and W3 are mean zero Gaussian
with covariance matrices

) 0 i (@)
M M/
| v (@) 1 -y (2) 0
(71) ZN,M(QS) = 0 —r%/(x) )\é\f[N/ _T}]\V/ﬂ/ 2)
/ 1 !
i () 0 -y (z) Ay
and
1 r%’o(m) 0 r%’ol(x)
M.,0 M.,0’
' () 1 —ry’ (z) 0
72 b)) T) = N N ,
( ) N,M,O( ) 0, _T]]\\;[,O/(:E) )\/QJX —T’%’O//(l')
v i@ 0 @) A

where, as usual, we denote
N L "00): /\M I M 0
2N = —r'n(0); 2,N ‘= TN (0).

Similarly to 3(¢) in (18), both Xy ar(z) and X a0(x) are nonsingular
for x # 0, and so

1 1 —1,,t
73 z w) = e 2WENM(@)T W
( ) ¢N7M() (271')2 detZN,M(x)
and
1 1 —1,,.t
74 €z w) = €_§w2N’M’O(I) v
(74) ¢N7M»0() (2m)24/det X ar0(2)
We denote
(75)

O ar(v1,v2) = ¢ 2r(0,0,01,v2); R aro(v1,v2) == & 21.0(0,0,v1,v2)
and define the random vector
(Vi = Vi(x), Vo = Va(2)) = (YA (0), YA (2))

conditioned upon Yy (0) = Y¥(z) = 0 with probability density function
YR ar0(v1,v2). The random vector (Vi, V) has a mean zero Gaussian dis-
tribution with covariance matrix

(76)
M,0! M,0 M,0’
Ao N (@2 M0y iy @y @)
T 2,N l—r%‘o(m)Q N 1—7“1{,/[’0(1)2
— I I
R S s NI L B
N 177’%’0(‘%)2 2,N 177“5\\,/1’0(1)2

The matrix 5 ,, is regular for x # 0. We have, analogously to (20)

Y ar0(v1,02)

&?V,M,O(UMW) = .
2my\/1 — 7“%[’0(3:)2
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Similarly, let ¢%; 1 (v1, v2) be the probability density function of (v ¥ "(0), v u "(x))
conditioned upon Y (0) = Y ¥ (2) = 0. One then has

1/]%\/"]\4'(7)17 /U2)

21y /1 —r%(az)j

(77) O (v1,02) =

5.3. Auxiliary Lemmas.

Lemma 5.1. One has the following estimates

(1)
M 1
Irn —rnllz2y) = O i)
(2)
M0 1
HTN - TN”LQ(IN) = O(w)u
(3)
M ” 1
[rn —TNHL?(IN) =0 Vi)’
(4)
M.,0" " 1
Irn™ = rnllzeay) = O<M1/4>
(5)
M/ / ].
Irn = rvllezy) = O i)
(6)

/ 1
Iy = rill2y) = O(W) :

Proof. First, we notice that (5) (resp. (6)) follows from (1) with (3) (resp.
(2) with (4)) by integration by parts and the Cauchy-Schwartz inequality.

By the symmetry of all the functions involved, it is sufficient to bound
|| - HLQ(IK’). To establish (1), we note that for |z| < M, one has

xT

- st =140(5)"

and both ry and T% are rapidly decaying for large x, since

1
Irn(z)] < e
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and S); is bounded, with constants independent of N or M. Thus, we have

I = ey = [ 0¥ @) = ra(e)Pds
0

m M ™m
= /(TN(.’E)(]_ — Sy(x))) dx < / 2 4da:+/ (x)de

0 0 M

1 v 7Tmd 1 1 1
2.2 2 €L 2
0 M 0

It is easy to establish (3) using a similar approach.
To prove (2), we will use the Fourier series representation (50) of 7y, and

its analogue (69) for r]]\\;[’o with Parseval’s identity. We then have by (70)
M.,0 2 MO s g2
[ TN”LQ(IN =Py — 7”NH12

=Z F\/rNMiéi:j

n=

n(n) =7 ()],

since for a,b > 0,
(79) (a —b)* < |a® — V?|.
Continuing, we use the Cauchy-Schwartz inequality to obtain

M0 . .
lry ™ = rallTecryy < 1PNl - 1PN = 7 [l
A 1

= Nl - lIry =73 2@ < Niva

by (1) of the present Lemma, and the obvious estimate |fy] < 1. This
proves part (2) of this Lemma.
It is now easy to establish part (4) of the present Lemma, using

fr(n) = —— f(n).
(]

Lemma 5.2. The functions rn(z), ri (x), T%[’O(az) and their first couple of
derivatives are Lipschitz, uniformly with N, i.e. satisfy

(80) () = h(y)| < Alz —y|

for some universal constant A > 0.

N
Proof. The statement is clear for ry (z) = & 3 cos(Zx), as well as i/ (z) =

~N(z)Sa(z) (due to the fact that Sy and S, are bounded).
It then remains to prove the result for 7“]]\\;[’0. From the representation (69)
it is clear that it would be sufficient to prove that the coeflicients

(27rml)1/4 ‘ \/(Xlélnlszv #Sar)(n)




DISTRIBUTION OF ZEROS 29

are uniformly bounded. We will bound the square
1

(81) W : (Xlg\mgjv * S'M)(n)-
Using (55) with (56), we bound Sys(n) by
15/2 sin( M) 8
R m m O
(52 u < | ()
\/—]VT%, n=>0

so that the coefficients (81) are bounded by

1 15/2 ntN s (KM 8 1 M
<L — - m Z M 4+ — . —
VN M7 e k Jm Jm
=n—
k;éo
M sm ) 8 n N7 1 M
<N M7 BTN
1< |k|< 47 |k|> 37
< M N NT L +1kK1
N M M7 (N/M)7

This proves that the squared coefficients (81) are uniformly bounded, and

thus, that 7"5‘\,/[’0 satisfy the Lipshitz condition (80) with some universal con-
stant A > 0.

O

Lemma 5.3. Let I = [a,b] be any interval and h : I — R a Lipschitz
function satisfying (80). Then for every x € I,

[h(x)] < 24"3|nlI357 .,
provided that

ma;(}h ‘
S
(83) b—a> 54
Proof. Let xg € I and
|A(x0)] |A(z0)]
=1 — .
J N |xo 94 , L0 94
Our assumption (83) implies that interval J has length |J| > |hg A)I, and
moreover, on J we have
h

by (80). Thus we have

h(zg)? h(z h(xg)? 1
Al > [ Baae > 1) 2000 o IRl BIO Ly,

J

which is equivalent to the statement of this Lemma. O

Lemmas 5.1, 5.2 and 5.3 together imply
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Corollary 5.4. For every x € Iy, one has

@) = @)l =0 77 ).

@) - vl =057 )
@) = 1) = 0 (77 )
@) - 1) = 0 377 )

" 1
@) = )] = 0 (7 )

uniformly w.r.t. x and N.

Lemma 5.5. For every x € I, we have

1
E(Y¥(z) - Yn(z 2:0()
( N ( ) N( )) \/M
with the constant involved in the O-notation universal.

Proof. By the stationarity we may assume that © = 0. We have by (51) and
(57)

1 V2 & . - 2
E(Ya'(0) — YN(O))2 = \/ﬁr%’(o) + \/ﬁ; (\/ PN (n) — 4/ 7“%(”)) :

Since 7 is supported in n < N, we have

(84)
vz X . - 2 A )

n>2N

(YA ()~ Yn(2))* <

We use (79) again to bound the first summation of (84), getting

ﬂ 2N \/5 2N
<
VTTm nZ: T oJm™m Zzzl

=0 n
1 \/» 2N ) 1/2
L —-VN Pn(n) — M (n >
R R 1
< |lPn — N [li2zy < it
by the Cauchy-Schwartz inequality, Parseval’s identity and Lemma 5.1, part
(1).
To bound the second summation in (84), we reuse the estimate (82) to
obtain

in(n) =7y (n)]

n=1

N15/2
M7 n8’ n#0
n
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so that (54) implies

N N
X 1 . 1 N15/2 1
M (n) <% E Sy(n 4+ k) <5 VERCENAE
k=—N k N

N13/2 1 N15/2
<o NapE € W
and thus the second summation in (84) is bounded by
1 N1/2 1

e e
7 8 7
\/ﬁn>2N M n M

This concludes the proof of this lemma.
O

Lemma 5.6 (Cuzick [CZ], lemma4). Let Vi and Va2 be a mean zero Gaussian
pair of random variables and let

EViVa — EVIEV,
VVarVy - VarV,

p=Cor(V1,Va) :=

Then
0 < Cor(|Vil, |Val) < p.

Remark 5.7. Lemma 5.6 may be also obtained computing explicitly both
sides of the inequality using the integral (27) due to Bleher and Di [BD].

5.4. Proof of Proposition 4.3.

Proof of Proposition 4.3. Recall that Zx (resp. Z3) is the number of the
zeros of Yy (resp. Y) on Iy = [—mm,mm]. The process Y is given
in its spectral form (57) with the RHS absolutely convergent, uniformly
w.r.t. © € Iy. The rapid decay of f’% implies that YZO/[ is almost surely
continuously differentiable, and we may differentiate (57) term by term.

As stated before, for notational convenience, rather than showing the
original statement of the Proposition, we are going to prove (62). We want
to bound E; defined by (65)-(67) given the large integral parameters S and
R.

5.4.1. Bounding E,. For every z € Iy, let x} (resp. X“}CV,M) be the indicator

of the event {Yn(0)Yn(z) < 0} (resp. {YM(0)Y ¥ (z) < 0}). Intuitively, for

S large (i.e. Iy is short) one expects at most one zero of either Yy or Y

on Iy . Thus the number of zeros of Yy (resp. Y]y ) on Iy = [0, 7] with

T := 5¢ should, with high probability, equal x = x} (resp. M = XN.ar)-
Using the Cauchy-Schwartz inequality, we have for every ki, ko

Cov(ZNky — ZN ks ZNjos — 2N y)
< \Var(Zu, — ZM) - Ver(Zn s, — ZY),) = Var(Zn, - Z3))
by the stationarity. Therefore,
By < SNVar(Zy, — Z)y) < SNE(Zn,1 — Z31)?

(85) < SN <E(ZN,1 X +Ex—x")P+ENY - Z%l)z)'
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We recognize the second summand of (85) as the probability Pr(y # x™).
We may bound it as

E(x — xM)* = Pr(x # x™) < Pr(sen(Yn(0)) # sgn(Y{'(0)))
+ Pr(sgn(Yn(r)) # sgn(Yy' (1))).
We bound the first summand of the RHS of (86), and similarly the second
one. For every € > 0, we have
(87)
Pr(sgn(Yn(0)) # sgn(Yy' (0))) < Pr(|Yn(0)| < e)+Pr(|Yn(0)-Yx' (0)] > e).
The first summand of (87) is bounded by
Pr([Yn(0)] <€) = O(e),

since Yn(0) is (0, 1)-Gaussian, and the second one is

Pr([Yn(0) = YA (0)] > ) <

by Lemma 5.5 and Chebyshev’s inequality.
Hence, we obtain the bound

Pr(sgn(Yx(0)) # sgn(YR1(0)) = O(e T M),

and, similarly,

(86)

1
VMe2’

1
Pr(mboxsgn(Yn (T sgn(YL (1 =O<6+>.
(mbozsgn(Y (7)) # sgn(¥ (7)) N
Plugging the last couple of estimates into (86) yields that for every ¢ > 0

(38) E(x - xM)? = O(e + @) -

The RHS of (88) can be made arbitrarily small.
Now we treat the third summand of (85), and similarly, but easier, the
first one. We have

(89)
E(ZY, - :ZkzPr Zi —xM =k)
SZ PT‘ ZNl—k:+X )<2E[(Z%1)272%1]’
k=2

and and using the same approach as in (58) in addition to some easy ma-
nipulations yields

T

E[(ZY,)? - 2] < / (r — ) K (x)dz,
0

recalling the notation 7 := g5, where

- /\éle(l —r2) — 2
K(x) = 1 )3/2 (\/ 1—p%2+ parcsmp)
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with notations as in (59). We saw already that K (z) is bounded, uniformly
w.r.t. IV, so that

E[(ZY))? — ZM] = (=) = o<§2>.

Plugging the last estimate into (89), we obtain the bound

1
(90) Bz = 0( 53
and similarly,
1
(91) E(Zny—x)? = O<Sg>

as well.
Collecting the bounds for various summands of (85) we encountered i.e.
(88), (90) and (91), we obtain the bound

1
’E1’<<NS<€+\/72 )7
or, equivalently,
|E ] S 1
92 < eS+ + =
(92) ~ E

which could be made arbitrarily small.

5.4.2. Bounding Ey. We write Fy as

(93)

By =Y Cov(Znk, — Nty ZNbky — ZNky) = O BZNpy - (Znky — Zi4,)
> B2V - (Znks = ZNk,) = DB [ZNg — ZN3 | E [ 2Nk, — ZN,)
=:Fo1 — Fao — FEay,

and bound each of the summands of (93) separately. In fact, we will only

bound the contribution of the summands Es; and of the (slightly more

difficult of the remaining two) Es2, bounding FE3; in a similar manner.

Note that the number of summands in each of the summations in (93),

which equals the number of pairs (ki, ko) with 2 < |k; — ko| < RS, is of

order K- SR=NS-SR = NS?R.
We reuse the notation 7 := 55. Note that differentiating (53) yields

M . 1
0 =50 +0 (57 )
using (78) near the origin. One then has
2
ElZNjy — ZNw, JEIZN gy — ZNik,) = (E[Zn3 — Z3,4])
" 2 1
< (T(T‘X,(O) —rM (0))) < I

by the stationarity, formula (6) and its analogue for Y]y . Therefore

R
(94) E2t<<NM4
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Note that for |ki — ko] > 2, the intervals Iy, and Iy, are disjoint.
Using a similar approach to [CL], we find that

(kz—kl-i-l)T
EZY,, - (Znis — ZY,,) = / (7 — |2 — (ky — ka)7])x

(k2—k1—1)7

X {// o1 - [va| (6% ar0(v1, v2) _(%V,M(Uh?)?))dvldv?} dz,
RQ

using the notations (75). We then bound Ej 2 as
(95)

oo < NS?R- max {EZN, - (Zng, — ZN:)}
|k —ka|>2 ’ ’

< NR_max {//lvl\lw\ : “ZE?EVMO(UhUQ)_(ZB?:VM(Ulav?)‘dvldU?}’
T<x<mm faa ’
RQ

where we used the obvious inequality

< max

max < .
2<|k1—k2|<RS  |k1—k2|>2

To bound the last integral, we exploit the fact that on any compact subset
of R? we have

’&?\/,M,o(vh vg) — Q}}EV,M(UM v2)| =0

as N — oo, uniformly w.r.t. x > 7, whereas outside both QE%V,M,O and ggf\,M
are rapidly decaying. More precisely, let T > 0 be a large parameter. We
write

(96) //z//+ // = J) + Jo.

R2  [=T,T]? max{|vi|}>T
While bounding Jo, we may assume with no loss of generality, that
‘Uﬂ Z T

on the domain of the integration. Let

Joq = // |v1||va] - ‘d;fv’M,O(vl,vg)’dvldvg

[v1| =T
and
Joo = // |v1||va] - |q~5‘f\,7M(vl,vg)|dv1dv2,
lv1[>T
so that

(97) Jo < Jo1 + Jo.
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Upon using the Cauchy-Schwartz inequality, we obtain

(98)

oo < /dv2 / o] [v2] - 35 ar (01, v2)dv

—00 |’U1|2T
00 00 i 1/2 [ 00 ) 1/2
< ( / v%dvg/quV’M(vl,vg)dvl) '</dv2/v%¢%7M(v1,vg)dv1)
— 00 T —00 T
EIVM ()21 M(0) = YM(z) = 0]\ 1/2 s < 1/2
< ( Yy @ YV (O v () ]) '(/dvz/U%QbLJEV,M(Ulﬂ&)dUl) ;
271'\/1—7‘%(33)2 . 7
by (77).
Computing explicitly, we have
/ / rM,(a;)2
(99)  E[YA"(2)*|Y§(0) = Yo' () = 0] = Moy — — 77— = 0(1),
’ 1—ry(2)?
where )\Q{N/ = —rf\\,/[”(O), and, changing the order of integration,
oo (o] ~ oo 1 9 d
/dvg/v%dme(vl,vg)dvl = /v2 exp(— 21)2> Y ,
e 7 7 9%/ 210\ /1 — M (z)2
where
2 M2y M M M ! 7’%,(33)2
—ry ()

as well. Continuing, we bound the integral by

1
v'% exp < - 21/2> dv’

oo o0 9
/ d’Ug/ < L —
e V1-7v (@)?
(100) T N
o? o? ot
< T2 <
\V1=r¥(z)2 T2 /1—ri(z)?

(say), by the rapid decay of the exponential.
Plugging (99) and (100) into (98), and using the crude estimate

qm\g

1—r¥(z) > 72

for 7 < x < ™m, we obtain the estimate

, 3/2
()\M r @2 ) /
2,N 1—ri ()2

1— r%(x)2

(101) Jop <

S
|
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Repeating all of the above for J5 1, we obtain

o N — M M I M 2
2,N 1—r%’o(x)2 2,N 1_r]1\b[1,0($)2 1

S
102) Jo1 K H Q)
(102) 2! 1 — MO 2 T T
-7y (@)
using the same estimate
1— r?\,/[’o(:c) > 72,

which is easy to obtain using (69) and Lemmas 5.1 and 5.2.
Plugging the inequality (102) together with (101) into (97), we obtain

(103) Jy = 0@).

Now we are going to bound J;. Recall the definition (75) of d;“fv ) and

&‘]‘V a0 with (73) and (74), and the covariance matrices (71), (72).
Corollary 5.4 implies

1
M M70 —

(here and anywhere else the inequality M < y where M is a matrix and
y is a number means that all the entries of M are < than y). Expanding

the determinants det E% and det E%I’O into Taylor polynomial around the
origin shows that they are bounded away from zero in the sense that for
T<x<Tm,

1
det 2, det 20> 4 > —

gA
for some constant A > 0°.
Thus also
) - o) = o S
N N - M1/6
and

o)
Substituting the estimates above into (73) and (74), and using (75), we
obtain

A A2 T2SA S2AT2
M1/6 +577 M1/6 < M1/6
uniformly for 7 < z < 7mm and |v;| < T, where we used the trivial estimate
le? —eY| < |z —y]| for z,y < 0.

Integrating the last estimate for |v;| < T and substituting into the defini-
tion of Jp, we finally obtain

S2AT6

| % a1.0(v1, v2) — S% ar(v1,02)] <

5An explicit computation shows that detS (z) > 2® and also detS\ 0 (x) > 2, with
universal constants
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Upon combining (104) and (103), and recalling (95) with (96), we finally
obtain a bound for Ej 2

S2ATG S
(105) FEs2=NR- (0 <W> + ()(T)),

and repeating the same computation for Es 1, we may find that the same
bound is applicable for Fs 1

(106) Eyy =NR- (0 <%> + 0(?))

Using (106) together with (105) and (94), and noting (93), we finally
obtain a bound for Es

S2AT6 S
Fy= NR. <0<M1/6 ) +0<T)>,
so that

Ey ([ RS*T® RS
(107) NO(Ml/G +0 T>’

which could be made arbitrarily small.

5.4.3. Bounding E3. By the symmetry
Cov(Zn g, Zﬁf{h) = Cov(ZN ky» Z]A\f{kl)

we may rewrite E3 as
(108)

B3 =Y Cov(Zyy, Znks) — 2C00(Zn kg, Zik,) + Cov(ZN gy, Zhy)

=: F31 —2F32 + Ej333.

First we treat the “mixed” term F3 2, providing a similar treatment for
the other terms. Assume with no loss of generality, that ko > k1. Here we
employ the random vector (V1, V2) defined in section 5.2. Using the theory

developed in [CL], modified to treat the covariance (see also remark 2.4), we
may write

(kg—k1+1)7’
1
COU(ZNJCI, ZJ]Q/JJQ) = % [(T — ’Q? — (kg — kl)T‘)X
(ka—k1—1)T
E[|Vi (¢)Va(a)
( [ } —E|Y&<0>|E|Y%’<x>)]dx.

L —ry " (@)?

where, as usual, we denote 7 := g. Summing that up for [ky — k1| > SR,
and using the stationarity, we obtain the bound

B [ {E“VI(WQ(“)” - EJY4 OEY ()l

BV 7“}]\\?’0(@2
2
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so that

s

<

3

E39
N

B[[Vi(z)Va(z)|]

L—ry ()

(109) — E|YL,(0)|E[YA (2)] | da.

¥l

To bound the integral on the RHS of (109), we use the triangle inequality
to write

dx

B "Cov(|il, |V
o2 o flonul )

N
TR 1 - T]J\‘?7O(x>2

(110)
]E‘YN( |E|YN ( )’ dr =: J371 + J372.

\/T

For % < x < mm, R sufficiently large, r%’o is bounded away from 1 (see
Corollary 5.4), and therefore, while bounding J3 1, we may disregard the
denominator of the first integrand in (110). Note that if V' is a mean zero
Gaussian random variable, then

2
/‘ E[Vi|-E[V3]
TR
2

(111) E(V|) = \/z VVar(V).

and
(112) Var(|V]) = <1 - >Var(V)

Note also that for % < x < mm the variances Var(V;(z)) and Var(Va(x)),
given by the diagonal entries of (76), are bounded away from 0. This follows

from the decay of r%o(x) and r%’o/(a:) for large values of z, due to Corollary
5.4. Thus, an application of Lemma 5.6 yields

(1= 2)Cou(V4, V2)?

0 < Cov(|V1],|Va]) < v/ Var(V1) - Var(Va)
1 2

< Cov(Vy,Vo)2.

All in all, we obtain the estimate

J31 < /COU(%,VQ)2dx,

nv
2
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which (this time, using the off-diagonal elements of (76)) is

(113)
o M.o" 7"%7()(1') T%O x 2 o MOI 2 M,0 2
J371<</ -y (z) — M0 d:c<</ ) +ry(z))d
1 —ry(x)?
fudid TR
2 2
™m
M,0 M,0"
€I = By + 1N = e+ [ (@) 4 (o)) do
R
2
<41
VM R’

by the triangle inequality, Lemma 5.1, and the decay

1
(o), (@) < -

To bound J3 2, we note that for &+ R ¢ < mm, we may expand
1 M0, \2
=1 —|—O(rN () ),
M,0
1—ry(x)?

with the constant involved in the 'O’-notation being uniform, since r%’o is
bounded away from 1 (by Corollary 5.4, say). Thus we may use the triangle
inequality to write

(114)

™ ™

Joa < / ]Ew "EVa| — E[Y4 (OB (0)]|dz + [ r20()? - BV |E|Va|da

TR R
2 2
E|VA|(|EIVa| - E[Y M (2)]|)dz + / E|Y ()| (|E[VA — E|Yy' (0)]])dz
TR TR
2 2

+ [ (@) B[V |E|Va|da.

ol

Now, (111) allows us to compute E|Vi|, E|V3|, E|Y}(0)| and E|Y]<‘74/(a:)|;
(76) implies that all of the expectations above are uniformly bounded for
Tk < 2 < 7wm. Thus the third term of (114) is bounded by

T

3

1 1
< 7“5\\[/[’0(1')2(11' L =+ —=

R VM’

¥l
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as before. We bound the first summand of (114) as

™

o / / / / T‘M’O/(.’E)Z 1/2
—TN7 T
=R

™

2
™

<</M0()2d < —

2

1 /m L1
)\M’ 1—7‘ \/ R
V"2 oE

as earlier, since ASJN/ is bounded away from 0, and r%’o is bounded away
from 1 on the domain of the integration. The second summand of (114) is
bounded similarly, resulting in the same bound. Therefore

1
115 J:
(115) 32 K w/47 R
Recalling (110), the estimates (113) and (115) imply
E3 2 1 1
VM "R

by (110). Bounding Fs3; and Es33 in a similar (but easier) way, we get (see
(108))

LR I

vM R
5.4.4. Collecting all the estimates. Collecting the estimates (92), (107) and
(116), we see that

(116)

Var(Z —Zy'T)  E1 Ex By

N “NTNTHN
S 1 RS?ATS RS 1 1

which could be made arbitrarily small, upon making an appropriate choice
for the parameters €, S, R and T'. Proposition 4.3 is now proved.
O

APPENDIX A. THE THIRD MOMENT OF zM ON SHORT INTERVALS IS
BOUNDED

Proposition A.1. Let L be a constant, K = NL and for 1 < k < K
let Z]]\\,{k be the number of zeros of YA on [(k — 1)Z2, k™2]. Then for L
sufficiently large, all the third moments E(Z%k)g’ are uniformly bounded by
a constant, independent of N and k. ’

Proof. By stationarity, we may assume that & = 1. For any 7 > 0 let
Z = Z¥(r) be the number of zeros of Y = Y¥ on [0,7]. Since L is
arbitrarily large, we may reduce the statement of the present Proposition to
bounding EZ¥ (7)3, for 7 > 0 sufficiently small. It will be convenient to use

the shortcut r = r%.
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Using the formula for the high combinatorial moments of the number of
crossings of stationary processes [CL] (see remarks 2.3 and 2.4), we obtain
the bound

E[Z(Z-1)(Z-2)] < // P(z,y)dxdy
[0,7]2
for the third combinatorial moment (the number of triples) of Z(7), where
P = PY is given by
E[[Y'(0)Y"(2)Y"(y)||Y (0) = V() = Y(y) = 0]

(117) P(z,y) = (2m)3/2\/f(x,y)

with f(z,y) = f¥(x,y) = det A with

1 r(x) r(y)
A= |r(z) 1 r(y —x)
r(y) rly—=) 1
It is easy to compute f explicitly as

(118)  fa,y)=1—r(2)? —r(y)® —rly —2)* +2r(@)r(y)ry — ).

Since -
EZ = —/—r"(0) = O(1),
T

and we proved that the second moments EZ? are uniformly bounded, while
proving Proposition 4.4 (see condition 2 of Theorem 4.1), it is then sufficient
to prove that the function P(x,y) is uniformly bounded near the origin.
Denote the random vector

(V1, Vo, V3) = (Y'(0),Y'(x),Y'(y))

conditioned upon Y (0) =Y (z) = Y(y) = 0. The random vector (V1, Va, V3)
has a mean zero multivariate Gaussian distribution and we have

_ E[[WVaV5]]

Vi@y)

(119) P(z,y)

by the definition (117).
Applying the Cauchy-Schwarts inequality twice implies the bound

E[[ViVoVs|] < (EVP)2(EVH Y BV,
Let V; = Vi(z,y) be the variance of V; for ¢ = 1,2,3. Computing explicitly,
we have V; = f(%w)Ri(x,y), where
Ri(z,y) == Nydet A —r'(2)*(1 = r(y)*) — ' (y)*(1 = r(2)?)
=2 (@)1 (y) (r(@)r(y) — r(y — ),
Rao(z,y) == Nodet A — ' (2)*(1 — r(y — 2)*) — ' (z — y)*(1 - r(2)?)
= 2r'(z)r' (z — y) (r(z)r(y — 2) —r(y)),
and
Ra(z,y) = Ny det A — 7' (y)*(1 = r(y — 2)*) = '(y — 2)°(1 = r(y)?)
= 2r'(y)r'(y — ) (r(y)r(y — x) — r(2)),

where, as usual, we denote X, := —r”(0).
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We then have

E[[ViVaV3]] < VRiIR2R3
fx,y) f(z,y)?
The uniform boundedness of P(z,y) around the origin (x,y) = (0,0) then

follows from applying Lemmas A.2 and A.4 on (120), bearing in mind (119).
(]

(120)

Lemma A.2. Let f(z,y) be defined by (118) with r = rA. Then

f(a,y) > 2®yP(y — 2)°
uniformly w.r.t. N in some (fized) neighbourhood of the origin.

Proof. Recall that 73 (z) = ry(x) - Sp(z), and we assume that the neigh-
bourhood is sufficiently small so that Sy is given by a single polynomial

(52) of degree 7 in % We assume with no loss of generality, that x,y > 0,
and furthermore, that y > x. Let

O () == ryf (z) — L,
and

Om(x) :=7rn(x) — 1.
Let also

sin x

Ooo(x) = . 1

be the limiting function. We will omit the parameters m and M, whenever
there is no ambiguity.
We rewrite the definition of f(x,y) as

fla,y) = —(0(2)” +0(y)* +0(y — 2)?)
+2(0(z)0(y) + 0(y)0(y — =) + 0(z)0(y — x)) + 260(z)0(y)6(y — ).
It is easy to Taylor expand 6 = 6 (x) as
0(x) = a%ﬂﬁ + O(av‘l)7

where the constant in the ‘O’-notation is universal, and

1 1
t=a(tvo(Le 1))

where as = —% is the corresponding Taylor coefficient of the limiting func-
tion f4. We rewrite it as

1 1 1

so that
(121) 1 o
0(2)0(y)0(y —z) = —69,x2y2(y—w)2(1+O<x2+y2+(y—x)2+m+W>>.

Thus, it remains to estimate

fo(@,y) == 2(0(2)0(y)+0(y)0(y—2)+0(2)0(y—x))—(0(x)*+0(y)*+0(y—x)?).
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Let
oo
(122) Ooo(z) =Y ana™,
n=2
where it is easy to compute a, to be
D% 4 even
(123) an = § (PFDY .
0 otherwise

Similarly, we expand 6,, and 6 into Taylor series

oo
Om(z) = Z anmx"”,
n=2
and
o0
oM (z) = Z a%mx".
n=2

We need the following estimates concerning the Taylor coefficients of 6,,
and 6.

Lemma A.3. (1) We have the following estimates for the coefficients

Of 97717
1 2
A2n,m = G2n <1 + O< + n2)>
m m

for n < m and

1 2n
A2n,m, A2n K 647rm () no(l)
' 4dmm

for n>m. We have azp1+1,m = 0 for every n.
(2) We have the following estimates for the coefficients of OM

adl = ag,(1+0 i+n—2 cof— b
2n,m = T2n m  m? M?2(2n — 5)!

0, n <2
(124) a§4+17 = 1 - a0
" OGranen), =3
forn < m, and
1 2n o
(125) a,,]‘fm < 647rm <47I_Tn) n @)

forn > m.

We postpone the proof of Lemma A.3 until after the end of the proof of
Lemma (A.2).
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We write

f2m$y Z azm ]m' (xiyj"i_yi(y_x)j_'_xi(y_x)j)
J=2
iyjj#375

_ (:L'(H_j) + y(i‘f'j) + (y _ ZL‘)(H_J)))

Z amaih, - (2 + 2y gty — 2) + oy (y — x)’
,j=2
4,j7#3,5

2ty — ) + 2 (y — @)t — ) — () w)(i+j))7
adding the summands corresponding to (4, ) and (j,7). We introduce the
polynomials

Fij(z,y) =2y + 27y + v (y — 2)! + v/ (y — o) + ' (y — )’

126 . . . . .
120 + 2 (y — @) — 20—yl — (y — 2)0H) € Z[x,y],
so that
f2mxy Zazmzm ny)
=2
iyjjsﬁ375
and

f2oo$y Z a;aj ”xy)

4,j=2
i,j even

Note that Fy9 = 0 and for every even tuple (i, j) # (2,2),
22y (y — 2)?|Fy(x,y),
so that in this case, we may define
Fhizj(@,y)
H', '("Ev y) = -

" vy (y — x)?

It is easy to compute Hy 4 and Hy o to be

H2,4(x7y) = H4,2(x7y) = —6.
We claim that for |z|, |y| < 7, if 7 is sufficiently small,
(127) |Hyj(,y)| < max{2z], 2|y[}*+ %)

To prove our claim, we write

€ Zlz,y).

Fi i\, i : : i i -
(23/,2](1‘)3) — (y2 (y - x)Q(] 1) +y2](y - $)2( 1) +$2 (y _ CC)Q(] 1)

+ 2% (y — 2)20D  (y — )2HD) (7 —2¥) (y* — 902@>.
y—x y—x
The sum of the coefficients of the homogeneous monomials of the last polyno-
mial is < 220+7-1) | Since dividing by z2y? does not increase the coefficients,
the H; ; are bounded by

< 22007 U max{|z|, [y V207 <« max{2]x|, 2|y|} 203,

which is our claim (127).
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We then have
f2,oo (‘T7 y)

m = —12a2a4 + Z agiaz; H; j(x,y),

i+j>4
so that on any fixed neighbourhood of the origin,

f27oo($7 y)
Pyly = o T 1200| < 2, ey (en)

1 1 -
< (22 +1?) . . 220H73) « (2% 4 4?),
ig; (20 + 1)1 (25 + 1)!

by (123) and (127).
Thus to finish the proof of Lemma A.2 it is sufficient to bound

f2,00(x7y) - f2]\,4m(1:7y)

22y (y — x)?
We have
f2,oo(xvy) f2m € y ‘ Fij($,y) even odd mizred
20:2(n) — Z |azm aim— ia]’ 2 27 PRV =X +20 423 ,
w?y*(y — x)? e z?y*(y — )
where
yeven . Z : Zodd — Z : Zmia:ed — Z
1,] even 4,7 odd i odd, j even
We have
%
M M
S = Y |ad] nah]  — aziag;|| Hij (2, y))|
i+j>3
< — : . : . : J
2 <(m+ w2 i s M2-(2]—5)!(21—5)!) 7
2, <Km
etmm -0(1) -2(i+j—3)
+ Z (2¢ —5)! 47Tm)23] T
z<<m
j>m
FY (i )oY (L — L),
47Tm (i+75) M2
1>>m
j>m

which is sufficient.

The main problem while treating the odd and the mixed terms is that
for such a tuple (i, ), Fi j(z,y) is not necessarily divisible by z2y*(y — z)2.
However, in any case, it is divisible by #?(y — x)2. We recall then our
assumption y > x, and thus

F;; |1 Fy
2?2y y—x)?| |y 2 (y—2)?|

We then define for an odd ¢ > 7 and any j (i.e. 7 > 2 and j # 3,5) the
polynomial

Gij(z,y) = m



46 ANDREW GRANVILLE AND IGOR WIGMAN
The polynomial G; ; is a homogeneous polynomial of degree i + j — 4 and
we have
(128) Gij(z,y) < max{2z|, 2]y}~
similarly to (127). Thus, one has
1
?Gi,j(% y)
(here we use |z| < |y|).

We then write

Gij(z,y) 1 1
dd M M ij
2 Z @i;m@j.m Y2 < MM T 20

(129) < max{2]a], 2fy[} 0

using the same approach as in case of X", this time plugging (129). Sim-
ilarly, one obtains the estimate

1 1
d_
Emlfﬂe M7 +
Combining (121) with the estimates on f2,m shows that
f(z,y) 11
_Jmd) 0
2220y — 7)° a+O0(2®+y* + — +M2
where
a = —12asa —2/63—i
o T 135

This concludes the proof of Lemma A.2 assuming Lemma A.3.
O

Proof of Lemma A.3. First, it is clear that part (2) of Lemma A.3 follows
from part (1) by (52), which holds for z > 0 sufficiently small.

We write
2m sinx T
m = — -1 )
O () 2m—1< T h<2m> >

where h(z) = ZZ—. The multiplication by 2 "7 poses no problem here.

Now, the Taylor expansion of h(z) is well-known to be

2n
h(z) =Y (=1)"(2%" = 2) Bon o )’
n>0

where B,, are the Bernoulli numbers. Recalling the Taylor expansion

sinx

J>0 2] + 1

we obtain, after a little rearranging,
sinx x 2k +1 By, ) (—1)Fz?F
(o)1)= 20 E, (o) 2 v
n |
( x 2m prfll W 2n (2m) (2k + 1)!
j—i-n:k

Now,
(2n)!
(271') 2n’

Bo, ~ (=1)" 1.2
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and therefore the coefficient of % is
2k +1\ (2n)!
1+0 — .
i (Z ( 2n ) <47rm>2”>

By comparing consecutive terms in this series, we find that this is 1 +
O(k?/m?) provided that k < m, and it is

2%k
< ¢l (i’f + 1) 10(1)
emm

if k > m, using Stirling’s formula, since the maximal term occurs when

2n ~ 2k +1—4mm.

1 2
A2n,m :agn(l—l—O(—i- 77,2))
m m

2n
> 20D

Hence we have

for n < m, and

A2n,m, A2n K e47rm .
4dmm

for n > m.

Lemma A.4. Let
Ri(z,y) = Ao f (2, y) — ' (2)*(1 = r(y)*) = ' (y)*(1 = r(2)?)
=2 (2)r' (y) (r(z)r(y) — r(y — x)),

Ra(x,y) = Ao f(a,y) — 7' (2)*(L = r(y — 2)*) —'(x — y)* (1 = r(2)?)
=2 (@) (z = y) (r(2)r(y — 2) — 7(y)),
and
Ra(z,y) = Ny f(z,y) — 7' (y)’ (L = r(y — 2)*) = r'(y — 2)*(1 = r(y)?)
= 2r'(y)r'(y — o) (r(y)r(y — 2) — (@),
where r = 13 and f is defined by (118). Then
Ri(z,y) = O(z*y*(y — 2)?),

Ra(z,y) = O(z'y?(y — x)Y),
and

Rs(z,y) = O(z*y* (y — x)*).

Proof. We prove the first statement only, the other ones being symmetrical.

We will assume that x,y > 0 and moreover y > x, so that Sy; is given
by a polynomial (52) of degree 7 in §7. For brevity, we denote h(z,y) =
hM(z,y) = Ri(z,y). Similarly, we denote hoo(z,y), defined the same way
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sinx
T

as hM(xz,y), where we use () = roo(z) = rather than r3/. We rewrite

h(z,y) in terms of 6 :=r — 1 as

hary) = Nof(2,y) + 2 <H'<w>2e<y> 1 0(y)0()

—0' ()0 (y) (0(x) + 0(y) — O(y — x)))

+(0(2)0'(y) — 0()¢' (x))°.

Expanding 6 and 6’ into the Taylor series as earlier and using A\, = —2ao,
we have
(130)
hoo(,y) = Y a9i,2j,02i, 025, A2y 2, 205,25 (%, )

i1,J1,12,J2€S5

+ Z azia2ja2k32i,2j,2k($,y)+ Z a2a2i02ja2k02i,2j,2k‘(xay)

i,5,k>2 1,§>2,k>1
2 2
+ g asagiazj Do o2j(x,y) + E a2a2ia2jE2i,2j(l‘7?/)+§ asagiloi(z,y)
1,j>2 1,j>2 122
3
+ E asa2iJ2i(z,y),
i>2

where
A jriaga (€,y) = Jija - (@y" 7 — 2Ty - (g - a2y,
Bijn(w,y) = 2ij (@72 4y 720k — 2 T @R 1 — (y - 2)Y),
Cijx = —da'y! (y — x)F,
Dij(x,y) = —4(y — 2)! (%Y’ + 2'y?) + 4(ya’ — 2y’ (y2’ — 2y
+4j(aty — ay) @y = 2Ty,
Eij(z,y) = —2F; + 4(2(2"y’ +27y") — (@' 'y +y' T 2) (@ +y — (y — 2))))
120 (a7 2% 4y 22 oy,
(here the polynomial Fj ; is defined as in (126)),
Ii(z,y) = —4F 2 + 8(z%y' + 2'y” —wy(a’ +y' — (y —x)")) =0,
so that we may disregard I; altogether,
Ji(w,y) = —da?y*(y — 2)" — Ay — )’ («®y’ + 2'y?)
+8ay(ya’ — xy')(w —y) + 4i(z — y) 2y —y’a"),

and
5= 24\(({@1,1>}x{<z'2,1)})u({<z’1,1>}x{<1,j2>})u({<1,j1>}><{<i2,1)})).

From all the above, it is easy to check that for all the (even) indexes within
the frame, A,C, D and J are divisible by P(x,y) := z%y*(y — x)?, and,
moreover, B; ;i(z,y) + Bjir(x,y) and E; j(x,y) + E;(x,y) are divisible
by P(z,y) (in particular, B;;; and E;; are). It follows then that all the
polynomials above vanish, unless their degree is > 10. In addition, we
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have the following estimates, which follow from the same reasoning as while
proving (128):

Ay gringa (7, 9) | | Bijk(z,y) Cijk D; j(z,y)
atyt(y —2)? |atyt(y —2)?| oty (y — o) |2ty (y — 2)? [
(Bij+ Eji)(v,y) Ji(z,y) 1+ 1 d
: : , < max{2'7|z], 2"y [},
' rhyt(y — x)? rhyt(y — x)?

(say), for some € > 0, where d is the degree of the corresponding polynomial
on the LHS.
Thus, we have

hoo (2, y)
atyt(y — x)?
by the rapid decay (123) of the Taylor coefficients of 6. The constant ¢
may be computed explicitly to be

(131) —c| = 0@+,

1
212625

To conclude the proof of Lemma A.4 in this case, we need to bound

'hoo(x,y) — i (. y) ‘
ztyt(y — x)?

Similarly to (130), we have

hm (.’L’,y) - azl,mah,mazg,m J2,m All:]lﬂ%ﬁz(x?y)

i1,J1,82,J2€5"
/ M M M M M M
+ 5 i m @5 mak mBi,j,k(xa y) + E a2 mYm @5 m A mC',j,k(xv y)

i,5,k>4 1,j>4,k>2
Z 2 oM M D Z
+ a?m zmajm ,J .Z' y a’2m zm ], Ei’j(l',y)
4,54 i,5>4
+3 Ji(z,y),
>4

where the / in the >’ stands for the fact that all of the indexes involved in
the summations above are # 3,5, and

5 =74\ ({(m)} < (122} U {(i1,2)} x {(2.72)} U {(20 ) x {(za,z)}).

As in the proof of Lemma A.2, the tricky part here is that for odd indexes,
the polynomials are no longer divisible by P(z,y) = z*y*(y —z)2. However,
we notice that, by our assumption y > =z, it is sufficient that they are
divisible by z*(y — )2, and their degree is > 10 (see the end of the proof
of Lemma A.2). To check this, we note that there is certainly no problem
with Aj, 100 (), (Bijk + Bjik)(z,y) and C;jk(x,y). Moreover, one
can easily check that D; ; and E; ; + Ej; are divisible by z*(y — x)? for any
i,j > 2, and for any i > 5, J; is divisible by 2*y?(y — z)?. Finally, we check
that all the relevant polynomials have degree > 10.
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This, together with the rapid decay (124) for n < m and (125) for n > m,
of the Taylor coefficients, imply that

< — —_—.
ryt(y — x)? m  M?

Combining the last estimate with (131) concludes the proof of the present
Lemma.

O
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