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1. INTRODUCTION

Dirichlet noted that, from the formula

o) 1

[(s) = ns/ 5 le ™ dy = ns/ (—logt)s~ 1" tat,

0 0

we may obtain the identity
. (%) ! s—1 N\ n-1
L(s)L(s, (;)) =T(s) y_ Lo = [ (=logt)™™' } (—)t"~"dt
n>1 0 n>1 P
1/ s—1
0

t 1—1tp

Here (5) is the Legendre symbol and

(1.2 =5 (&)

a=0 p

Equation (1.1) allowed Dirichlet to define L(s, (E)) as a regular function for all
complex s. Fekete observed that if f,(t) has no real zeros ¢ with 0 < ¢ < 1, then
L(s, (5)) has no real zeros s > 0; and the f,(¢) are thus now known as Fekete

polynomials. Indeed, if L(s, (E)) = 0 then by (1.1) and the mean value theorem
there is a t in (0, 1) with (_logtt)kl {1’_(3 =0, and so f,(t) = 0 here.

Among small primes p, there are only a few for which the Fekete polynomial f,(t)
has a real zero t in the range 0 < t < 1. In fact, we may verify computationally
that there are just 23 primes up to 1000 for which f, has a zero in (0,1). This

implies that there are no positive real zeros of L(s, (E)) for most such primes p,
and in particular no Siegel zeros (that is, real zeros “especially close to 17). It is
interesting to note that for those primes p = 3 mod 4 for which f,(¢) does have
a zero in (0,1), the class number of Q(y/—p) is surprisingly small (for example

p =43,67,163,...). Unfortunately this trend does not persist: Indeed Baker and
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Montgomery [1] proved that f,(¢) has a large number of zeros in (0, 1) for almost
all primes p (that is, the number of such zeros — oo as p — oo, and it seems likely
that there are, in fact, < loglogp such zeros).

In this paper we shall study the complex zeros of f,(t). Using zero locating
software one finds that, for primes p up to 1000, about half of the zeros lie on the
unit circle; leading one to expect this to be the general phenomenon. It turns out
to be fairly easy to prove that at least half of the zeros of f,(¢) are on the unit
circle (that is [t| = 1): First note that

Fy(2) = 2772 fy(2) = Wi/? (%) (za_p/z i <_?1) Zp/z_a)

a=1

2imt

by combining the a and p — a terms'. Taking z = e we have

. 2 Z(p /2 ( ) cos((2a —p)rt) if p=1 mod 4
(1.3) F, (e™) =
2i Z(p 1/2 <%) sin((2a — p)rt) if p=3 mod 4.

Define H. ( ) = Fy(e*") if p = 1 (mod 4), and H,(t) = —iF,(e* ") if p = 3

(mod 4). By (1.3) we see that H)(¢) is a periodic, continuous real-valued function
when ¢ is real

Now if ¢, = e?™/P then, for all k not divisible by p, fp(C;;) is a Gauss sum and

has absolute value /p (see section 2 of [2]); therefore |F,(¢F)| = \/p. Moreover

Fy(ch) Wz ( )= v (4) 2 (et = 0+ (3) Bt

Therefore if (%) = (%) then H,(k/p) and Hy,((k + 1)/p) have different signs.
Since H,(t) is real-valued and continuous, it must have a zero in-between k/p and
(k +1)/p, by the intermediate value theorem. Thus the number of zeros of H,(t)
in [0,1) (and so of F},(z) on the unit circle) is

1 —
Z#{kilgkgp—Qand<@):(ki)}:p 3’
p p 2

as we shall see in Lemma 2.

Other than possible zeros at z = —1 and at z = 1, this accounts for all the zeros
on the unit circle for each prime p < 500. So the question is, is this all, for all p?
The answer is “no” and indeed one finds more zeros when p = 661. In general one
has the following:

Theorem 1. There exists a constant kg, 1 > kg > % such that

#{z:|z| =1 and fy(z) =0} ~ kop as p — 0.

We determine kg in terms of another constant s defined as follows:

29t

1Here z = e with 0 < ¢ < 1, so that there is no ambiguity in the meaning of z=?/2,
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Theorem 2. Let F; be the set of rational functions

1

g(z) =
|<J
J#O -1

where we allow each 6; to take value +1 or —1. There exists a constant k1, 1

k1 > 0, such that

#{ge Fy:g(x)=0 for some z € (0,1)} ~ k1#{g € Fs}

N

as J — oo.
The constants ko and k; are related as follows:
Theorem 1%. In fact kg = % + K1.

It is still an open question to determine the value of kg. It is known that a
“random” trigonometric polynomial of degree p has p/v/3 zeros in [0,1) (see [7]),
so one might guess that kg =1/ V3~ 0.5773. ... However this is not the case. We
will show

0.500813 > kg > 0.500668.

While it is theoretically easy to find the value of kg, we do not know a good practical
way of achieving this.

As well as determining precisely the proportion, kg, of the zeros of f,(¢) which
lie on the unit circle, we would also like to understand the distribution of the set of
zeros in the complex plane. There are several easy remarks to make: By (1.2) we
have

e = (=) 5

and so the zeros of f,(t), other than ¢ = 0, are symmetric about the unit circle (i.e.
they come in pairs other than at t = 0, +1). We also note that, for |t| > 1,

=l a 1
> (5) |2 - S

a=0
However if |t| > 2 then 1 —1/(]t| — 1) > 0, and so f,(¢) has no zeros in |t| > 2. By
symmetry it has no zeros in |t| < 3 except 0. Thus

|[fp(6)/t7 7] =

Proposition 1. The zeros of f,(t), other than at 0,1 and —1 come in pairs o, 1/cv.
Moreover, other than 0, they all lie in the annulus {r € C: 1 <|r| < 2}.

As for the distribution of the arguments of the roots of f,(t) we can use a
beautiful result of Erdés and Turdn (Theorem 1 of [3]), which immediately implies
that, for any 0 < a < 8 < 1,

(14)  #{reC: fp(r) =0, a<arg(r)/2m < B} = (8 —a)p+ O(y/plogp).

The arguments above, and those used in proving Theorems 1 and 2, focus on deter-
mining which arcs (5, (*") of the unit circle contain a zero of f,(t). Evidently
(1.4) cannot be used so precisely. However we can show that there are zeros of f,(t)
near to such an arc, so long as f,(t) gets “small” on that arc.
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Theorem 3. Suppose that € > 0 is a sufficiently small constant. If p is a suffi-
ciently large prime and K an integer such that there exists a value of t on the unit
circle in the arc from (I to (I with | f,(t)| < ey/p, then there ewists T = r(E+?
with f,(7) =0 where 0 < 6 < 1 and 1 — /3 /p < r < 1.

Remark. Applying Proposition 1 we also have fp((l/r)ngﬂ‘o) =0.

As we have already discussed, Gauss sums Zﬁ;} (%) Cgk (and many generaliza-
tions) have the surprising property that they have absolute value exactly equal to
V/P- It is, we think, of interest to ask what happens when we replace the primitive
pth root of unity (;f in the expression for a Gauss sum above, by some primitive

2pth root of unity. These may be written as C,’fH/Q or 22;,““, or — ]',f;

consider the values of fp(—C]’;). Do these all take on the same absolute value 7 The
answer we now see is “no”, as we evaluate the distribution of these absolute values:

so we must

Theorem 4. For any fized real number p

k+1/2

#{k:lgkgpsuchthath( )<p\/ﬁ}~cpp

as p — oo where

1 1 [~ 2 d
=73 + ;/x sin(prx) H cos? (%) ?a:

=0 n>1
n odd

Moreover c_, and 1 — ¢, = exp(—exp(mp/2 + O(1))) for positive p.

After proving this in section 6, we indicate how our proof may be modified to
establish several related results. First, to show that max,,_q | f,(2)| > \/ploglogp,
so re-establishing a result of Montgomery [5]. Second to understand the distribution
of the values of the Fekete polynomial at (p — 1)st roots of unity.
ACKNOWLEDGEMENTS: We thank Jeff Lagarias for facilitating this joint endeav-
our, Peter Borwein, Neil Dummigan, Hugh Montgomery, Pieter Moree, Mike Moss-
inghoff, Bob Vaughan and Trevor Wooley for some helpful remarks, and the referee
for a very careful reading of the paper.

2. FIRST RESULTS

Let x be any character (mod p) and let k be an integer not divisible by p. Note
that

p—1 p—1 p—1

(2.1) Yo x(@)Gh = x(k) Y x(ak)GF = x(k) Y x(0)¢-

a=1 a=1 b=1

In particular we see that f,(¢F) = (%) fp(¢p), whereas in contrast f,(1) = 0. Recall

that for a non-principal character x (mod p), the Gauss sum 7() is 2;1 x(a)¢-
Thus f,((p) is the Gauss sum T((]—))) It is easy to determine the magnitude of
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|/»(¢p)]: Note that

p—1 p—1 p—1
(p— 1)fp(§p)2 = fp(CS)Q = Z Z ( b) C(a—l—b)k
— p__l <a_b) Sg(a—kb)k = pz_: (a_b) _ p(—_l) (p B 1)
a,b=1 p k=0 g a=1 p P )

b=p—a
Hence we have f,(¢,)? = (%)p, and so |f,(¢p)| = /p- Gauss showed more and
determined that
VP ifp=1 (mod4),
fp(Cp) = . . .
iy/p ifp=3 (mod 4).
Since fp(C}',f) = (g)fp(g“p), for 1 <k <p-—1, and f,(1) =0, we get by Lagrangian

interpolation

p—1 p—1 . Cj

=2 L TI(Z=2)
k=0 7=0 P P
J#k
Note that
p—1 P p—1
[[e-¢) = C’f’ and that [ [ (CE — ¢J) = ¢hrD) H (1—¢) = it
2 I
Hence
(2.2) P b)) p ERE) N ( )
. Io(Gp) 2P =1 fp(Cp) 25 — 275 — Z—C]’;

If |2| = 1 then note that 2% — =% € 4R, and from (1.3) and £,({,)? = (_71)]3 we

have 2% f,(2)/f»((p) € R. Thus the right side of (2.2) € iR for all |2| = 1. To

facilitate studying f,(z) as z goes around the unit circle from sz{ to Cf 1, we write
= (Ko = (Ke?m/p and then let

(2.3)

K+(25)
(KN p fol?) ) _ <5) : <E) 1
gp,K(«T) : ’L( )fp((p) o z:<£<+z ? D k:Kgp_l) p Zg{—k—&—m _—1.

Thus g, k() is a real valued function of x € [0, 1].

Proposition 2. If0 < K < p—1 is an integer with (%) = (M) then g, k() has

P
exactly one zero in (0,1). Equivalently, f,(z) has exactly one zero on the arc of the
unit circle from sz( to Cf“. If (%) = —(%) then g, k has either no zeros, or

exactly two zeros in (0,1). Equivalently, f,(z) has exactly 0 or 2 zeros on the arc
Jrom ¢ to (L.

Remark. In the above Proposition, and henceforth, We count zeros with multiplicity.

Before proving the Proposition, we evaluate > 7_; ﬁ

2(28)”
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Lemma 1. For all integers p > 2,

[y

p—

k=

—_
bS]

Proof. Put A(z) = [[2Z1(z — ¢¥). Logarithmic differentiation shows that

A | AR G 1%
{Z(Acz))*A(z)} — E -G T i)

However, A(z) = ZZ =1 = 2P~ 4 2P=2 4 . 41 and using this to evaluate the left

side above, we get the lemma.

Proof of Proposition 2. Note that with g = g, x, we have lim, o+ g(z) = 0o, and

lim, ;- g(x) = —(%) (%)oo. Further observe that
K—k+x
so-25) Y (Y e
P AP |k—K|<Z P/ (G -1
__7 (5) 3 (E) !
2p\ p hori<z \P sin (%(K k+z))

If (%) = (K"H) then, by Lemma 1,

) > (] L :
lg(>|22p(sm2<§x>+sin2<%<1—w>> 2 sirF(%(ﬂf—rf))>

Jj#0,1
lil<p/2
2 21
(2.4) 2”( D )>o,
2p \ sin (QLP) 3
since the sum of the first two terms is minimized when z = 1. Hence ¢'(z) # 0 for

all z € (0,1), so that g is monotone decreasing in [0, 1] going from oo to —oo. Thus
g has exactly one zero in this interval.

Moreover
-3, 2 0SS

w_Q(COS(%“) cos(3(1—=)) 3 ‘C.OS(%(J'—:E)) )

sin®(Zz)  sin®(X(1 - )
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Let u be the minimum of cot(%t) over t = x, 1 —z. Since cot t decreases rapidly as

t goes from 0 to 7 we see that the above is

— _QM 20T s 207 - 2/ . 3
D sin”(Jz)  sin”(F(1 —x)) 2o sin (3 (@ =)
lil<p/2

as in (2.4). Thus ¢’(z) is monotone increasing in (0, 1) going from —oo to +oo.
Thus there is a unique z¢ in (0, 1) with ¢’(xz¢) = 0, and the minimum value of g(x)
is attained at xg. Plainly g has 0 or 2 zeros depending on whether g(xg) > 0, or
g(z¢) < 0. This proves the proposition.

From Proposition 2 we know that f,(z) has at least as many zeros on |z| = 1, as
there are values 1 < K < p— 1 with (%) = (%) We next determine the number
of such values K.

Lemma 2 (Gauss). For any non-principal character x (mod p), we have

—1 .
3 ) p—1 ifplk
. byxy(b+ k)=
(25) SNCHEE RS SR
Hence

o man () - ()} -3
e ()5} -5

Proof. If p|lk then the right side of (2.5) is Zg;ll Ix(b)|* = p — 1. Suppose now

that p t k, and let ¢ = (b+ k)/b = 1+ k/b. As b runs over the non-zero residue

classes (mod ¢), note that ¢ runs over all residue classes except the residue class 1
(mod p). Hence the right side of (2.5) is

Z X(C) = _17

and

¢ (mod p)
cZ1 (mod p)
as desired.
If (%) = —(%) then we need to determine (in the notation of the proof of

Proposition 2) whether g(z¢) > 0 or < 0. This depends heavily on the values of (%)
for k neighbouring K. The following Lemma shows that these neighbouring values
behave like independent random variables.

Lemma 3 (Weil). Fiz integer J, and then the numbers 6; € {—1,1} for each j
with |j| < J. We have, uniformly,

#{x (mod p) : <xp%‘7> =0, for all |j| < J} = %%—O(J\/f)).
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Proof. The above equals

p .
p 1 [Ties(z—4)
~ 9271 +O(22J1 Z Z ( D +J)
SC{lil<J} a=1
S#D
By Weil’s Theorem [8], if f(x) is a squarefree polynomial (mod p) then
Zp: (f ($)>
p

r=1

< (degree f)+/p.

Hence the above is
2J—1
_p VP 2J —1
=5, 710 (22“ z_:l ( o )m+J> ,

and the result follows.

We conclude this section by determining the order of the zeros of f,(z) at £1.
p=1 ptl
In fact we shall determine the number of zeros of f,(z) on the arcs C: 2 to Q: 2

(which contains —1), and ¢, to ¢, (which contains 1).

Lemma 4. Ifp =1 (mod 4) then f,(2) has only a simple zero at z = —1, on the
—1 1

p—1 ptl
arc from (2 to (p2 , and f,(z) has only a double zero at z =1, on the arc from
p—1

¢t to G If p=3 (mod 4) then there are no zeros of f,(z) on the arc from ¢,

ptl
to (2 , and fy(2) has only a simple zero at z =1 on the arc from C;l to Cp.

Proof. We make free use of the fact that (_71) = 1, or —1 depending on whether
ptl

p—1 ptl
p =1 (mod 4), or 3 (mod 4). Let’s begin with the arc from (,2? to (2 . We

take K = ”2;1 in Proposition 2. Note that (%) = (%) if p=1 (mod 4), and

(%) = —(%) if p = 3 (mod 4). In the first case, Proposition 2 tells us that

there’s exactly one (simple) zero on this arc. Since f,(—1) = Zg;i(—l)“(%) =

%ZZ:(—l)“((%) - (?)) =0 for p =1 (mod 4), this simple zero is at —1. Now
suppose p = 3 (mod 4). By Proposition 2, we know that there are 0 or 2 zeros
on this arc, depending on whether min, g, x(z) > 0 or not. We now show that

L and the minimum value is positive. Putting

this minimum is attained at z = 3,

j =K —k in (2.3) we have

w1 =i(3) 3 (57) g

i< 2L P

(O G
= 1| — — — — z y
p) =\ p PR e A |
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since K +j+1= —(K —j) (mod p). Evidently g, k(1 —z) = gp.x(x), s0 gp k(1 —
x) = gp k() since gp x(x) is real-valued. However we see that the minimum of
9gp. i () is obtained at a unique point in (0,1), so that must be at z = 2. Now

—1

fp<—1>=§<—1>a(g) - g (2)- ; (=)

a even b even

where a = p — b is odd in the second sum,

=112 . N 9
-2 3 (;d):2(5) > (3)22(2(5)—1>h(—p),

where h(—p) is the class number of Q(y/—p) (see section 2 of [2]). By (2.3), and
since fp((p) = i\/p by Gauss, we have

o= (5) 200 - n{2() 4 ()

o () oo

This shows that f,(z) has no zeros on the arc from C;Tl to C;% when p = 3
(mod 4).

Now let’s consider the arc from Cp_l to (p. Take K = p—1, and consider g, x(z)

as defined in (2.3). Usually g, x (z) would have a discontinuity at 1, but here since

(%) = (%) = 0 we do not have this problem. Thus g, k is a continuous function

on (0,2), and we may study f,(z) on the arc from (' to ¢, by studying g, x ()

on (0,2). Note that for any p, f,(1) = ZZ;} (%) = 0, so that there is at least

a simple zero at z = 1. Also f)(1) = —i(=1/p)fp(Cp)gpp-1(1) by (2.3). Since
fp(2) = (=1/p)2P fp(Z), we deduce that g, p,—1(x) = —(—=1/p)gp p—1(2 — ).

If p=1 (mod 4) then g, , 1(1) = 0 and so f,(1) = 0. Now, as in the proof
of (2.4), the first part of the proof of Proposition 2, we have |g,, x()| > 0 for all
x € (0,2). Therefore g has only a simple zero at = 1, and thus f, has a double
zero at 1.

If p = 3 (mod 4) then, as in the second part of the proof of Proposition 2,
9, i (@)] > 0 for z € (0,2). Thus there is a unique minimum of g, x(z) on (0, 2),
but since gpp—1(z) = gpp—1(2 — x) this must be attained at x = 1. However, by
(2.3), and as f,((p) = iy/p by Gauss,

MO =
5

Ip.x (1) = —

(see [2], section 2), and so g, x(z) > 0 and thus has no zeros in (0,2). Therefore
fp has only a simple zero at z = 1 on this arc.
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3. FUNCTIONS WITH RANDOM COEFFICIENTS

If g € F; then, for any x € (0,1), we have

1 1 1 0,
—¢"(x) ==+ ——+ Z —L
|

3 — )3 3
2 x (1—2x) = (x +J)
J#0,—1
1 1 1 1
(3.1) >S4t ), > 20— —2((3) > 0.
R P SR R e
J#0,—1
Since lim+ g'(t) = —oo and lim ¢’(t) = oo we deduce that ¢’(z) has exactly one
t—0 t—1—

zero in (0, 1), call it zg. Note that g(z) attains its minimum value at zo. If0 < ¢ < 1
then

, 1 1 1 1 1,
_g(t)zt—2—2<(1/2)2+(3/2)2+(5/2>2+...>_t—Q—w > 0.

Similarly if 1 — % <t <1 then ¢’(t) > 0. Thus
(32) To € [%, 1-— %]
We now show that few g are small in absolute value, at their minimum =z.

Proposition 3. We have |g(xg)| > J=1 for almost all g € Fj, where g (xz0) =0,
uniformly as J — oo.
Proof. Consider the subset S of F; with all the ¢; fixed given values, except when
j € [I,I+1%] where I = Ji. Let f € S with §; = —1 for all j € [I,T + I3].
Suppose that f’(x1) =0 and let
0;
y= > :
gl<s T
JRILI+I3]

where 0y = 1, 6_1 = —1. Let g be any element of S with ¢'(xg) = 0.
By (3.1) note that

ool < | [ 70 = 17 20) = £ 00)] = 11 o)
/ / 1 1
(3-3) = /(o) = g'(x)| <2 ) 1 m<<j-
JEMLI+I3]

Hence, keeping in mind zq, x1 € [%, 1— %],

GE[LI+12] il <J
JenT+13]
1 1 1
S 5 o _
;Y J+o< 21‘1 %H‘le a:0|>
JE[,I+12] JEMI+I2]

1 1
=~ > 5j+0<f>,

JE[II+13]
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since each |1/1 — 1/(zo + j)| < 1/I% and there are I2 such terms. Therefore if
j9(z0)] < } then

(3.4) Y 6= I+0().

jEII+I3]
Now, the §; are independent binomial random variables, so the distribution of their
sum tends towards the normal distribution. Therefore the maximum probability

for (3.4) to occur happens when v = 0; and so (3.4) holds with probability O(1~%),
for any ~, implying Proposition 3.

4. PROOF OF THEOREM 2

Suppose that g € F; and f € Fk, with J < K, such that the J; are the same in
each for |j| < J. Select xg, 21 € (0,1) so that ¢’(xg) =0 and f’'(z1) = 0. Now

HEDENIEDIESS

7| <K

1 1 |21 — 20|
- — - K — <X |1 — 20|,
x1+J x0+]‘ |j|§K 7241 | |

since g, 21 € [1/7,1—1/m]. Arguing exactly as in (3.3), we see that |zo—z1| < &,
and so we have

(4.1 FGn) = o)l < 5.

We next consider the mean-square of

|f (o) — g(zo)| =

>
s<ii<x 0T
To do so we will need to sum over all § = {J;},<|jj<x € As K, that is the set of all

possibilities with each d; = —1 or 1 (note that there are 2 possible values for each
§; so the set Ay has 22627 elements). With this notation, the mean square is

1 0;
22K —2J Z Z l‘oij

d€eA; Kk JL|jI<K

2

1 1
B Z (xo + j1) (0 + jo) 22K—27 Z 0320

J< g1 d2 1<K 0EA K

_ 11
N (o +4)2 T

J<|jI<K
Thus if ¥y — oo as J — oo then

5 |ty
Z '<J%’

To+ 7
J<pil<K 0T

(4.2)

for almost all choices of the 4;.
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Combining (4.1) and (4.2), we see that for almost all choices of §; (J < |j] < K)
we have

(4.3) [f(@1) = g(@o)| < |f(21) = f(o)| + | f(20) = g(zo)| < %ﬁf-

2

Taking U; = J 1 /2, and combining this with Proposition 3 we see that for almost
all g € Fy, and almost all extensions f of g to Fg, f(x1) has the same sign as
g(xp). Summing up over all g € F; we deduce that wx = wy + o(1), where

_ #lge Fj:g(x) =0 for some z € (0,1)}
- #{ge Fr} ’

and the “o(1)” term depends only on J. Therefore lim;_,, w; exists, and equals
K1 say.

Strong bounds on k1, which imply those in the statement of Theorem 2, are
given in Proposition 6 in section 8.

Theorem 2 follows.

wJ

5. PROOFS OF THEOREMS 1 AND 1%

Let 1 < K < p—1 be an integer. If (%) = (%) then by Proposition 2 there is

exactly one zero of f,(2) on the arc from sz{ to Cf *1: by Lemma 2 this happens

for ~ £ values of K. Suppose now that (%) = —(%) so that f,(z) has either 0

or 2 zeros on the arc from Cf to C]f(Jrl depending on whether min,¢ 0,1y gp,x (7) is
positive or not. To decide this question we need the following proposition:

Proposition 4. Suppose J < ,/p, and J — o0 as p — oo. For almost all1 < K <

p— 1 we have
_r (K K-Jy_1 P
%“dm>_2ﬂ<p) 2 ( p )j+17¥O<J%>’

lil<J
uniformly for all x € (0,1).
Proof. Note that for J < |j] < &,
11 ‘:‘ it ‘X pr__ P
o1 g1l @@l TG <7
and, for |j| < J,
! P _1 o

G -1 2im(j+a)
Hence, putting j = K — k in (2.3), we have

w1 =i(5)  (57)

li1<%
K K-j\ 1 K K—-j\ 1
46 E (5 () 3, (g ot
TANP e N P AITE P/ odpeg N P /G
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We now show that the mean-square of the second term above is small, which
proves the Proposition. By Lemma 2,

S|y (594
J
-1 J<|]|<p p Cp -1
_ Z 1 Xp:( —]1)(K—j2)
J<|q : 5 (1]71_1)(4.1;]2_ p
<l|jil, |j2I<§ =1
L
=P Z ‘C | Z Cj 1
J<|jl<t 5P J<|j|<B SP
P\’ P\’ _7»°
272
- - — 1 .
@ 3 () o(25) <G
J<|jI<p/2 J<|jl<p/2
This proves the Proposition.
By Proposition 4 we know that for almost all K with (%) = —(%) the mini-

mum value of 2 = 9p,i () equals the minimum of (%) D lil<a (%)h%x + O(J73).

For such K the minimum value of g, k() is non-positive if and only if the minimum

of (%) > lil<d (%) Jﬁ is non-positive, unless

o G2 (5 )=

[7]<J

Now choose J = [logp] Given any choice of §; € {—1,1},0 < |j| < J withdy = 1,

and §_; = —1, by Lemma 3 there are ~ p/22/~2 values of K with (p) (Kp J) =J;
for each j. Therefore (5.1) fails, for almost all K, by Proposition 3. Appealing now
to Theorem 2 we have proved that for ~ k1p/2 values of K with (%) = —(%),
the minimum of g, k() is < 0. For such K, f,(z) has two zeros on the arc from
C;( to Cf"’l, so that the total number of such zeros is ~ k1p. Theorems 1 and 1%

follow.

6. PSEUDO-GAUSS SUMS: PROOF OF THE FIRST PART OF THEOREM 4

In this section, we wish to study the distribution of fp(C;GL%). By (2.3) and Propo-
sition 4 we have (if (\/p >)J — oo as p — c0) for almost all 1 < K <p—1,

G = (8 (%)]i +o(5))
1

lFl<J
@ B (5 e(d)

where n = £1 or +i is fixed. Thus, by Lemma 3, we have that for any fixed real
number p

K+3
lim #K 1<K <pand H, < p/Dp
p

p—x D
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exists and equals

Y
(6.2) lim Prob( — : ’ )
. gl<sd t 2

(using the notation A of section 4). One may obtain an expression for this
probability as follows: Recall that fo qmydy = Z, and so for any k£ # 0

2 [ sin(k 2 [ sin(|k 2 [si

—/ sin(kz) dr = sgn(k)—/ de = sgn(k)— / Smydy = sgn(k),

T Jo x T Jo x ™o v

where sgn(k) is the sign of £ (=1 if £ > 0 and —1 if £ < 0). Hence the probability
(6.2) equals

1 11 [ 5; da
o 2 (o [ (X 53 m)0)%)

l7l<J

1 1 [ 1 eix(zukufﬁ_”) _6_”<Z\jl<ufﬁ_”p> dx
57| = O ( % >?

1 1 [e%) eﬁ + e*jfﬁ efiasﬂ'p . ei:cfrp dr
2 ;/0 H 2 % S
l7]<J

Letting J — oo, we get

11 [ d 2
c, = 5 + ;/0 Sin(pﬂ-x)c(x)?x where C(x) == nl:Il cos? <§) )
n odd

and thus Theorem 4 is proved. Note that this integral does converge: For any x > 0
we have

1
C($)<<27_m

since this estimate is trivial for z < 1, and otherwise we note that |cos(22)| < 3
if 3x/m < n < 6x/w. Thus the part of the integral with = > 1 is easily bounded.
Since sin(pma) < pma, the portion of the integral from 0 to 1 is also easily bounded.

Remark 1. We use the above to study the multiplicative average size of f,((p k+2)

Due to the symmetry of ¢, we have that

1 ARG L
_1log(k1:[17)—2/0 logp d(c, — 3).

Using our expression for ¢, one can show that this is

1 _ oo
=+ logm — / M dr — / Clz) dx.
0 1

T T
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All of these integrals converge, though we do not know their exact values.

Remark 2. The expansion given in (6.1) for f,, and the general technique involved,
is very similar to that used by Montgomery [5] in showing that,

i) |fp(2)| < /plogp for all [z| = 1.

ii) If p is sufficiently large then there exists some value of z with |z| = 1 for

which |f,(2)| > 2,/ploglogp.

Indeed to prove a result like that in (ii) we note that we may select each ¢; equal
to the sign of j for |j| < J = elogp. By Lemma 3 there are many such K and we
proceed as before with the expansion in (6.1), but now taking a little more care
over the set of excluded K.

Remark 3. Fix t € (0,1). By the argument above, we have, for any fixed real
number p,

1 K+t
Cpt i = lim —#{K:l <K <pand H, <—+) <,0\/1_7}
p

pP—00 p

= lim PI‘Ob((SGAO’J: Z % < P )

J—o0 e j+t = sin(wt)

1 1 [ d
= -+ — / sin .pmv H CcoS L _:1:

2 T Jeo sin(7t) i j+t) x

Remark 4. We can also use these techniques to investigate the distribution of values
of Hy(t) at t = a/(p—1) for 1 < a < p—1. We note that if K ~ ap then

C]f(_l = Cf"’a{l + 0(%)}. Therefore we can get an expression similar to (6.1) for
almost all F},(¢* ), but now with >oljl<J (%) ]-|+a replacing the sum in (6.1), and

multiplying the whole expression through by sin(a). Thus the density of those K,
for which Hy,(K/(p—1)) < p\/p, is

1 00
1_}_1/ / sin( ,pﬂx ) HCOS< i )d_xdoz.
2 7T JomoJz=0 sin(ar) m+a) x

meZ

We cannot see how to obtain a simpler expression.

It is not hard to modify this technique to determine the distribution of values
of the Fekete polynomial (or, in fact, H,(t)) at any “reasonably” distributed set of
values.

7. THE DISTRIBUTION OF g(3) FOR g € F; AS J — oc.

We now look at the limiting distribution of g(3) — 4 for g € F; as J — co. Define,
for N > 1,

5.

Sn(0) = J

N (9) > i

li+3I>N

)

N[ =

where each 6; = 1 or —1 with probability % We will prove that the distribution
function of S1(d) decays double exponentially.
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Theorem 5. As x — 0o, we have Prob(|S1()| > z) = exp(—e3+tOM),

Proof of second part of Theorem /. Note that Prob(S1(d) > z) =Prob(S1(d) <
—2) = exp(—e2+tOM) by symmetry. Taking 2 = 7p, the result follows from (6.2).

To prove Theorem 5 we study the 2k-th moment of Sy (d), call it My (k), that
is, the expectation of Sy (4)2*. For example

1
W= 2 Gapr

li+3I>N

Our aim is to determine the asymptotic behaviour of M; (k) for large k.

Proposition 5. For large k,

M (k) = (2logk — 2loglog k + O(1))?*.

Proof. To establish the lower bound, consider ¢ such that §; = 1 for all 1 < |j +
%| < k/logk; and such that Sj,105%(9) > 0. The probability of this happening is
= 1/22k/1ogk and S, (8) > 2logk — 2loglog k + O(1) for such §. Hence

1

W@bgk — 2loglogk + O(1))** = (2logk — 2loglog k + O(1))?*.

M (k) >

My(k)= > E( O O Oin )

. 1 . 1" . 1

where E stands for the expectation. Observe that a summand above is non-zero
only if each value of j appears an even number of times amongst j1, jo,...J2or. In
particular je = ji for some £ > 1, and then E(]];<;<ox 95:) = E(I1;<i<on, iz1.095:)-
Summing over all 2k — 1 possibilities for ¢ in the above, we deduce that

1

(7.1) My(k) < (2k—1) ) T

li+31>N

MN(k - 1)7

for all kK > 1 and all N > 1. Tterating this inequality, we obtain

1 k
MN(k)§(2k—1)-(2k—3)---3-1-( Z 71)2)

pgon U2
@)/ 2 \* (2k)!
7.2 < — ) = —
(7:2) ~ k2 \N -1 k(N — 1)k
Now
1
151(8) — Sn(0)| £ 2An, where Ay := g i+l =log N + O(1).

N>j+i>1
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Evidently the odd moments of Sy () are zero. Therefore, by the binomial theorem
and (7.2),

< 2a0)™ Zf (m)j < @w)® exp(ﬁ)-

Taking N = k/log k we obtain the upper bound of the Proposition.

Proof of Theorem 5. Take k = c1xe®/? + O(1) for some ¢; > 0, and then
Prob(|S1(8)| > x) < 272k M, (k) < exp(—cqe*/?) for some constant co > 0, if ¢; is
sufficiently small, by Proposition 5.

The lower bound is more involved. Select integer k£ so that 2logk — 2loglogk
is as close as possible to z. The contribution to M (k) of those § with |S1(d)| <
T —c3is < (z—c3)?* < My(k)/4 if c3 is sufficiently large. The contribution to
M, (k) of those § with [S1(d)| > = + ¢z is < [, .. Prob(|S1(9)] > t)t**dt <
Jisates exp(—coel/2)t?kdt < My(k)/4 if c3 is sufficiently large, using the upper
bound from the paragraph above. Thus M;(k)/2 <Prob(z —c¢3 < [S1(9)] < = +
c3)(z + ¢3)F which implies that Prob(|S;(8)| > = — ¢3) > Mi(k)/2(x + c3)* >
exp(—c4e®/?) for some constant ¢y > 0, by Proposition 5. Replacing = — c3 by =
gives the lower bound and thus our result.

Remark. We follow up on remark 3 of section 6. The arguments above (Theorem
5 and Proposition 5) hold just as well with “1/2” replaced by any fixed ¢t € (0, 1).
Thus 1 —c¢,+ and c_,; = exp(— exp(mp/2sin(nt) + O(1))) for p > 0.

8. BOUNDS ON k1

Applying the method of section 6, we note that for any real A,

T\ = }Ln;oProb{g € Fy:9(1/2) < 4\}

(8.1) = % — %/000 sin((1 — \)z) H cos® (%) ci:_x

We can use this to obtain numerical bounds on x; using the following result.
Proposition 6. We have 7 g13496... > K1 = Tg-

Using Simpson’s rule to compute the integrals in (8.1) we obtain .000813 >
T 013496... => K1 > m > .000668, from which we deduce the bounds on kg in the
introduction.

Proof. Again selecting xq so that g(xp) is minimal, we have, by definition, that

K1 = Jlim Prob{g € F; : g(z¢) < 0}.
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Since g(zg) < g(1/2) we deduce the lower bound on k1 above.
To get the upper bound, write zo = 1 + v so that |v| < 5. If g(z¢) < 0 then

1 1 8i(zg — 1)
H<gd)—glag)=4— — — + ’ :
<o 1= Lo 5 M
W v S v
< - + ; , + , :
i ;(ﬁ%)(ﬁ%w) j_X_:oo(ﬁ%)(ﬁ%w)
41/ > 2|v| (2|v| + 4v?)
=—-—— , =— + 7 tan(m|v|).
D Pl ES R
Using Maple to compute the max,, we obtain
2 412
9(3) < max <7rtan(7r|y|) - W) =0.053986.. .,
lv|<3 1V

the maximum being attained at v = £.057052. . ..

Remark. One can refine the above to get better bounds for ;. First note that
g(x) =1/x+1/(1 — z) is the only element in F7, and in this case x¢ = 1/2; thus
“1/2” appears in the definition of . More generally, let J be some positive integer.
For each vy € F; select xo so that v(xo) is minimal. We again have g(xq) < g(xo),
so if g(xo) < 0 then g(xp) < 0. On the other hand, if g(xg) < 0 then we can again
get an explicit upper bound on g(xo) and proceed as above. This can be used to
give another proof that x; exists.

9. ZEROS OFF THE UNIT CIRCLE

Proof of Theorem 3. Theorem 3 holds trivially if there is a zero of f,(¢) on the unit
circle in the arc from sz{ to sz{ +1, Thus we shall henceforth assume that there is no

such zero. Let h(z) := H,((K + x)/p)/Hp(K/p), so that |h(z)| = |fp(CI§(+a’)/\/]3|,
and h(z) is a continuous real-valued function. Now the hypothesis implies that
h(y) < € for some y € (0,1) (in fact, t = C]f("'y), while our assumption above
implies that h(x) # 0 for all = € (0,1). By (2.3) we have, uniformly for |z| < 2/3,

_ sin(7x) 1 5 (k/p)
hz) = D sin(7x/p) ” ( p ) Z sin(r(z + K — k)/p)

1<|K—k|<p/2

(9.1) =1—(C+0(1))x, whereC:=— (5) Z (k/p) .

P/ <Kk <py2

So if h(y) < e for some sufficiently small y then h(2y) = 2h(y) — 1 + O(y) < 0,
contradicting our assumption. Therefore we may assume that y > 1, and also
1 —y > 1 by the symmetric argument. Thus g, x(y) < /b|fp(t)|/sin(ry) < ep
by (2.3), so that

Ip.k(20) < gp,x(y) K €p
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where x( is defined as in section 3.
Let 21 = 29 — ¢'/2, and 2o = ¢ + ¢'/2, and then o = (p’ for j = 1,2. Let
R=1—e3 /p. We shall consider the variation in argument of

0= G)ner 1= G) 2, Ger

|K—k|<%

as z goes around (in the anti-clockwise direction) the box bounded by the four
curves, Cy, the arc of the unit circle from a; to as, then Cs, the straight line
segment from as to Ras, then Cs, the arc of the circle of radius R, from Ras to
Raq, then finally Cy4, the straight line segment from Ra; back to a;.

We know that G(z) is real valued and positive on the arc C;. We shall show
that G(z) has positive imaginary part on Co, that G(z) has negative real part on
Cs, and that G(z) has negative imaginary part on C4, This shows that the change
in argument of G(z) is 2w as we go around our box, so that there is exactly one
zero in our box. This implies a little more than Theorem 3.

To estimate H(r, x) := G(TC](,K+x)/p) when R < r <1, for a value of x € [z, x2],
we calculate the Taylor series expansion around r = 1, which is

H(2) = gpcl) - L (2 )Zg;;,K(wmﬂ 2 gy le)+o(T=lpt),

2r o o2r 2P

From the proof of Proposition 2 we have, since x is bounded away from 0 and 1,

9p. i (%) = gp.ic (x0) + O((x — 30)?p), g} (x) < (x —x0)p, and gy x(x) = p.

Therefore
Im(G(2)) =Im(H(r,z)) < e%pQ(l —r)+O0((1— r)e%pQ) >0 on Ca,
Im(G(2)) = Im(H(r,z)) < —6%])2(1 —r)+O((1— T‘)E%pZ) <0 onCy,

Re(G(z)) = Re(H(r,z)) < —€3p+ O(ep) <0 on Cs,

as required.

Remark. By (9.1) we see that

1 (K +j
ma |fp<z>|wﬁr£g§#05( 1),

This again allows us to recover the results of Montgomery [5], as in remark 2 of
section 6.
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